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Abstract

Linear-time Temporal Logic (LTL) is a popular specification language to
describe the input and output behavior of a system. Its synthesis problem
aims for the automatic derivation of an implementation that meets an input
LTL formula. To traverse this enormous (and possibly infinite) search space
of candidates in a structured manner, Finkbeiner and Schewe introduced
the idea of bounded synthesis. Here a given LTL specification is first trans-
lated into a universal co-Biichi tree automaton before an implementation of
bounded size is guessed and encoded within a constraint system.

Past Linear-time Temporal Logic (PLTL) characterizes an extension of
LTL, which allows to refer to the past by using additional modalities. A
resistance to its inclusion was based on the request of minimality and Gab-
bay’s Separation Theorem that proves PLTL to add no expressive power
by providing a rewriting algorithm of non-elementary complexity. However,
recent research has proven that it is more succinct than pure-future LTL.
Furthermore, the complexity of its verification problem is still PSPACE-
complete.

In this thesis, we consider the bounded synthesis problem for PLTL.
We present three solutions, each focusing on a different part of the origi-
nal approach. The first one considers Gabbay’s Separation Theorem and,
additionally, presents a complete rewriting of its algorithm. The others de-
scribe a partial approach using temporal testers as well as an approach using
an algorithm from PLTL to non-deterministic Biichi automata. To evalu-
ate our approaches we additionally compare their efficiency for the famous
future(past)-fragment of PLTL.
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Chapter 1

Introduction

Programs that are continuously interacting with their environment are
known as reactive systems. Whenever the environment gives some input
to the system, e.g., a request, the system has to act accordingly by giving a
suitable reaction as output, e.g., a grant.

To describe properties and behaviors of reactive systems Amir Pnueli in-
troduced the specification language Linear-time Temporal Logic |23], which
became very popular due to its intuitive operators to make statements re-
ferring to the future of a system state. Given an LTL specification and an
implementation for a reactive system, the LTL verification problem checks
whether the implementation satisfies the desired property and presents a
counterexample in the negative case. Sistla and Clark showed that its com-
plexity is PSPACE-complete [27].

Instead of writing his own code and having to debug upcoming errors
manually during the model checking, Church identified the synthesis prob-
lem [6]. Given only an LTL specification, LTL synthesis manually derives an
implementation for a reactive system. Besides the huge complexity of the
synthesis problem, which is proven to be 2EXPTIME-complete [16}25], its
main drawback is the enormous search space of implementations satisfying
the input specification. To traverse this search space in a structured manner
Finkbeiner and Schewe introduced the approach of bounded synthesis [9].
Starting with the transformation of an LTL formula into a universal-co Biichi
tree automaton, they showed that the acceptance of an implementation by
the automaton is equivalent to an annotation that maps each pair of states
to a natural number. Thus, keeping the mapping below an upper bound,
which mainly depends on the system parameters, e.g., the rejecting states,
their approach allows them to observe the simplest solutions from the be-
ginning onwards. Additionally, they showed a reduction from the co-Biichi
winning condition to a Safety game. Finally, they made another reduction
by specifying an implementation of bounded size within a constraint-system
as input for an SMT solver.
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Other approaches to solve the synthesis problem focused on various frag-
ments of full LTL [1,2] mainly describing a solution which uses 2-player
games. Bloem et al. observed so-called GR(1)-games [4] whose winning
condition is described by the GR(1)-fragment of LTL. It requires the system
to satisfy its set of guarantees whenever the environment meets its assump-
tions. They derived a symbolic algorithm for solving GR(1)-games, which
could be used to solve the synthesis of the GR(1)-fragment. As a result, they
further made observations on the past-extension of standard LTL, known as
Past Linear-time Temporal Logic (PLTL). Adding pure-past formulas to the
sets of assumptions and guarantees, respectively, allows them a symbolic so-
lution for the synthesis problem of the described PLTL fragment. To do
so, they build an encoding of the inner PLTL subformulas using temporal
testers that keep track of their satisfiability.

PLTL was introduced in Kamp’s thesis [14] as an extension of standard
LTL by a set of operators observing the past. A lot of research resisted
its inclusion based on the pursuit of minimality and the observations of
Gabbay’s Separation Theorem [10], where its equal expressiveness for the
restriction of system executions to a definite start point in time is proven.
On the other hand, PLTL provides an easier and more natural formulation
of specifications in many interesting cases [20]. Consider as an example
the PLTL specification in which requires the system to only
output a grant g whenever it received a request r in the past, using the
operators [J (“Always”) and & (“Once”).

¢ =0(g— o) (1.1)

gives an equivalent and one of the simplest representations
using standard LTL with the operator U (“Until”).

= _\(_\T'Z/{(g/\_‘r)) (1.2)

Clearly, the second formula is much harder to read and understand. Fur-
thermore, Laroussinie et al. proved PLTL to be more succinct than standard
LTL [17].

Although the PLTL verification problem is PSPACE-complete [27], its
implementation is more difficult and complex in practice [19]. Thus, some
research focused on its bounded variant [3}|19,24], where a counterexample
is only searched for finitely representable paths. Cimatti et al. [7] further
extended this idea by only considering fragments of PLTL. They assumed
an equivalent Separated Normal Form for their input formula that is part of
the GR(1)-fragment and only allows pure-past formulas in its assumptions.
Similar to [4], they took the truth values of subformulas into account when
building a symbolic representation via observer automata. Both ideas are
based on a PLTL equivalent construct using history variables that keep track
of the previous states of the execution of a reactive system [20].



In this thesis, we focus on the bounded synthesis approach for PLTL
extending the idea of [9]. We present three approaches, each operating on a
different part of the original work. The first one, in the following called naive
approach, operates on formula-level by applying Gabbay’s Separation The-
orem on the input formula. The second approach, referred to as allrounder,
focuses on the creation of a universal co-Biichi tree automaton for the given
PLTL formula. It is based on the approach of Gastin and Oddoux [12], who
take a detour to two-way automata. Finally, our third approach follows
the ideas of [7,)20] by observing bounded synthesis for a fragment of PLTL,
giving it its denotation as partial approach. Rather than considering the
GR(1)-fragment, we specify on a super set, known as future(past)-fragment,
where a set of pure-past formulas is only combined with boolean and future
connectives. The inner past formulas are encoded as temporal testers which
are integrated into the annotation search. Afterwards, we present a com-
parison between partial approach and allrounder, which states their main
drawbacks and advantages.

This thesis is structured as follows: presents important pre-
liminaries in order to understand the upcoming approaches. The three ap-
proaches are presented in the succeeding chapters, starting with the naive
approach (Chapter 3|), followed by the allrounder and the par-
tial approach (Chapter 5)). Finally, a comparison between the approaches
is presented in before giving a conclusion and an outlook on
possible future work in
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Chapter 2

Preliminaries

In this chapter, we present previous work concerning our upcoming ap-
proaches. After introducing some notations and the specification language
Linear-time Temporal Logic (LTL) along with its past extension (PLTL), we
present the description of implementations in various ways. Subsequently,
we talk about word and tree automata, followed by their properties and ac-
ceptance conditions. Finally, we present a construction transforming PLTL
to Biichi word automata (BW), and introduce the idea of bounded synthesis
for LTL. gives a rough idea of the various topics presented in this
section and the way they are related with each other connected.

PLTL )
e equally expressive

LTL | | e more succinct

satisfied by described by
via
TC
Implementation Automaton
[ \ { \
explicit symbolic word tree
T ]

via bounded synthesis for LTL

Figure 2.1: Overview of the presented topics of |Chapter 2l TC stands for
“Tableau Construction”.
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2.1 Notations

The set of natural numbers is denoted by N = {0, 1,2, ...}, the set of positive
natural numbers by N* = N\ {0}, and the set additionally including —1 by
N-! = NU {-1}. Given two natural numbers n,m € N with n < m,
the interval [n,m] denotes the set of all numbers between n and m, i.e.,
{n,n+1,...,m}. The special case {0,1,...,n — 1} is denoted by [n].

An alphabet ¥ describes a non-empty and finite set of symbols, so called
letters, where |X| describes the number of symbols that it contains. Given
an alphabet ¥, the concatenation o = agavy ... ay—1 of finitely many letters
of ¥ is called a finite word over 3, where |o| = n denotes the length of
«. Another important non-empty and finite set of symbols is the set of
directions, usually denoted by Y. In here, the symbols are called directions.
The concatenation o = agaj ...a,—1 of finitely many directions of T is
called a finite branch over Y, where |a| = n denotes the depth of . The
symbol € either describes the empty word or the empty branch with |e| = 0,
respectively, based on context. The set of all finite words over Y or all finite
branches over Y is denoted by X* or T*, respectively. Given some word or
branch « and some position n € [|a|], the n-th letter or n-th direction of «
is denoted by a,,, starting with the O-th letter or direction, respectively.

In the following, we talk about infinite sequences using the w-symbol. By
building a concatenation of infinitely many letters or directions, we observe
infinite words or branches of infinite length or depth, respectively. The set
3% defines the set of all infinite words over the alphabet 3, T“ the set of
all infinite branches over the set of directions Y. Additionally, the union of
all finite and infinite branches is abbreviated by T*° = T* U T%. Given an
alphabet X, each subset of X* defines a language over finite words, whereas
each subset of ¥ defines a language over infinite words, called w-language.

2.2 Past Linear-time Temporal Logic (PLTL)

LTL was introduced to describe properties of reactive systems. It is proven
that its extension to Past Linear-time Temporal Logic (PLTL) is more suc-
cinct [21], as well as arguably more intuitive for many specifications. We
use its definition as presented in [19], as well as its symbolic notation used,
e.g., in [4].

2.2.1 Syntax

The syntax of PLTL is defined over a set of atomic propositions AP, includ-
ing true, false. Given a PLTL formula ¢ over AP, the notation AP, C AP
denotes the set of all atomic propositions used in . Furthermore, the PLTL
syntax consists of the standard boolean connectives — (“Negation”), and
V (“Disjunction”). As time-concerning connectives, we present the future
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operators O (“Next”), and U (“Until”), as well as the past operators ©
(“Past”), and S (“Since”). Thus, a PLTL formula ¢ is generated by the
following grammar:

pu=pecAP|-p oV |Op|oUp|Op|pSyp.

We talk about a boolean formula or assertion whenever there are no
temporal connectives in our formula. An LTL formula is a formula without
past-concerning operators, also called pure-future. Otherwise, we talk about
a PLTL formula. A PLTL formula is called pure-past if it is build by boolean
and past-connectives only.

Furthermore, there are multiple abbreviations within our grammar. Con-
sider some arbitrary PLTL formulas ¢ and 2. For the boolean connectives,
we distinguish the abbreviations A (“Conjunction”), — (“Implication”), and
< (“Equivalence”):

® 01 A2 = (mp1 V p2)
® 1~ P2 = Y1V
o 12 = (o1 = v2) A (2 = 1)

The abbreviations for the future connectives are distinguished by R (“Re-
lease”), and the unary connectives <> (“Eventually”) and O (“Always”):

* 1 Ry = ~(mp1 U )
o O = trueld vy
o [y = Oy = false Ry

The past abbreviations are distinguished by ® (“Before”), T (“Trigger”),
& (“Once”), and @ (“Historically”):

[ ] @(101 = ﬁ@ﬁ@lﬂ
o 01 T2 = (1 S—¢p2)
o Sy = trueS s

) Elgpl = —|<>—|801 = false T@l

!Since we are only observing infinite words, the O-operator simply pushes — further
in, i.e., 7 Op1 = O—p1.
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Given some subset X C AP, the notation B*(X) denotes the set of all
positive boolean formulas, i.e., all formulas only build by conjunction and
disjunction over the elements of X. Given a PLTL formula ¢, the set of
all subformulas of ¢, including ¢ itself, is denoted by Sub(p). The set of
all principally temporal subformulas of ¢, i.e., with temporal connective as
outermost operator, is denoted by T'Sub(y) C Sub(y), possibly including ¢
itself. The size || of a formula ¢ is composed by the total number of its
operators and atomic propositions.

2.2.2 Semantics

Let 4, € N be two positions with ¢ < j. The semantics of PLTL are defined
over infinite words o = gy ... € (2AP)‘” with letters oy € 247, Observing
intervals, a[i, j| denotes the finite substring «; . .. o of . By afi], we denote
the finite prefiv [0,i — 1] = apa ... a;_1, and, by of, we denote a;ay1 ...
as its infinite suffiz. For a symbol o; and a given set X € 247, a;|x denotes
the projection of symbol a; to a given set X, i.e., ai|x ={p€ X | p € a;}.

Given a PLTL formula ¢ and an infinite word o« = aigxy . . ., we define the
relation «; F @, i.e., ¢ holds at position ¢ of word «, recursively as follows:

e a; Fp iﬂﬂpgaiforpGQAP

e a; FE iff o ¥ 1y

o o Fiy Ve iff oy Fhy or oy F by

o a; Fy Ny iff oy Eopy and a; F o

e a; F Oy iff a1 F 9y

e a; EY1UYy MfIE>d (g Fippand Vi < j <k.ajE )
o a; FY1 Ry ifVE>id (o Fipgor 3i < j<k.aj;FE)

o a; E Oy iff 3k > .o F g

e «; F[yn iff Vk > 4. ap E 4y

e a; F Oy iff i >0 and a;—1 F ¢

e a; F Oy iff i=0or a;—1 F

e i FY1 Stpy M IO<Ek <i.(apFEiYrand VE <j<iojFE)
o i FEY Thy HMEVO<E<i(apFEeorIk<j<io;Fi)

2if, and only if
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o i EOU  iff30 <k <i.apE
e a; FEYn iff VO <k <i.opF

We call a word a € (247)% a model of a PLTL formula ¢, denoted a F ¢,
if, and only if, ag E ¢. Furthermore, a set of models M satisfies ¢, denoted
M E ¢, if, and only if, every model in M satisfies ¢. Thus, a PLTL formula
¢ over AP defines a language over the alphabet 247, given by

L(p) ={ae @) | ak ¢}

Example. Below, we give three example formulas that take place in mul-
tiple parts of this thesis. &; is taken from the introduction on bounded
synthesis [9], whereas &3 is an extension of a widely used example for prop-
erties concerning the past [3,[18}/20,21,24]. Finally, 3 gives a variation of
the second specification, adding additional restrictions [7]. For all formulas,
we assume a system that receives requests ri,79, which it has to answer
correctly by different types of grants g1, g2, respectively.

e &1: Each request is eventually answered, and two grants are never
given at the same time.

& =0(1—Cg) AO(r2 — $g2) AO(g91 A g2)

e &: Whenever a grant is encountered, it is preceded by its related
request.

& =01 — ©r) AO(g2 = ©r2)

e ¢3: For each request in the past, there is only a single grant (and a
request is never answered at the same time stepE[).

=0 (gl — (©(~¢1 37“1)))

2.2.3 Negative Normal Form

Let ¢ be a PLTL formula, its negative normal form (NNF) describes an
equivalent formula ¢’ where negations are only applied on the level of atomic
propositions. Furthermore, it only consists of atomic propositions (possi-
bly negated), the boolean connectives V, A, and the temporal connectives

O?®7®7U7S7R7T

3This restriction can be turned off by adding a disjunction, i.e., O] (91 — (7'1 VO(-g1 S

rl))). However, dropping this case makes it more interesting finding an implementation

for our purposes.
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Example. For our three example formulas, the NNFs would look like fol-
lows:

e &= A (falseR (—ri v (trueZ/lgi))> A false R (g1 V —g2)
ie{1,2}

o &)= (falseR(—'gl v (trueSm))) A (falseR(ﬂgz \ (tmeSw)))
o {4 = false R (ﬁgl V (@(ﬁgl 57’1)))

2.2.4 Laws and Equivalences Rules

For the following rules, let 1, ..., @4 be arbitrary PLTL formulas. Based on
the definition of the temporal binary operators ¢ and S, the below defined
expansion laws describe the unfolding of a single time step:

P1Ups =2V (1 A O(p1Upa))

2.1
01802 =2V (01 AO(p1 Sp2)) 2

The definitions of the R- and the T-operator, respectively, allow an al-
ternative formulation:

1 Rz = (Op2) V (w2 U (91 A @2))

01 T o2 = (Bpz2) V (02 S (1 A p2)) (22)

There are multiple distributivity laws between conjunction, disjunction,
and the temporal operators i/ and S. Both temporal connectives are right-
distributive with disjunction and left-distributive with conjunction:

P1U (P2 V @3) = (p1Up2) V (01U p3)
018 (p2Vp3) = (o1 Sp2) V (1 Sps)
(2.3)

(1 Ap2) Uz = (1 Up3) A (p2U p3)
(1 Ap2) Sz = (01 Ss) A (2 Sp3)

Furthermore, two U-statements with a conjunction in their top-level are
equivalent to a disjunction in their top-level and conjunctions in their sub-
level. The same holds for the S-operator:

(1 Upa) A (w3 Upa) = (01 A s) Ulipa A o))
V(@ineU(pan(esten))  (24)

\% ((901 A p3) U (pa A (1 UQOQ)))

10
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2.2.5 PLTL vs. LTL, and Gabbay’s Separation Theorem

As already mentioned, PLTL is proven to be more succinct than standard
LTL. In [17,21], a family of PLTL formulas {¢p }nen with size O(n) is pre-
sented, whose expression in LTL without an exponential blowup is infeasible.
Formally, for atomic propositions pg, ..., p, with n € N, the formula

Pn = < /\ pi <> OBpi)) — (po < @Epo))

describes that any position of a path that agrees on the propositions pq,.. .,
pn, with the initial state, also agrees on pg. The proof is done by contradiction
using the assumption that there is an LTL formula ¢}, that is equivalent
to ¢, using polynomial size. Disproving this statement results in an LTL
formula ¢/, of size at least O(2") and, thus, PLTL is more succinct than
without its past connectives.

However, as it is shown exemplarily by the theorem above, PLTL is as
expressive as LTL [10] and, therefore, for each PLTL formula ¢ there is an
equivalent LTL formula ¢’ of non-elementary complexity. To be concrete,
there is a clear separation ¢” € BT (Pfutures Ppresent, Ppast) between future,
present, and past, so that using the fact that there is no past in the initial
time step, deleting ¢past results in an initial equlvalent formula ¢ = ¢ =;
¢ € BT (Ptuture, Ppresent). Two formulas ¢ and ¢’ are said to be mztzal
equivalent (¢ =; ¢') if they agree on all words in L(¢) and L(¢), i.e.,
¢ =; ¢, if, and only if, for all words a € (247)%, ag E ¢ iff ag F ¢'.

The statement is proven in [10] by Gabbay, known as Gabbay’s Separa-
tion Theorem. Gabbay presents eight elimination rules pushing U out of the
scope of S, which can be directly mirrored by time-equivalence of future and
past operators. Afterwards, he proves completeness of these cases by using
a proof over the structure of the formula.

A drawback of Gabbay’s Theorem in [10] is the usage of strict temporal
operators for its formulation. Strict PLTL is equivalent to standard PLTL,
but it reduces the number of temporal operators to two, making it possible to
express every PLTL formula by boolean connectives and the strict versions
of U and S, abbreviated by U (“Strict Until”) and S (“Strict Since”). The
idea is that a principally temporal formula using strict PLTL is satisfied
in a position if the previous or succeeding position satisfies the non-strict
version. Formally, for some position ¢ € N of word «, and arbitrary strict
PLTL formulas %, and )s:

o i Ep Uty iff 3k > i (g E o and Vi < j < k.aj E 4y)

o aiF Y1 Sy FI0<k<i(pFvoandVk <j<ioajFE)

11
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The operators O and © can be abbreviated by false u v and false S P,
respectively.

In we present a rewriting of Gabbay’s Separation Theorem
using standard PLTL.

Example. We show the initially equivalent LTL formulas for the PLTL
example formulas & and &3.

° &= —|(ﬁ’l”1 Z/l(gl A —|7“1)) A\ —\(—|7“2 U<92 A\ —\7“2))

e &= (rR—g1) AO(g1 — O(r1 R—g1))

2.3 Implementations

In this section, we present the depiction of implementations by using labeled
transition systems (TSs), extended by a set of directions, called directed tran-
sition systems (DTSs). We refine the representation of TSs in the context of
fairness-free discrete systems (FFDSs), which finally lead to the definition
of temporal testers (T'Ts). The definitions are based on [§] and adapted by
using [9] for the definition of DTSs, as well as [4] and [15] for the depiction
of FFDSs and TTs. For simplification, if not stated otherwise, we assume
all sequences to be infinite.

2.3.1 Directed Transition Systems

A Y-labeled Y-transition system (DTS) T is a four-tuple, where states are
labeled by elements of a finite alphabet X, and transitions are directed over
a finite set of directions Y. For given sets X, T, it is defined by

T = (T,to,,0)
where
e T is a set of states,
e to € T is the initial state,
e 7:T x Y — T is the transition relation, and
e 0:T — % is the labeling function.

We call T finite-state transition system if, and only if, T is finite. An
execution of a Y-labeled Y-transition system T = (7', to, 7,0) is an infinite
sequence of states m = tgt;... € T* such that 7 is initial, i.e., starting
in initial state tg, and satisfies the transition relation, i.e., Vi € N.dv €
T.T(ti,l)) = ti+1.

12
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—>|to : T17241G2 t1: r1T29192 to 1 T1T29192 t3 1 11729192

~ ~ y y

4 4 A 'Y

ta 1 T1T29192 t5 : r1iT2g192 te : T1T29192 t7 : r1im2g192

Figure 2.2: Implementation 7¢, for £ as input-preserving o{r1,r2,91,02}
labeled 21172} transition system with no request as initial input. Each state
t is labeled by its labeling function o(t). Its strategy alternates between
giving grants g; and gs. Thus, each request will be answered eventually
without a simultaneous granting.

Ongoing, DTSs describe implementations of reactive systems for a given
set AP of atomic propositions, which is partitioned into a set I of boolean
inputs, describing its directions, and a set O of boolean outputs, such that
AP =T U O. Thus, we are interested in 24”-labeled 2/-transition systems
with some fixed initial input ig C I.

A 24P Jabeled 2/-transition system 7 = (T,to,7,0) is called input-
preserving if the label of each state accurately reflects the previous input,
i.e., the initial input is reflected by the initial state, o(tg) N I = ig, and for
all states t € T' and inputs ¢ C I, we have o(7(t,7)) NI = i. Furthermore, 7
satisfies a PLTL formula ¢ if, for each execution m = tgt1... € T% over T,
the sequence o = o(tg)o(t1) ... € (247)¥ is a model of ¢, denoted o, F ¢.
We call sequence o, the trace of execution .

Example. shows an implementation for &, [Figure 2.3 and [Fig]
ure 2.4 implementations for & and &3, respectively. In the following, the
implementations are indicated by their related formulas, i.e., T, with ¢ €
{&1,&2,&3}. All DTSs are input-preserving since each state labeling reflects
its previous input.

2.3.2 Fairness-Free Discrete Systems (FFDSs)

A fairness-free discrete system (FFDS) builds a higher-level symbolic repre-
sentation of a TS implementing pure-past PLTL formulas. States describe
interpretations of variables of the system that range over discrete domains,
and transitions describe the changes of these. For simplicity, we can assume
without loss of generality (w.l.o.g.) that all variables of the system range
over the boolean domain. Thus, an FFDS is a three-tuple

D= (V,0,p)

where
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e
() 1~ )
~

t1: r1T29192 to 1 T1T2g192

A V_

t3 : r1ir29192

9

Figure 2.3: Implementation T, for £, as input-preserving orma.91,92}
labeled 2{"172}_transition system with no request as initial input. Each
state t is labeled by its labeling function o(t). Its strategy is that whenever
there is a request, it is immediately answered by its related grant.

-

to : T1g1

t3 :T1g1

~_

to i T101

9

Figure 2.4: Implementation T¢, for {3 as input-preserving 2{r1.91} labeled
201} _transition system with no request as initial input. Its strategy ensures
that a grant is not given in the same time step as the request is. Therefore,
it is granted in the succeeding time step, additionally taking care about
another request.

14



2.3. Implementations

o V=A{vy,...,u,} is an alphabet as finite set of boolean variables. The
set of states Xy is defined as the set of interpretations of V, i.e.,
Sy =2V,

e 0 isthe initial condition, which is an assertion over V that characterizes
all the initial states of D. A state s € Xy is called initial if it satisfied
0, denoted s F 6.

e pis the transition relation. It describes an assertion over VUV’, where
V' is a primed copy of the variables in V', describing the successor
states. Thus, p relates a state s € Xy to its D-successors s’ € My,
leading to (s, s’) F p.

A computation 7 of an FFDS D is an infinite sequence of states sgs1 ... €
(2V)% such that so F 6 and Vi € N.(s;,s;41) F p. Furthermore, FFDS
D is said to implement a PLTL specification ¢, denoted D F ¢, if each
computation of D satisfies (.

As for DTS, we can partition the alphabet of FFDS D = (V, 0, p) into a
set I of input and a set O of output variables, i.e., V.= I U O. D is called
deterministic with respect to its input set I C V, if

e D has deterministic initial states, i.e., Vs,t € Xy. if sE O and t F 0
and s|; = t|7, then s = ¢, and

e D has deterministic transitions, i.e., Vs,s,s” € Yy. if (s,8) F
p,(s,8") E p, and §'|; = s”|1, then s’ = s” holds.

D is called complete with respect to its input set I C V, if

e D’s initial states reflect all inputs, i.e., Vs; € X;.3s € Xy.s|; = s;
and s F 0, and

e D’s transitions reflect all inputs, i.e., Vs € Xy, s, € ¥7.3s € Xy. §'|;
= s, and (s,5) F p.

Given FFDS D that is deterministic and complete with respect to input
set I, for every possible sequence of inputs o = igi1... € (X7)*, D has a
unique computation ™ = sgsi ... such that Vj > 0.4; = s;|; holds. We call
7 the computation of D on o.

2.3.3 Synchronous Parallel Composition of FFDSs

It is possible to combine two given FFDSs in order to create a single FFDS
of greater size. This can be done either in a synchronous or an asynchronous
way. Whereas the first considers joint transitions of the two systems at once,
the second allows to apply changes just in one of the systems. For this thesis,
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we are interested in the synchronous parallel composition. Given two FFDSs
Dy = (V4,04, p1) and Dy = (Va, 02, p2), the synchronous parallel composition
of Dy and Da, denoted D ||| D2, results in a new FFDS defined by

D1 H| Dy = (V1 @] V2,91 A\ 02,,01 A\ ,02).

Its idea is that both systems share inputs and outputs and react synchronous.
However, their initial and transition assertions have to hold at once in order
to step further.

2.3.4 Temporal Testers as FFDSs

Given a pure-past PLTL formula ¢, one can construct an FFDS D, called

a temporal tester (TT) for ¢, that monitors the truth values of ¢ in the

states of a computation over a set of atomic propositions AP. For this,

AP additionally contains a set of distinguished boolean variables for each

temporal subformula of ¢, as well as variable x, € B for ¢ itself, such that
e D, is complete with respect to AP,

2AP)w

e For every computation m = toty ... € ( of D, we have

tilxy] = true iff (7,1) F ¢,
where t;[z,] denotes the truth value of x,, in position i of 7, and

e For every sequence of states 0 = sgsq... € (247%)%, there is a com-
putation 7 = tot1 ... € (24F)« of Dy, such that for every i > 0, we
have

tilap, = si,

i.e., o builds a projection of the states of m, which contain the addi-
tional boolean variables, onto the alphabet of .

Construction 1. Given a pure-past PLTL formula ¢, the temporal tester
D, for ¢ is denoted as an FFDS D, = (V,,,0,, p,), where its components
are inductively defined over the structure of the formula ¢ as follows:

e The system variables V,, are build by the union of AP, and the set
of additional variables for each principally temporal subformula i €
T'Sub(p). Additionally, if ¢ is not principally temporal, we add an-
other variable z,. Thus:

Vo, = AP, U {zy | ¥ € TSub(p) U{p}}

In the following, X C V,, denotes the set of all z-variables in V,.

16



2.3. Implementations

For the other components, we define an inductive formula y that maps
each subformula 1) € Sub(yp) of ¢ to an assertion over V:

P, if=pe AP,
=X (¥1), if ¢ = —hy
X(¥) = 4 x(1) Vx(¥2), i =91 Vip
x(1) Ax(W2), i =1 Ay
Ty, if ¢» € T'Sub(p)

e For the initial condition 0,, we have to make additional observations
on the principally temporal subformulas of ¢ concerning the past.
Each formula regarding the previous state is initially false, since there
is no past yet. Each S-subformula is mapped to true if its rightside
holds in the initial state. If formula ¢ is not principally temporal,
its variable is initially determined using function x. This leads to the
assertion 6, with:

b, = (a:w Y X(gp)) A A T
OYeSub(p)
A /\ (x1l115w2 AN X(d}Q))

182 €Sub(yp)

e The transition relation p, has to make sure that the variables zy, for
each principally temporal subformula 1 are updated correctly. There-
fore, the temporal unary operator © observes the previous state of
the computation. The temporal binary operator S follows the idea of
the expansion laws (see . If formula ¢ is not principally
temporal, one has to make sure that its boolean operator at top-level
is considered as well, using previously defined function x. Formally,
assertion p, is defined by:

(z1, < X' (¥))
- VAN /
Po = @weé\ub(w) (z6y € x(1))
VAN / , v (' A
wlsibz/e\sub(go) (%131”2 X (W2) V (X (¢) wlsw))

Example. Since & and &3 are formulas of the future(past)-fragment of
PLTL, i.e., a pure-past formula is only surrounded by future-temporal and
boolean connectives, we give the temporal testers for their inner past for-
mulas.

For f% =&r; = trueSry and 63 = &1y = true Sro, the components of
Dg; = (Vgé, 95;7:05;) with ¢ € {1,2} are defined as follows:

17
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o Vo ={ri} U{zer}
o 055' =Top, 7T
® pgi = $/<97’i > ’l“g V Zor,

By using the synchronous parallel composition Dg Il Dez, presented in
Section we obtain temporal tester Dg; = (Vg 0g;, pey) with:

s Vfé = {ri,rat U{zor, Tor}
o Oy = (zor, < 71) N (Tor, 2 12)
o Py = (Fopy 74V Tom) A (o, €75V Tors)

For & = O(—g1 Sr1), we define Dg, = (Vey, g, pe,) by the following
components:

o Vo ={ri, g1} U{z-g,5r,To(-g5r)}

° 05& = T (—g1Sr) A (.’L'_\glsrl — 7’1)

* pg = (x’ﬂglsrl V(g A xﬂglgm)) A (x,@(ﬁglsm) o xﬁglgm)

2.4 Automata Theory

To describe languages over infinite words automata are introduced. Their
components are very similar to those of automata over finite words. How-
ever, their acceptance is defined on infinite behavior. We distinguish au-
tomata over words and trees. Word automata describe a single sequence
over a given alphabet that is accepted if it is part of the acceptance condi-
tion. Tree automata are word automata with additional directions on each
state such that a sequence defines a tree. Thus, it is possible to describe a
word automaton as a tree automaton with a single direction. After defin-
ing their components in detail, we list the considered acceptance conditions
before presenting special properties over automata. The definition of word
automata, properties, and acceptance conditions are taken from [13]. For
introducing tree automata, we use the definitions presented in [5].

2.4.1 Infinite Word Automata

An automaton over infinite words is defined by the five-tuple
A = (Ea Qa QOa 57 ACC)
where

e Y is a finite alphabet,

18
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e () is a finite set of states,
e Qo € Q is a set of initial states,
e ):(Q XX —(Q is the transition function, and

e Acc C Q% describes the set of accepted sequences, called accepting
condition.

A run r on a word automaton A over an infinite word v € ¥“ is an infinite
sequence of states gpqi ... such that it is starting with an initial state ¢y €
Qo, and fulfills the transition function, i.e., Vi € N. §(¢;, ;) = ¢i+1. We say
that a run r is accepting if r € Acc. The set of all occurring states in a run
r, denoted by Occ(r), is defined by

Occ(r) ={¢qe Q| 3In e N.q, = q}.
Inf(r) describes all infinite occurring states in a run r = qoq; . . ., formally
Inf(r)={¢e€@Q|VmeN.dneN.n>mand ¢, =q¢=qn}

Similar, we define the set of all infinite occurring letters in a word o € 3¢

by
Inf(o) ={ce€X|VmeNIneNn>mand oy =0 =0}
Finally, the language of a word automaton A is defined by

L(A) ={a € 3¥| A accepts a}.

2.4.2 Infinite Trees and Infinite Tree Automata

To define infinite tree automata, we first introduce their inputs as trees. An
X-labeled T-directed tree over a set of symbols X and a set of directions T
is a function v : T°° — X where each (possibly finite) branch x € T°°, called
a node in the tree, is assigned a labeling v(x) € X. Note that, if not stated
otherwise, we assume all branches of a tree to be extended to infinity, called
infinite tree. The root in a tree is build by the empty branch e. A tree is
completely connected, i.e., if a node x € T* is not labeled by -, so are none
of its successors, formally:

Vo e T .Va' € Y. vy(z) = undef. — y(x - ') = undef.

An automaton over infinite directed trees is defined as an automaton
over infinite words, extended by a set of directions to each state. Thus,

A=(2,7,Q,Qo, 0, Acc),

where
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e Y is a finite alphabet,

e T is a finite set of directions,

e () is a finite set of states,

e (o € Q is a set of initial states,

e §:Q x X —29%T is the transition function, where it assigns for each
direction v € YT at most a single state ¢ € @, building the tuple
(q,v) € Q x T, formally:

VgeQ.VoeX Vve Y |(-,v) €dqo)| <1,
and
e Acc C Q¥ is the accepting condition.

A run of a tree automaton A on a X-labeled Y-directed infinite tree
vs 0 T¥ = ¥ is an Y-directed ()-labeled infinite tree vg : T — @ such that
Yg(€) € Qo and Vo € T*.Vu € Y. (vg(z - v),v) € d(vo(x),yn(x)). We call
such a run g accepting if every infinite branch = = zox; ... satisfies the
accepting condition, i.e., yg(xo)yg(zoz1) ... € Acc.

Note: If not stated otherwise, we assume for all automata that their
set of initial states (Qy is a singleton. This assumption is possible since each
automaton with multiple initial states has an equivalent automaton with a
single distinguishable initial state that simulates all the previous ones. The
construction increases the overall number of states by 1.

2.4.3 Acceptance Conditions

For infinite word and tree automata with state space (), we define a couple
of accepting conditions:

The Safety acceptance condition Safety(S) is given by a set of safe states
S C @. A run of an infinite word automaton or a branch of an infinite tree
automaton is called safe if it stays in S. Formally,

Safety(S) = {a € Q¥ | Occ(a) = S}.

The respective Safety automata are called Safety word automaton (SW) and
Safety tree automaton (ST).

The Biichi acceptance condition Biichi(F') is given by a set of accepting
states F© C Q. A run of an infinite word automaton or a branch of an
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infinite tree automaton is Biichi accepting if some state from its set F' occurs
infinitely often. Formally,

Biichi(F) = {o € Q¥ | Inf(a) N F # 0}.

The respective Biichi automata are called Biichi word automaton (BW) and
Biichi tree automaton (BT).

The dual of the Biichi acceptance condition is the co-Biichi acceptance
condition coBiichi(C), C C @. In here, a run or a branch is co-Biichi
accepting if the set C is only visited finitely often. Formally,

coBiichi(C) = {a € Q¥ | Inf(a) N C = 0}.

We talk about a co-Biichi word automaton (CW) and a co-Biichi tree au-
tomaton (CT).

Since Biichi and co-Biichi are dual, we are able to transform a Biichi
automaton into coBiichi, and vice versa. To do so, it suffices to build the
counterset of the given set and change the condition, i.e., for given sets
F,C C @, Biichi(F) = coBiichi(Q \ F'), as well coBiichi(C) = Biichi(Q \ C).

The Generalized Biichi acceptance condition GenBiichi(F) is given by a
set of sets of states F C 29. A run or a branch is called Generalized Biichi
accepting if for each set F' € F some state from F' occurs infinitely often.
Formally,

GenBiichi(F) = {a € Q¥ |VF € F.Inf(a) N F # 0}.

The respective automata are called Generalized Biichi word automaton
(GBW) and Generalized Biichi tree automaton (GBT).

For Biichi, co-Biichi, and Generalized Biichi, it is possible to define
the acceptance conditions over a set or a set of sets of transitions, called
transition-based. Rather than observing sequences of states, one has to
consider sequences of transitions and observe the set of infinitely occurring
transitions.

Finally, the Parity acceptance condition Parity(c) is given by a so called
coloring function c : Q — C, where c is projecting onto a set of colors C C N.
A run or a branch r = quq1 ... is called Parity accepting if the highest
number occurring infinitely often in the sequence ¢(qp)c(q1) ... € C¥ is even.
Formally,

Parity(c) = {a € Q¥ | max{c(q) | ¢ € Inf(a)} is even}.
The respective automata are called Parity word automaton (PW) and Parity

tree automaton (PT).
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2.4.4 Automata Properties

Instead of considering the outcome of transition relations as an element of
a set, one could describe it as an assertion over this set. Thus, an infinite
word automaton A = (X, Q, Qo, J, Acc) is called alternating if its transition
relation is of the form

§:0QxY—BYQ).

Similary, an infinite tree automaton A = (X, Y, Q, Qo, J, Acc) is called alter-
nating if its transition relation is of the form

§:QxX =BT QxT).

A universal automaton describes a special kind of alternating automaton
where the mentioned assertion is only build by conjunctions. Accordingly,
in a non-deterministic automaton the assertions are build only using dis-
junctions. Finally, a universal and non-determinstic automaton is called
deterministic, i.e., the outcome of the transition relation is a singleton.

For abbreviations, we assigned “A” as a prefix to alternating automata,
“U” to universal automata, “N” to non-deterministic automata, and “D”
to deterministic automata, respectively. Thus, e.g., for a co-Biichi tree au-
tomaton, we would distinguish the abbreviations ACT, UCT, NCT, DCT.

Example. & as a universal co-Biichi tree automaton (UCT) is given by

Z/{§1 = ({Tla T2, 91, 92}, {rly T2}7 {QO7 qi, 92, J—}a {qO}v 57 COBﬁChi({qh Q2}))

Its transitions can be observed in

2.5 Tableau Construction

In [12], Gastin and Oddoux present a tableau construction that creates
an NBW starting from a PLTL formula. Given some PLTL formula ¢
with |p| = n, they create a progressing two-way very-weak alternating Biichi
automaton (2VWABA) of size n + 1. Afterwards, they translate it to a
GBW and, using a round-robin construction, finally to an NBW, leading to
an exponential blowup in total.

2.5.1 Two-Way Very-Weak Alternating Aut. (2VWAA)

A special variation of tree automata is called two-way automata (2A), where
the set of directions T consists of just two elements 1 and —1, indicating
whether the head moves forward or backward on a given input word (instead
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Figure 2.5: UCT U, for ;. Double-circles indicate the rejecting states of
the co-Biichi condition. The transition labeling true indicates the set of all
labels. As soon as it encounters a request that is not answered by the related
grant, it stays in the rejecting state until it is granted. Two simultaneous
grants would lead to a dead-end, meaning that there is a finite branch and,
thus, a run would not be accepting any more.

of an input tree), respectively. In here, we directly observe two-way alternat-
ing automata. A two-way alternating automaton (2AA) A with T = {—1,1}
is a six-tuple

A= (3,Q,Qo,9, Fin, Acc)
where
e Y is a finite alphabet,

e () is a finite set of states,

Qo € @ is a set of initial states,

§:Q x X —BT(Q x {—1,1}) is the transition function,

Fin C @ is the set of final states, and
e Acc C Q¥ is the accepting condition.

Since its implicit set of directions T only consists of two elements, there is
an alternative representation for its transition function by

§:Q—230X2X2

It says that for a resulting tuple (y,a, Xk) with ?,? €29 5 € 2” of a
state g € @, it has left successors X and right successors Y Thus, we can
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get rid of the direction indicators —1 and 1. Note that we use 2% in order
to merge transitions that only differ in their actions. In standard notation,
the transition (y, o, Y) € 6(q) for any state ¢ € @ is equivalent to

Vs €0.0(q,5) € BY((X x {-1}) U (X x {1})).

For simplicity, instead of defining runs of 2A As over infinite trees, we are
using forests, which are similar to trees with two directions, called binary
trees. However, since the runs are defined on words rather than trees as
input, forests give a much easier representation.

A run of a 2AA A on a word o € X% is defined using a forest

(V. E,7q, )
where
e V indicates a set of vertices,
o FCV xV a set of edges,
e 7o : V — Q is the state function, and
e vy : V — N1 is the position function.

Both functions are combined using v = vo X w : V —Q X N~!. As its name
suggests, the function «y indicates the position that A is currently reading
on word «, that means

1, if tep furth
Vo € V.V (0,w) € B.qn(w) = w(v) + 1, 1 A goes a step further on «
w(v) —1, if A goes a step back on a.

Furthermore, given some vertex v € V', we define some notations for our set
of edges E:

e E(v)={weV|(vw) € E}

e Et(v)=E(w)UE(E())U...

« B(w)={weV | (mlw)=mlv) -1}

« E(0) = {we V| (mw) = m) + 1}

Thus, a run of a 2AA A on a word @ = apay... € X% is a forest
(V,E,vqQ, ) where the roots R satisfy the initial condition, i.e., Vr €

R.~(r) = (q0,0) with go € Qo, and each vertex v € V satisfies the transition
function, i.e.,

(W) = —1) = E(v) =0,
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or

Jo € 2>, vy € 0 and (g (%(v)),a, "}/Q(B(’U))) € d(yg(v)).

A run v of a 2AA Ais called accepting if Vv € V. (\w(v) = —1)—=79(v) €
Fin, and any infinite branch is element in Acc.
A 2AA A with an alphabet X, a set of states () and a transition function
d is called very-weak (2VWAA) if there exists a partial order < on @ such
that
Vq € Q.V(?,a, Y) €6(q).Vq € ?u?.q’ <q,

i.e., there is a straight line going through the runs of A without revisiting a
state with a lower ranking.

A run (V,E,vg,vn) of a 2VWAA is called progressing if every infinite
sequence vgv1 ... € V¥ satisfies

VN > 0.34 > O.VN(’UZ‘) > N.

A run of a 2VWAA has a loop if two nodes on the same branch have the
same label, formally

Jv e V.3w € ET(v).v(v) = y(w).

Otherwise, we call the run loop-free.

Thus, a 2AA is called progressing (respectively loop-free) if all runs of
this automaton are progressing (respectively loop-free). This leads to two
observations on a given 2AA A:

1) Any loop-free run on A is progressing.
2) A is progressing iff it is loop-free.

Ezxample. An example for a 2VWAA is illustrated in For the
input word @ = {r1 }{r2}0{g1}{g2}0* € £, there is additionally a run given
as a forest depicted in

2.5.2 PLTL to Progressing 2VWAA

After introducing progressing 2VWAA in detail, we now present an algo-
rithm for transforming a given PLTL formula into a progressing 2VWABA,
i.e., with a Biichi acceptance condition. To do so, we assume the initial
PLTL formula ¢ to be in NNF (compare . After defining some
helper function, we give the mentioned tableau construction, followed by a
theorem that it implies.

For the transformation, we first define several helper functions. The

fUIlCtiOD
Q95 9Q Q9Y 9@ Q2T 2R
® : 22 X2 X2 % 22 X 2% X2 22 X2% X2
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uses two outcomes of the transition function of a 2A A and outputs the merge
of both. Thus, for J;, J, € 229%27x29 .

— — — —
J1®Jy = {S(:UE,OHOJQ,Xl UXy | (3(‘1,0’1,)(1) € JL(X"2702,X2) € Jo}.

_ Furthermore, for an arbitrary PLTL formula ¢, we define the function
1), which eliminates boolean connectives, inductively by

P = {{w}}, if ¢ is a temporal formula

Y1 Vo =P Uthy
Y1 APy ={X1U Xy | X1 €4y and Xy € Yo}

Before defining the construction, we introduce a special state. Since it
is not trivial to observe a past modality at the beginning of a given infinite
input word «, we use the additional state END. It is reached in a finite
branch vgv; ... v, € V* of an accepting run (V, E, yg, ) of our automaton
on «, if the current position yy(v,,) is outside of «, formally:

YqQ(vn) = END = y(v,) = —1.

Construction 2. Given a PLTL formula ¢ in NNF on the set AP, let
A, = (E, Q, Qo, 0, Fin, Biichi(F)) be the 2VWABA defined by

° Y — 2AP’
e Q=TSub(p)UAPU APU{END},

e Qo =,

Fin = {END},

e F' is the set of subformulas in @ \ {END} that are not of the form
@1 U @2, and

§ is defined below with A as its extension to BT (Q):
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(

(false) =0

d(true) = {(0,%,0)}

5(p) ={(0,%,,0)} where ¥, ={X € X |pe X}
6(=p) ={(0,X-,0)} where ¥, =X\ ¥

3(0y) = {(0,3,¢) | e € ¥}

5(0Y) ={(e,%,0) | e € ¥}

5(@Y) ={(e,%,0) | e € ¥} U {({END}, %,0)}
(i1 Upz) = Aeh2) U (A1) @ {(0, %, {¢1 Utha}) })
§(11 Rapa) = Ah2) @ (A1) U{(0, %, {¢1 Repo})})
§(th1 Svba) = A2) U (A() ® {({v1 S}, %,0)})

) ) ®

S(END) =0
A(y) = 0(v) if ¢ is a temporal formula
A1V ahg) = A1) U A1)
A1 Atha) = A1) @ A(ta).

Theorem 1. [12] For any PLTL formula in negative normal form ¢ with n
temporal subformulas, the automaton Ay is a progressing two-way very-weak
alternating automaton with at most n+ 1 states and L(A,) = .

Its correctness is based on the definition of the PLTL operators, espe-
cially using the expansion laws (Equation 2.1)). A, is very-weak by consider-
ing Y1 < g if Y1 = END or if ¢; € Sub(e)2). Each infinite branch is strictly

increasing from a certain node on it, resulting in the progressiveness.

Example. We apply the construction on formula &s. shows the
progressing 2VWABA for &s.

2.5.3 Progressing 2VWAA to Transition-Based GBW

The idea of the construction of a transition-based Generalized Biichi word
automaton out of a progressing 2VWAA A is to consider the sets X; =
Ye( N 1(4)) of an accepting run of the input automaton on some word o =
o .. ., and to let them build an accepting run on our new GBW G. As an
example, consider the 2VWABA A, in and the accepting run of
it on word a = {r1 }{r2}0{g1}{g2}0* € £*, shown in|[Figure 2.7] The sets X;
are given by the states below the position indicators, e.g., Xg = {q(l], q%, qg}

or Xl - {Q(%7q%aQ(%7q%}
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T191,7191, 7191 true

7191, 7191
Sno o L
O(g2 = ©12) '7—>
_ 292, 7292

—

7292, 1292, 7292 true

Figure 2.6: Progressing 2VWABA Ag, for & resulting from
[Construction 2l Filled circles denote right successor transitions, whereas
empty circles denote left successors. Requests and grants are part of al-
phabet X. The set of directions only consists of the indicators for left and
right.

Figure 2.7: Run of 2VWABA A, (Figure 2.6) on word a =
{r1}{ro}0{g1}{g2}0* € X*. Numbers above denote the position vy on .
The labeling g can be taken directly from the vertices. We replaced the
initial state names by qé and qg, indicating the upper and lower state, re-
spectively. Accordingly, the others are replaced by q% and q%.
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Algorithm 1 Saturation procedure of Construction

for each (X',0,72)e Q 0(q)

qey
if X’CX
(a) if (Y,Z)¢V then add (Y,Z) to V
if (X,Y,Z,0)¢d then add (X,Y,Z,0) to ¢
else
for each (F,X,Y,0’)e€d with (F,X)eQj
(b) if (F,LXUX')¢V then add (F,XUX') to V

add (F,XUX') to @
for each (V,W,X,o"),(W,X,Y,0')ed
(©) if (W, XUX')¢V then add (W, XUX') to V
if (VW XUX' o")¢d then
add (V,W,XUX',0") to &

Transitions of G should reflect the fact that each vertex v of a run on word
« satisfies the transition function of A, i.e., position yy(v) = i involves the
sets X;—1, Xi, X541 € 29 as well as the set of letters «;. Thus, transitions
of G are considered as four-tuples (X;_1, X;, X;4+1, ;). In order to observe
the classical representation of transitions as suggested in Section one
has to read this notation as 5’((Xi,1,Xi),ai) = (X;, X;—1). This already
indicates that states in our resulting GBW are given as pairs of sets of states,
i.e., in 2¢ x 29, Especially, the initial states will be of form {Fin} x 29. As
explained before, the transitions are given as a set &' C 29 x 29 x 2¢ x 2%,
which are equivalent to the representation ¢’ C (2% x 29) x 2% x (29 x 29).
Finally, the accepting set is given as a set of sets of transitions, i.e., F' C 25/,
such that, in each set F’ € F’, at least one transition has to occur infinitely
often. In the following, the construction and its corresponding theorem are
presented.

Construction 3. For a progressing 2VWABA A = (E, Q, Qo, 0, Fin,
Biichi(F)), we define the GBW G4 = (Z,Q’,Qg,5’,GenBiichi(.7-")) by the
following algorithm:

e Initialization: Q) = {Fin} x Qo, V = {Fin} x Qo, &' =10

e Apply saturation procedure for each (X,Y) € V until fixed point is
reached, i.e., no more changes occur. Its pseudo code can be observed

in [Algorithm 1

e Finally, we set
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- Q ={(X,Y)e29x2? | (X,Y) € Q)or
(X,Y) is reachable in ¢}
- F ={T;|q€ Q\ (FU{END})} where
- T, = {(?,X,Y,O’) €d|qg X or
3(?,0’,7)65(q)with?Q%,?QY,J’QJ,(]%?}

The idea of the saturation procedure can be split into the three parts
(a), (b), and (c), as illustrated in[Algorithm 1] In (a), the algorithm notices
that (X’,Y) is part of the already verified state (X,Y’) and, therefore, it
considers all possible successor states (Y, Z) and their underlying transitions.
Otherwise, if (X’,Y") is not part of the current state (X,Y), the algorithm
checks all transitions going to state (X,Y). Thus, in part (b), it takes a
look at all initial states build by X, and, based on the considered transition
of Y, this state can also be build using the union of X and X’. Finally, in
part (c), it analyzes all pairs of transitions that are ending in (X,Y), and,
similar to the idea of part (b), it can also consider the union of X and X'.

Furthermore, there are multiple simplifications for our algorithm:

e Saturation procedure: In order to avoid redundant computations while
searching for other changes, one could add integers, representing time
stamps, to states and transitions, describing the number of iterations
on the saturation procedure. Whenever a new element is added to V,
0 is assigned as its time stamp, whereas transitions added to ¢’ receive
the current time stamp. Each time a pair (X,Y’) € V is considered for
saturation, its time stamp is set to the current number of iterations,
afterwards.

Step (a) is only considered if the time stamp of (X,Y) is equal to 0.
For step (b), we only consider transitions (F, X,Y, o) where the time
stamp is greater or equal to the pair (X,Y"). For (¢), we only consider
pairs of transitions for which at least one time stamp is greater or
equal to that of (X,Y).

e Transition simplification: It is possible to remove redundant transition
on-the-fly. Given two transitions (X,Y, Z,01), (X,Y, Z,02) with o1 C
09, the first transition can be deleted, because it is more restrictive.

e State simplification: After termination, two states (X,Y), (X', Y”’) are
called equivalent if both have the same outgoing transitions, i.e.,

(X,Y,Z,0) € = (XY Z,0) €,

and
VgeQ\ R. (X,Y,Z,0) GF;@(X’,Y’,Z,J) EF(;.
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Figure 2.8: Transition-based GBW Qéz for & that is equivalent to a solu-
tion for Construction [Construction 3] for the automaton Ag, in
As there are no U-subformulas in the underlying formula &», the set of sets
of accepting transitions is empty. Thus, each infinite sequence in the au-
tomaton is part of its language.

Equivalent states can be merged together and any transition that is
pointing on one of the two states can be moved to the merged state.

Theorem 2. [12] For any progressing two-way very-weak alternating Biichi
automaton A with n states and f accepting states, the transition based Gen-
eralized Biichi word automaton G4 accepts the same language, i.e., L(A) =
L(G4), with at most 2" states and n — f acceptance sets.

Example. Since the resulting GBW G Ae, for the progressing 2VWABA A,
in [Figure 2.6) has to many states for a graphical representation, we just give a
prefix of a run on it, based on the presented forest in [Figure 2.7] Afterwards,
we present an equivalent minimal transition-based GBW g;‘g .

Thus, for the input word a = {ri }{r2}0{g1}{g2}0* € £, a prefix of the
run on G Ae, 1s given by the sequence

({END}, {¢}, a1, a2}) (b at a8} {dd at e a3)) - -

where each tuple represents a state in the GBW. In we give
an equivalent minimal transition-based GBW QQ\E such that £(G A&g) =
2

£(Gh,)-
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2.5.4 Transition-Based GBW to NBW

As presented in |11], there is a construction from a transition-based Gener-
alized Biichi word automaton with set of accepting sets F = {F1,..., F} to
a non-deterministic Bilichi word automaton, called Round-Robin Construc-
tion or Counting Construction. The idea behind it is to add a counter to
each state, representing the current highest index ¢ of the visited accep-
tance set F;. Given index ¢, whenever there is taken another transition, the
construction checks for all sets F; with ¢ < j < f that are satisfied with
this transition, and sets the next index to the highest visited j. For ¢ = f,
the counter starts again at 1. Thus, if we just visit states with counter f
infinitely often, we ensure, that each acceptance set is visited infinitely often.

Construction 4. Given a transition-based GBW G = (E, Q, Qo, 9,
GenBiichi(F)) with F = {F,...,Fy} and F; C & for each i € {1,..., f} []
we create the NBW A = (X,Q x {1,...,f},Qo x {1},d,Q x {f}), where
the transition function ¢’ is defined by

5'((q, i),a) = {(q',i/) | ¢ €(q,0) and i’ = nxt(i7 (q,0, q'))}
with

0. 1) max{i <j< f|Vi<k<jteFp}, ifi#f
nxt(i,t) =
max{l <j< f|VO<k<jteF,), ifi=7f

Theorem 3. [11] For any transition-based Generalized Biichi word Au-
tomaton G with n states and f sets of accepting transitions, we can define
a non-deterministic Biichi word automaton A with at most n- f states such

that L(G) = L(A).

Example. Since the set of accepting sets is empty for GBW 922 in
its NBW remains equal.

2.6 Bounded Synthesis for LTL

In the following, we introduce the approach of bounded synthesis for LTL
by Finkbeiner and Schewe [9]. For this, we start with the general definition
of the synthesis problem before explaining the idea of bounded synthesis.
Afterwards, we present its solution by defining an annotation on run graphs
in two different ways, by using either an emptiness game, or a constraint-
based approach.

*As described, (%, X, }, o) € §' is equivalent to the notation ((y7 X),0, (X, Y)) ed
with (X, X), (X, X) € Q.
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2.6.1 The (Bounded) Synthesis Problem
The synthesis problem is given by the four-tuple

(1,010, p)
where
e [ is a set of boolean input variables,
e O is a set of boolean output variables,
e iy C I is the fixed initial input, and

e ¢ is an LTL specification over the set of atomic propositions AP =

IJo.

We call specification ¢ (finite-state) realizable if there is an implementation
as input-preserving 247-labeled 2!-transition system 7 that satisfies . The
synthesis problem’s goal is to decide whether ¢ is realizable.

To examine the possibly infinite search space of implementations in a
structured way, [9] introduces the idea of bounded synthesis. In here, the
set of implementations is considered up to a predefined bound. Assuming a
guess T = (T, to, T,0) on the implementation for ¢, it defines an annotation
function on it that maps each state to a bounded domain. Thus, if the
annotation is valid, it implies the satisfaction of the guess. Furthermore,
the annotation can be used to reduce the problem to an emptiness check on
safety automata. Finally, by giving an appropriate encoding as input to an
SMT solver, it is possible to find a desired implementation along with its
annotation function.

2.6.2 LTL to UCT

As a first step, we translate the specification ¢ into an equivalent UCT U,,.
This takes several steps, resulting in an exponential blowup. The following
briefly describes the construction as initially presented in [16].

Construction 5. Given an LTL formula ¢, we first build its negation —¢.
Afterwards, we translate —¢ into an equivalent NBW A, using, for example,
Construction [2| Finally, we construct an UCT U, simulating A, along each
path.

Example. We execute bounded synthesis on the example formula &£;. The
underlying synthesis problem is defined by

(I ={r1,m2},0 = {91, 92},0 = 7172, » = &1).

An NBW for —&;, which is equivalent to the UCT for &, is given in a
previous example, referencing to [Figure 2.5
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2.6.3 Annotation on Run Graphs

A run graph of a tree automaton A = (3, T,Q, Qo, d, Acc) on a X-labeled
Y-transition system 7 = (7', tg, T, 0) is a minimal directed graph G = (V, E)
with vertices V C @ x T and edges E C V x V, satisfying

e Each pair of initial states is a vertex in G, i.e., ¥ qo € Qo. (qo,t0) € V,
and

e Each vertex (q,t) € V satisfies the underlying transition relations, i.e.,

Vg t) € V.{(ds0) € Qx T | (1), (¢, 7(t,0) € E}
satisfies 4(g, o(t)).

We call a run graph accepting if every infinite path (qo, to)(q1,t1) ... € V¥
is part of the accepting condition, i.e., qoq ... € Acc.

Thus, given our guess as Y-labeled Y-transition system T = (T, tg, T, 0)
and the UCT U, = (X, T, Q, Qo, 9, coBiichi(C')), we build the run graph G =
(V,E) of U, on T. Afterwards, we build an annotation X : V — {_} U N on
the run graph, indicating the maximal number of rejecting states occurring
on some path to a node in the run graph. If A only assigns natural numbers
to the elements of G, we talk about a wvalid transition system, implying an
upper bound on the number of visits on the rejecting states. Furthermore,
the set of all transition systems with valid annotations is equal to those that
are accepted by the automaton, and, thus, implementing ¢.

For terminology, we call annotation A c-bounded if \ : V—{_}U{0,...,c},
and bounded if it is c-bounded for some ¢ € N. An annotation is walid if it
satisfies the following conditions:

e The initial vertices are annotated by a natural number, formally, V¥ q¢ €

Qo- Mqo, to) # - .

e FEach path of G has an increasing annotation, which is strictly increas-
ing whenever another rejecting state is encountered. Formally, for
some vertex (¢,t) € V and (¢,v) € d(q,0(t)), we define

Ma.t) <A, 7(t,v)), if¢d €C
’ < )\(q’,T(t,v)), otherwise.

The following theorem states that the existence of a finite transition
system with a valid annotation is a sufficient condition for the realizability
of specification ¢.

Theorem 4. [9] A finite-state X-labeled Y -transition system T = (T to,
T,0) is accepted by a universal co-Biichi tree automaton U = (E, T,Q,Qo,0,
coBiichi(C)) if, and only if, it has a valid (|T| - |C|)-bounded annotation.
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Figure 2.9: DST D7 for set of inputs I = {r1,72}. Since every state of it
reflects the previous input, it is used to check input-preservation.

Subsequently, its existence is a necessary condition, defining a bound on
the number of states of implementation 7.

Corollary 1. [9] If a universal co-Biichi tree automaton U = (E, T,Q,Qo,
d, COBdchi(C)) accepts an input-preserving transition system, then U also
accepts a finite input-preserving transition system T = (T, to, T,0) with |T| =
|Q|!? - |Z| where T = 2%. Thus, T has a valid (|T|-|C|) = (|Q|'* - |Z| - |C))-
bounded annotation.

For its correctness, they first translate U/, into an equivalent DPT P
with n!? states and 2n colors [22,26]. The input-preservation is checked by
a DST Dz, whose states are formed by the inputs Z. In every state i € Z, D1
checks if ¢ agrees with the given input, and sends the successor input ¢/ € 7

into direction i’. An example for I = {r1,r2} can be observed in [Figure 2.9
Finally, we evaluate the emptiness game of the product automaton of P and

Dy.

Example. shows the run graph of the UCT in on
the implementation in for formula &;.

2.6.4 Bounded Synthesis by Emptiness Check

Based on the given annotation on our transition system and the idea of the
sufficient bound, we can reduce the synthesis problem to an emptiness check
on safety automata. The following theorem describes the construction of a
family of DSTs up to one of the previously defined bounds.
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|
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Figure 2.10: Run graph of UCT U, in|Figure 2.5{on TS 7T¢, in|Figure 2.2

Since our implementation is finite, we are able to define at most a c-bounded
annotation on the run graph with ¢ = |T| - |C| = 8 -2 = 16. We define a
1-bounded valid annotation with A(qo,+) = 0, and 1 for all other vertices

Theorem 5. Given a universal co-Biichi tree automaton U = (X, Y, Q, Qo,
0, coBiichi(C)), we can construct a family of deterministic safety tree au-
tomata {D. = (X,Y, S, 50,0c) | ¢ € N} such that the automaton D, ac-
cepts a transition system T if, and only if, T has a valid (b - |C|)-bounded
annotation, where b is one of the previously defined bounds.

The DST D = (X,7,S.,s0,0.) for ¢ € {1,...,b-|C|} is constructed
as follows. Note that, if we do not state the safety condition explicitly, it
simply requires to only have infinite branches on each run.

e State space S, describes the set of functions {Q — {_} U{1,...,c}}
such that each state s € S indicates how many times a rejecting state
in C' may have been visited on some trace of the run graph G that
passes the current position in the TS. The limitation on the number
of visits is based on its index c.

e The initial function so € S maps 0 to the initial states of U, and . to
all remaining, formally, for some state ¢ € @,

S()_ 07 lfquO
0= -, forall g € @\ Qo.

e For the transition function §., we first define another helper function

5T 1 S, x B — 2(@AFU{Luch)xY
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2.6. Bounded Synthesis for LTL

that records, for all directions v € T and successor states ¢’ € @, the
new number of visits of rejecting states, i.e.,

55 (5.) = { (@1 0).0) [ 0 € Qus(a) # -, (0) € S0 |

1, Vge F
0, Vg ¢ F

collects the transitions of U.

with f(q) = {

Note that the sum of s(q) and f(¢’) can not go out of bound and, thus,
it is possible to have dead-ends within our automaton. Visiting these
states would violate the safety condition.

The transition function 4. : Se x = B*((Q = {-}U{L,...,c}) x T)
is then defined as conjunction of all encountered numbers of visits,
divided by the set of directions. Formally,

de(s,0) = /\ (8v,0)

veY

with max{()} = _ , and

su(q) =max{n e {l,....c}| ((g;n),v) € 6 (s,0)}.

After this, we are able to produce the emptiness game for D; with i €
{1,...,¢} in product with automaton D; using the initial input ig. Such an
emptiness game consists of two players, player accept and player reject. In
her states, the respective player chooses one of the given successor states.

For our emptiness game, player reject chooses some input I, such that
player accept has to answer by grants. The game is won by player accept
if her defined strategy lets each play on the game be infinite. Otherwise,
player reject wins.

Example. For the initial input ig, the respective emptiness game for the
product automaton of D; together with D; (Figure 2.9) is presented in

2.6.5 Bounded Synthesis using SMT Solver

Furthermore, an alternative constraint-based approach for bounded synthe-
sis using an SMT solver is presented. Instead of guessing the desired input-
preserving transition system, implementation and annotation are encoded as
uninterpreted functions in first-order logic modulo finite integer arithmetic.
Thus, bounded synthesis is reduced to the satisfiability of our encodings as
input of an SMT solver.
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Figure 2.11: Respective emptiness game for the product automaton of
DST D; together with DST Dy . Circles denote states of player
accept, rectangles those of player reject. Some states of player accept are
dashed, meaning that they are not completely expanded, i.e., for the given
parameter ¢ = 1, these transitions would be out of bound. The system
player wins by avoiding the visit to player reject’s state (0,1, 1).
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To construct our constraint system, we assume the existence of a UCT
U, = (2AP ,21,Q,Qo, 0, coBiichi(C)) describing input specification ¢ over
AP. We want to specify the existence of a finite input-preserving 247-
labeled 2/-transition system 7 = (T,to,7,0) that is accepted by U, and,
furthermore, has a valid annotation A. This is done in multiple steps:

1. Encode transition function T

For each direction v € 2!, we introduce a unary function symbol 7,, :
T — T that maps each state t € T to its successor on direction v,
formally, 7,(t) = 7(t,v).

2. Encode labeling function o

In order to decide if a state t € T' is labeled with proposition a € AP,
we introduce for each proposition a unary predicate symbol a : T'— B.
It maps a state to true if its underlying proposition is part of the state,
ie., a(t) = trueiff a € o(t).

3. Encode annotation \

For our annotation, we introduce for each state ¢ € @ of UCT U, two
unary symbols:

° )\Ig : T'— B where it maps state ¢ € T to true if, and only if,
its annotation is a natural number, formally, )\]g(t) = true iff

A(g,t) € N.

° )\31‘7€ : T'— N where it maps state ¢ € T' to its annotation value
A(q,t), or is undefined if A(q,t) = . , formally:

A(g,t if A(g,t
undef.  if A(q,t) = .

4. Formalization of valid annotation for T

As a recap, we call an annotation valid if it only assigns natural num-
bers to the vertices in the run graph. Thus, we have to ensure that
successor v’ of vertex v is assigned a natural number whenever v is.
The assignment is strictly greater if v’ contains a final state of F. We
define the following abbreviations:

e For some state ¢t € T, the symbol q T — 24P represents the
labeling of ¢, formally, @ () = o(t).

e For some state ¢ € @, the symbol >, gives the correct greater
sign, i.e., >4 is > if ¢ € F', and > otherwise.
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Thus, in order to achieve a valid annotation of 7, we formalize the
constraint

VEXE(E) A (', 0) € 0(g, @ (1) = A5 (7 (1) AN (ru(1)) By AF(2).

Additionally, we require that all pairs of initial states are initially
labeled by a natural number (w.l.o.g. 0), formally, Vg € Qo. )\IqBO (to)-

5. Guarantee input-preservation of T

By the definition of input-preserving, we have to guarantee that the
label of each state t € T reflects the previous input. Therefore, for
each input symbol a € I and each direction v € 2!, we have to specify
whether a € v. We add the constraints

e Vt.a(7y(t)) if a € v, and
o Vt.—a(ry(t)) if a & v.

6. Initial labeling of tg

The initial state is labeled with the initial input ig, i.e., we build the
conjunction pi(tg) A ... A pp(to) with ig = {p1,...,pn}

Such a constraint system, resulting from a given LTL specification, is
satisfiable (modulo a theory with order) if, and only if, the LTL specification
is finite-state realizable. Furthermore, given UCT U, the constraint system
is of size

O(|6] - [AP| + |1] - 2!").

By completely resolving the universal quantification of U, the size of the
constraint system additionally depends on the size by of its transition system
T, leading to size

O(br - (3] -1 4P| +]1]-21).

Ezample. Given the UCT U, = (3,7, Q, Qo, d, Biichi(F)) in [Figure 2.5
with ¥ = 21291028 and T = 201172} we specify the existence of a finite
input-preserving Y-labeled Y-transition system 7 = (T, to, 7,0) for formula
&1. We follow the previously introduced ordering.
1. Encode transition function T
For each direction v € {7173, 7172, 7172, 1172}, We introduce the unary
function symbols 7, : T'—= T, e.g., iy : T — T
2. Encode labeling function o

For each proposition p € {r1, 72,91, g2}, we introduce the unary pred-
icate symbol p: T — B, e.g., r1 : T — B.
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3. Encode annotation A
For each state ¢ € {qo,q1,¢2}, in the following abbreviated by their
indices, we introduce unary predicate symbol )\]g :T — B, eg., )\Ig :
T — B, as well as unary function symbol )\ff :T'—N, e.g., )\Zfé :T'—N.

4. Formalization of valid annotation for T

We encode each transition of U, separately. (a) encodes the self-loop
of qo, (b) the forbidden transition with both grants given simultane-
ously. (¢) and (d) describe the remaining transitions of gg, and (e) and
(f) the remaining self-loops of ¢, ga.

(a) VEAG (1) = NG (rrara(8) AN (7rm (1)) = A (1)
A N (T (1)) AN (T (1) > AT (1)
AN (T3 (1) AN (7)) = N (1)
AN (T (1)) ANT (e (B) = N (1)

(c) VEAE () ATL(t) A =gi(t) = AP (T (1) AT (s () > AT (8)
AN (s (8)) AN (T, (8)) > N (1)
AN} (T (D) AT (173 (2)) > A (1)
ANE (Trorry (8) AN (71 () > AT (8)
(d) V£ AG(E) Ara(t) A =g2(t) = A5 (13 (1)) AN (e (£)) > A (1)
A NS (s (8) AN (T (8)) > N (1)
A N3 (T (D) ANS (13 (8)) > A (1)
A NS (Tryms (1)) AT (i (8) > NS (1)
(€) VENF () A =g1(t) = NF (T () AN (15 (8)) > AT (1)
A XE (T (8) AT (7my () > AT (2)
AN (77 (8) AN (143 (1)) > AT (1)
AN (T4 (1) ANT (1 (B) > AT (1)
(£) Yt NB(E) A —ga(t) = A (Trr5 (£)) AN (s (1)) > AT (1)
A NE (T (8) A NS (Ty () > AT (2)
AN (o7 (8) AN (743 (8) > AJ (1)
AN (Trymy (1)) A XY (i (B) > AT (1)

Furthermore, the pair of initial states (qo, to) is initialized with a nat-
ural number (w.l.o.g. 0), i.e., A\§(0).

5. Guarantee input-preservation of T

We specify for each input r € {ry,ro} whether it is element of direction
v € 2U1m2} | For the four possible directions, this leads to the following
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constraint.

V. 11(Triry (8) A 12Ty (8) A 11T () A 212775 (1))
=11 (T () AT2(Triry (8) A 271 (T () A 212 (T (1))

6. Initial labeling of tg
The initial input is set by the constraint —r;(0) A —r2(0).
Building the conjunction of these constraints and handling it as input of an
SMT solver leads to a solution for bounded synthesis of &1, i.e., an imple-

mentation T for & as input-preserving finite transition system, as well as a
valid annotation on T for an appropriate bound.
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Chapter 3

The Naive Approach:
Gabbay’s Separation
Theorem

Whenever a paper is arguing about PLTL, it refers to the approach of Gab-
bay, presented in [10]. His famous Separation Theorem gives various rewrit-
ing rules for pushing past-operators out of the scope of future-operators,
and vice versa. We presented its main characteristics, as well as drawbacks,
in Now, we want to use his theorem in order to obtain a
formula that is initially equivalent to our input, and, thus, allows for the
execution of standard bounded synthesis. We start with a quick insight into
a rewriting of his rules. We justify this rewriting by the outdated notation
of PLTL, as used in the theorem, combined with strict operators only. For
completeness, we furthermore present the complete rewriting, as well as the
idea of the correctness proof in partial detail, in Afterwards,
we examine its combination with the bounded synthesis approach and give
an argumentation why it is not usable in practice. We assume the synthesis
problem

(I7 O7 iOa ()O>

where input and output variables are disjunct and their union builds the
set of atomic propositions, i.e., AP = I U O. The formula ¢ is a PLTL
formula over AP, built only using standard operators, i.e., neither boolean
(except conjunction) nor temporal abbreviations. This allows us to observe
 without any other normal form.

3.1 (Gabbay’s Separation Theorem

Theorem 6. (Separation Theorem) [10] Given some PLTL formula ¢,
there exists an initially equivalent LTL formula ', notated ¢ =; ¢, that is
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Chapter 3. The Naive Approach: Gabbay’s Separation Theorem

obtained by a series of rewriting rules applied on formula ¢, such that ¢
gives a clear separation of past, present, and future formulas, combined by
boolean connectives. Formally,

Y = QO/ S IB%—‘_(Sopastv Ppresent; @future)v

such that ppest and Qpyure are temporal formulas in pure-past and pure-
future, respectively, and Qpresent describes an assertion.

We distinguish the following 14 cases for pushing future-operators out
of the scope of past-operators. Based on the time-equivalence of future and
past, one can mirror the cases with reversed operators to obtain the other
direction. Let ¢ and (2 be some arbitrary formulas, as well as a and b.

L aS(bA(p1Ups)) 8. (aV=(p1Uipa)) S(bA=(p1lipa))
2. (aV(p1Up2)) Sb 9. 0(0¢1)

3. aS(bA~(p1Upa)) 10. ©lo1 Ua)

4. (aV —(p1Upa)) Sb

5. (aV(prUp2)) S(bA(p1Up)) Hoesbroa)

6. (aV(p1Up2)) S(bA~(pilhpy)) 12 (@Y Op1) S

7. (aV=(p1Up2)) S(bA(p1Up2))  13. (aV Op1) S(bA Q1)

Note that, besides the difference at the initial position, the operators ©
and ®© are handled in the same way. Thus, we only observe the operator
© in our case distinction. At the end of the elimination for some arbitrary
subformula v, each outer-most formula @1 is mapped to false, whereas each
outer-most formula ®1 is mapped to true.

This thesis presents each elimination 1—14 in detail by giving a graphical
explanation, as well as the appropriate equivalent rewriting. In this chapter,
we only want to give insights into our reasoning, that is based on the original
approach of Gabbay. Therefore, we present the intuitive as
well as the complicated rules for using double-negation.

For now, we assume each formula ¢ to be satisfied at a position ¢ € N
of a given word @ = «ga ..., i.e., a; F . The following diagram shows a
representation of this situation. Further explanations will do an unfolding
and a case distinction of ¢ at position i.

®
oo —C

For any position i, j, k € N, we assume k < j < 1.
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3.1. Gabbay’s Separation Theorem

Elimination 1: ¢ =a S (bA (1 U p2))

We distinguish the following four cases:

1) Right side is satisfied at i:

Formula:

Y1 = bA(p1Up2)

bA (LpQ V (1A O(e1 Um)))

Dgt . (

115

b/\(pg) vV (b/\<p1 /\O(@1U<P2))
——
¥} it

2) Right side is satisfied before i, 5 holds at / after i:

O—0—-—0—-0
k k1 i—1 i
Formula:
Yo = O((aNg1) S(bA@1)) Aa (o1 Ups)
L o(@ne)Sbren) nan (Vv (p1A0eiUes))

P2 (O((an 1) S (A @) Aah )

¥h

Vv (@((a/\gpl)S(b/\gol)) ANa A1 AO(p1 U@g))

1;2
3) Right side is satisfied before i, @2 holds before i after k:
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Chapter 3. The Naive Approach: Gabbay’s Separation Theorem

b
P1

0—0— —0

k k+1 j—1

a

O

j+1

&<>p “();’G -

Formula:

3 :a$<@((a/\<,01)8(b/\g01)) /\a/\gog)

4) Right side is satisfied before i, v holds before i at k:

Q©~~Q©

k+1 i—1

Formula:
’lﬁ4 =aS (b A (pg)

It should be clear that these cases are covering all possibilities. Furthermore,
we are also aware of the fact that our distinctions are covering some cases
twice. To deal with this, we made previous transformations in order to
combine them:

=i ¢ =PV Vs Viy
= U1 VT VL VU Vs V iy
= (Y1 V)V (P3 V b3) V (Y] V ¢ha)
v v v
with
o v = vy
= (bMolAO(wU@Q))

( (aNepr) (b/\sol))/\a/vm/\O(wwm))
< b/\<P1 ((a/\%)s(b/\Sﬁ))/\a/\@l))/\O<301U<P2>

((anp1) SBAp1)) AO(p1Ups)

||m

I
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3.1. Gabbay’s Separation Theorem

o Yy = YLV s
= (@((a/\wl)s(b/\%))/\a/\‘P?)

vV (aS(@((a/\@l)S(b/\gol)) /\a/\g@))

Déf'a8<@((a/\901)3(b/\901)) /\CL/\(,OQ)

o Ui = UiV
= (bAp2) V (aS(bApy))

2GS (b A po)

Elimination 2: ¢ = (aV (o1 U¢s)) Sb
Again, we distinguish several cases:

1) For the easiest case, b holds at position i.

Formula:
Y1 =10
Thus, for the remaining cases, we can assume that b is satisfied before 1.
aV (p1Ueps) aV(p1Upz) aV(p1Up:)
b —b b —b
k k41 i—1 i

To make a statement about the future, we distinguish whether O (¢1 U p2)
holds at position ¢, i.e., whether the U-statement is possibly continued in
position % + 1.

2) b holds before i, O(¢1 U p2) is satisfied at i

For this, we observe the negative case, i.e., there is some position
y € N with k > y > ¢ such that neither a nor ¢; U o are satisfied at
y. Formally:

~(aV(p1Upz)) = (ma) A=(p1Up2)

X (<a) A (w1 R2)

() A (@02 V (-2t (1 A —p2))

P2 (0 A (@) v ((20) A (et (o1 A o))

w/ 1;7/
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Chapter 3. The Naive Approach: Gabbay’s Separation Theorem

As marked, this triggers two possibilities ¢/ and 1", where the first
describes that -9 holds forever, whereas, for the other, —ps is even-
tually answered by —¢;. Based on our assumption at position ¢, the
first case is not possible. Thus, there is some position x € N with
y < x < i, such that the right side of the U-statement of ¢)” holds at
x. Graphically:

P2
aV (p1Ups) -a P2
b —-b —b -b
k k+1 y y+1
1

2 =2 aV(prUpz) aV(p1Ups)

—-b —b —b —b aldb
x—1 x 7—1 7 i+ 1

We build a formula « describing the situation at position «:
oz E ((mb A —p2) S(ma A=bA—p)) A—pr =k

« implies a position k < y < x such that o, F —a A =(p1 Ug2). There-
fore, by negating this formula, we prevent the described situation,
defining our second case.

Formula:
Py = ((—|b A —u‘-i) Sb) VAN O((,Ol Z/[(,OQ)

b holds before i, O(¢1 U ¢2) is not satisfied at i

In here, based on the presented cases v’ and )", position i + 1 would
not continue an open answer for an ¢ U po. Thus, we have to prevent
to start a new request for o by preventing ¢ at position ¢. This is
done by including a slightly modified version of x at 7. The negative
situation, which we are going to prevent, is captured in the upcoming
graphic, followed by the third formula.

2
aV (p1Upz) -a P2
b —b =b —b
00— —0—0
N\ N\
k k+1 y y+1
P2 P2
-b -b “((Iub)
o—0O—0
/
i—1 ) i+1
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3.2. Processing on Formula-Level

Formula:

P3 = O ((mbA=K)Sb) A= ((mbA=p2) S(maA=bA=p2)) A=bAO—(p1lUips)

By removing some unnecessary parts of the presented subformulas we
observe the following elimination rule:

p=i¢ =91 Viha Vs
with
o 1 =b
o Uy = ((mb A—=K) Sb) A O(p1 Ups)
o U3 =0((-bA k) SbD) A=((=b A —p2) S(ma A=bA—pz)) A-b

o 1= ((-DA—p2) S(maA=bA=pa)) A

Elimination 3 — 14

See (ppend A}

3.2 Processing on Formula-Level

After presenting Gabbay’s Separation Theorem in detail, we now talk about
its impact for our purposes. Giving the initially defined bounded synthesis
problem

(I7 Oa Z.Oa (P)

with ¢ being a PLTL formula, we are able to apply on ¢ to
obtain a formula ¢’ =; . Thus, the solution of our initial synthesis problem

is equivalent to the solution of the synthesis problem
(Ia 07 /iO) SD/)
by the correctness of the separation theorem.

However, the theoretical correctness of this solution is irrelevant in prac-
tice, based on the non-elementary complexity of
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Chapter 4

The Allrounder: Using
Tableau Construction

To present a solution for bounded synthesis that is also applicable in prac-
tice, we offer an approach using the tableau construction presented in

We assume the synthesis problem
<I7 07 iOa ()D)

where input and output variables are disjunct and their union builds the set
of atomic propositions, i.e., AP = I U O. The formula ¢ is a PLTL formula
over AP.

4.1 Creation of UCT

Based on the first step of original bounded synthesis, we are going to redefine
[Construction Io} allowing it to define a UCT out of a given PLTL formula
. Our idea is very similar by observing the negation = of our formula,
building its NBW, and redefining it into a UCT. The creation of the NBW
is completely based on the tableau construction in Thus, we
are left with the creation of a UCT describing L£(y). Its construction and
proof are similar to the one presented in [16].

Construction 6. Given a PLTL formula ¢, we define UCT U, using the
following steps in between:

1) Build negation —¢ and transform it into NNF (Section 2.2.3)).

2) [Construction 2} —¢ to progressing 2VWAA A-,.

)
)

3) |Construction [3} A-, to transition-based GBW G 4_,
)

4) [Construction™® G4, to NBW N_.
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Chapter 4. The Allrounder: Using Tableau Construction

5) [16]: N-y to UCT U, simulating M-, along each path.
Thus, we finish with UCT U, such that L£(U,) describes L(yp).

Theorem 7. Given a PLTL formula @, we can construct a universal co-
Biichi tree automaton U, with 20U2D) states that accepts a transition system
T if, and only if, T satisfies ¢.

Proof. The correctness depends on the correctness of the constructions and
the theorem presented in |[16]. The number of states is determined by the
exponential blowup of [Construction I3, whereas all other constructions are
linear in the size of formula .

O

Thus, given U,, we are able to define a run graph on 7, following the
definitions in [Section 2.6.3

Example. We apply our new approach for bounded synthesis on the PLTL
formulas & and &3. At first, we build their negations and transform them
into NNF (Section 2.2.3)), i.e.,

=6 = O AB-71) A (g2 ANET2)
= (truebl (91 A (false 7'—|7'1))> V (trueu (92 A (false 7'—\7’2))>,

and

=& =(1 AB(gr T )
= trueld (g1 A ®(g1 T —r1)).

Now, we apply [Construction [2|to both formulas. The related 2VWABAs
are presented in [Figure 4.1 and [Figure 4.2] respectively. Applying Construc-
tion |[Construction I3 and [Construction 4] results in the NBWs given in
[ure 4.3 and [Figure 4.4l These are equivalent to the final UCTSs for £ and &£3.
Finally, we build the run graphs of the UCTSs on their respective transition
systems, depicted in |[Figure 4.5 and [Figure 4.6]

4.2 Constraint-based Approach

As we are able to define a UCT out of our given PLTL formula, the cre-
ation of a constraint system as input for an SMT solver is equivalent to the
standard LTL approach, following the six steps presented in
Furthermore, also the size of the constrained system is computed the same,
i.e., given UCT U, with transitions ¢, the constraint system is of size

O(l3] - [AP[ + 1] - 121)).

52



4.2. Constraint-based Approach

true T191,T191

Figure 4.1: 2VWABA A_;, by applying |Construction E] on —&s.

true T191,T191

T191,7191 T191,T191

Figure 4.2: 2VWABA A_, by applying |Construction IEI on —&3.

53
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true

T191

rir

true

Figure 4.3: NBW A, that is equivalent to the result of |C0nstruction IEI

and [Construction 4 on A, in Furthermore, it is equivalent to
the UCT U,.

r1g1 l
@ —@—
\/

71,7191 191 true

Figure 4.4: NBW N_, that is equivalent to the result of |Construction IEI

and [Construction 4 on A, in Furthermore, it is equivalent to
the UCT Ue,.
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4.2. Constraint-based Approach

-~

(qo0, o)

1<>
N

"

/

6o

DOCE
i

(qa,t2

Ce/ \

Figure 4.5: Run graph of U, on T¢,. Since each of its vertices is annotated
by 0, implementation 7, is valid.

—

e e

\/

@0

@

Figure 4.6: Run graph of U, on T¢,. Since each of its vertices is annotated
by 0, implementation Tg, is valid.
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Chapter 5

The Partial Approach:
Exploiting Temporal Testers

The so-called future(past)-fragment of PLTL, where pure-past formulas are
only connected by future and boolean operators, is a popular fragment of
PLTL for describing specifications. Since it has been considered in many
prior works [4}7,122], it encourages a special observation for bounded syn-
thesis. We present a partial approach of bounded synthesis for this family
of formulas using temporal testers. We assume the synthesis problem

(I) 07 iOa SD)

where input and output variables are disjunct and their union builds the set
of atomic propositions, i.e., AP = I U O. The formula ¢ is a PLTL formula
over AP, built by n past formulas v1,...,%, that are separated by future
and boolean connectives.

Before discussing our approach in detail, we present an equivalent and
more intuitive representation for temporal testers using circuits. Afterwards,
based on the original description of bounded synthesis, we start with the
construction of a run graph, together with a valid annotation on it. Subse-
quently, we describe a solution for bounded synthesis using an SMT solver.

5.1 Representation of T'Ts as Circuits

Since temporal testers ([Section 2.3.4)) are fairness-free and deterministic sys-

tems, there is a more intuitive graphical representation of them using cir-
cuits. A circuit consists of input and output signals, as well as the inner
gates AND, OR, NOT, and cells. As their names suggest, NOT-, AND-, and
OR-gates are replacements for the related boolean operators. In addition,
cells build a memory, storing a single boolean truth value. For gates and
cells, we need a higher graphical representation:
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Chapter 5. The Partial Approach: Exploiting Temporal Testers

> D D B

NOT-gate AND-gate OR-gate Cell

In the following, we give a direct translation from PLTL to circuits. Af-
terwards, we show the equivalence between the circuit from [Construction [7]
and the temporal tester from [Construction [I] for the same input formula ¢.

Construction 7. Given a pure-past PLTL formula ¢, a graphical represen-
tation for ¢ as circuit is obtained by the following translation:

e The inputs are defined by the vocabulary AP,.

e Cells are built by the set of all principally temporal subformulas of .
For each such formula i) € T'Sub(p), we create an own cell, named xfﬁ
Each such cell is initially false.

e The output is defined by the set of all principally temporal subformu-
las, so that, for each 1) € T'Sub(y), we define an output z,. Addition-
ally, if ¢ has a boolean connective as outermost operator, we define an
additional output z.

e Further connections are build over the structure of ¢ using the graph-
ical substitution in for some arbitrary formulas ¢, and vs.
Transparent black boxes require a further substitution of their inner
formula. One may notice that this is similar to the definitions of x
and p of temporal testers.

The substitution starts with the observation of output x,, connected
to its blackbox including ¢:

A computation 7 of a circuit is an infinite sequence of its outputs’ truth
values X = {zy | ¢ € TSub(p)U{p}} with | X| =n, ie, 7 =[X]o[X];... €
(B™)“. To observe a specific output x,, with 1) € X, we use the computation
¥ = [$¢]0[$¢]1 ... € B~

Theorem 8. For a pure-past PLTL formula ¢, the graphical representation
by circuit, obtained by |Construction|4, is equivalent to the temporal tester
D, = (V,,0,,p,) of|Construction L1l
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5.1. Representation of T'Ts as Circuits

Y =pe AP, p ——
- T
(2}
VY =1 Vahy :}:D
(2
()
VY =11 AN by :h}
(0
v = Oy 1 xéd}l Toy

Y2 Topy Siha
¥ = ) St i B

Figure 5.1: Substitution rules for the creation of a curcuit from a given
pure-past PLTL formula 7). Transparent black boxes require a further sub-
stitution of their inner formula.

Proof. Given a temporal tester D, = (V,,6,,p,) over AP, as well as a
circuit for ¢ consisting of a set of inputs AP,, a set of gates, a set of cells
X¢ and a set of outputs X, connected within the circuit, both created by
Constructions [T] and [7], respectively. We show that D, and the circuit have
the same behavior, i.e., given the sequence of inputs o = sps1 ... € (QAP%’)"J,
computations

o m =tpt1... € (2AP)W of ’D¢, with ti‘pr = s;, and

o m = [X]p[X]1... € (B")¥ of the circuit
have the same truth values for any distinguished boolean variable x, with
Y € TSub(p) U {p} in each time step. The proof is done by a structural

induction over an arbitrary formula ¢ € T'Sub(¢) U {¢}, nested inside an
induction over sequence o.
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Chapter 5. The Partial Approach: Exploiting Temporal Testers

For the induction base, we consider the initial input sy € 247 of o,
implying states ¢ty and [X]y of computations m and g, respectively.

e For the induction base of the inner induction, we compare the truth
values of tg[xy] and [z4]o € [X]o for an arbitrary formula ¢ € T'Sub(y)
U {¢}. Given p1,p2 € AP,, we make the following distinction:

— It =p1, ¥ = —p1, ¥ = p1Vp2, or Y = p1 Apg, then it depends in
all cases directly on the inputs p1, p2, together with the boolean
connective.

— If ¢ = Op1, then 0, determines —xy, i.e., it is set to false. Output
Top, is given the value of its cell g, , which is initialized with
false. Thus, both are the same.

— If ¢ = p1 Spo, then z, is initialized in both cases by ps.

e For the induction hypothesis of the inner induction, we assume that
for all subformulas 11,92 € T'Sub(yp) U {¢}, the truth values of both
computations are the same, i.e., to[zy, | = [Ty, ]o and to[Ty,] = [y, ]o-

e For its induction step, we observe an arbitrary formula ¢ € T'Sub(p)
U {¢} that depends on at least one of both formulas of our induction
hypothesis. We distinguish the following cases:

— If ¢ = =1, ¥ = Y1 V iha, or b = 1p1 A g, then both computa-
tions simply observe the boolean connectives between both truth
values, which are given by the induction hypothesis.

— If ¢ = Oy, then, again, variable and output are set to false.

— If ¢ = 91 S1P9, then z, is initialized in both cases by 1o, which
is given by the induction hypothesis.

Thus, to[xy] = [xy]o for any formula ¢ € T'Sub(p) U {¢}.

For the induction hypothesis, we assume that, up to position n € N and
for any temporal formula ¢» € T'Sub(p) U {¢}, the prefixes of the compu-
tations 7 and m are the same for any variable xy, i.e., t;[xy] = [zy]; for
i €{0,...,n}.

Finally, for the induction step, we observe the position n + 1 of w1 and
7. Again, given the input s,.; € 247%, we observe the states t,4; and
[X]n+1 of computations 7; and 7e, respectively.

e For the induction base of the inner induction, we compare the truth

values of t,41[zy] and [zy]n41 for an arbitrary formula ¢ € T'Sub(p) U
{¢}. Given p1,p2 € AP,, we make the following distinction:
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5.1. Representation of T'Ts as Circuits

— For any boolean formula over p; and ps, the truth values only
depend on the inputs and, thus, are the same.

— If ¢ = Opa, then, t[zy]n11 is set to the prior value of x,, at time
step n. Since, by construction, [zy]n+1 is given the same value
by observing the truth value at its cell T3 both are determined
the same by the induction hypothesis.

— If v = p1 Spo, then, based on the definition of p, t,41]xy] is
determined by ph V (P} A tn[@y,sy,)), where the primed versions
consider the current input s,4+;. For the circuit, [mw]nﬂ is de-
fined in the same way, using the truth values of p; and po at the
current time step, and [z, Sy,]n. Since both are based on the

expansion laws (Equation 2.1J), the truth values are the same by

the induction hypothesis.

e For the induction hypothesis of the inner induction, we assume that
for all subformulas 1,19 € T'Sub(¢) U {¢}, the truth values of both
computations at position n + 1 are the same, i.e., tpi1[Ty,| = [Ty, ns1
and tni1[Ty,] = [Ty,)n1-

e For its induction step, we observe some arbitrary subformula 1) €
TSub(p) U {¢} that depends on at least one of both formulas of our
induction hypothesis. We distinguish the following cases:

— Again, for any formula ¢ with boolean connective as outermost
operator, the truth values are the same, using the induction hy-
pothesis.

— If ¢ = ©1, then, again, both variables are set to the prior value
of 41. Thus, by induction hypothesis, they are the same.

— If ¢ = 91 S, then, by replacing the atomic propositions of the
respective case during the induction base, the argumentation is
similar using the induction hypothesis.

Thus, typ+1[2y] = [y]nt1 for any formula ¢ € T'Sub(p) U {¢}.
O

For simplicity, in the rest of this thesis, examples of temporal testers are
given as circuits.

Example. Based on the final example of we present the equiv-

alent circuits for both TTs. shows the equivalent circuit of D, .
The equivalent representation of D, as a circuit is depicted in
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T xc@ﬁ

T2

— Tor

1 4‘§> Tor

T x%m

Figure 5.2: Temporal tester Dy, as circuit for the synchronous parallel

composition of the inner formulas of &, i.e., & ||| £€3. Both cells are initially
empty.

T
1 — L=g18r1

g1 I

T L2g18r

Iy
T (~grsn1) T (~gr15m)

Figure 5.3: Temporal Tester Dgé as circuit for £&. Both cells are initially
empty.
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5.2. Creation of Run Graph using TTs

5.2 Creation of Run Graph using TTs

Based on the original approach, we start with a guess of the implementation
of formula ¢, given as a 24 -labeled 2!-transition system 7 = (T, ¢, 7, 0). In
order to build a run graph of a universal co-Biichi tree automaton describing
L(p) on T, we make a substitution of our given PLTL formula building a
pure-future / LTL formula. For this, we replace in ¢ each of the pure-past

subformulas 1, . .., ¥, by an auxiliary and distinguishable boolean variable
Ty, .., Ty, resulting in formula ¢’. Using |Construction [, we define a
UCT U, with

Uy = (2,7,Q, Qo, b, coBiichi(C))

where ¥ = 24PV {Zu%unt and Y = 21, For each ¢ € {¢1,...,¥n}, we
define a fairness-free temporal tester Dy, using [Construction (I} such that

Dy = (Vy, by, py)-

By using the synchronous parallel composition Dy, ||| ... ||| Dy, of all these
temporal testers, we obtain a single temporal tester D = (V, 0, p), testing
for all truth values simultaneously. By X, we denote the set of z-variables
or outputs of D ranging over a boolean domain by definition.

Given implementation 7, UCT U, and temporal tester D, we build the
run graph G = (V, E) of U, on T and D, where the vertices are defined over
triples with the last component describing an interpretation X € 2% over
the variables of X, i.e., V C Q x T x 2%, and the edges denote transitions
over the vertices, i.e., £ C V x V. The run graph has to satisfy the following
conditions:

e Each pair of initial states is a vertex in G, i.e., ¥V qo € Qo. (qo, to, Xo) €
V, where Xy E 6[o(tg)] describes the initial interpretation, further
depending on initial input ig.

e Each vertex (q,t,X) € V satisfies the underlying transition relations,
ie.,
V(g t,X) € V.{(d,v) € Qx T | ((a,t, %), (¢, 7(t,v), &) ) € B}
satisfies 0(g, o(t) U X)
with
(X, X')E plo(r(t,v))].

After this, we build an annotation A : V' — {_} U N on G, indicating
the maximal number of rejecting states occurring on some path to a node
in the run graph. Its denotations are similar to those for normal bounded
synthesis. We call A valid if it satisfied the following conditions:
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e The initial vertices are annotated by a natural number, formally, V g €
Qo- Mqo, to, Xo) # - -

e Each path of G has an increasing annotation, which is strictly in-
creasing whenever another rejecting state is encountered, formally, for
some vertex (¢,t,X) € V with (¢/,v) € §(q,0(t) UX) and (X, X’) F
plo(r(t,v))]:

<M, 7(t,v),X), if¢d €C
< A(¢,7(t,v), X'), otherwise.

)\(q,t,X){

Theorem 9. A finite-state X-labeled Y -transition system T = (T, tg,T,0)
is accepted by a universal co-Bichi tree automaton U = (X,7,Q,qo, 9,
coBiichi(C)) together with a temporal tester D = (V,0,p) if, and only if,
it has a valid (|T| - |C| - 21X1)-bounded annotation.

Proof. Since U/ is universal and D is fairness-free and deterministic with
respect to any sequence of inputs, ¢ and D have a unique run graph G =
(G, E). Since T, U, and D are finite, G is finite, too.

If G contains a lasso with a rejecting state in its loop, i.e., paths

(qﬂath XO)(qluth Xl) cee (katkv Xk)

and
(90, to, X0) (a1, t1, X1) ... (a1, 13, X))
such that
(katk‘a Xk) = (qé)até)?‘)((g) = (qg>t;7‘)(l/)
and

(¢}, t;, X!) is rejecting for some i € {1,...,1},

)

then, by induction, any valid annotation \ satisfies
e \gj,t;,X;) e Nforall j € {0,...,k},
° )\(q;,t;-,XJ() € Nfor all j € {0,...,1},

o Nqj_1,t5 1, X 1) < Mg, t5, &) for all j € {0,...,1},

hd )\(ngatLpXLD < )\((];,t;,XZ/)

This contradicts that G is finite. 4
If, on the other hand, G does not contain a lasso with a rejecting state
in its loop, we can infer a valid (|T] - |C| - 2/¥])-bounded annotation by
assigning to each vertex (¢,t,X) € V of G the highest number of rejecting
states occuring on some path (qo,t0, X0)(q1,t1, X1) .. (qn,tn, Xn), and by
assigning . to every pair of states (q,t,X) € V.
O
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true true

© Tom g1 TSra g2 <z%:>

Figure 5.4: UCT Uy for &.

@
()

true

true
q0
&5

Figure 5.5: UCT U, for

@i)

Example. We present the run graphs for the future(past)-formulas & and
&3. Parts of their components were already defined in previous examples:
implementation 7¢, in [Figure 2.3} and TT Dy in [Figure 5.2 as well imple-
mentation 7¢, in [Figure 2.4, and TT Dgg in [Figure 5.3

Figure 5.4|shows the UCT U, for the substitution formula &, = (g1 —
Tor ) AO(92— Tor, ), [Figure 5.5 the UCT Ugy, with & = 0(91 2 2o (-g15m))-

Finally, [Figure 5.6/ gives the run graph of U on 7T¢, and D,
the run graph of L{% on T¢, and Dg’s-

5.3 Constraint-based Adaption

For the constraint-based approach using an SMT solver, we have to make
some adaptions. However, based on the symbolic representation of tempo-
ral testers, we can reuse its inner formulas, which simplifies the upcoming
formulation.

To construct our constraint system, we assume the existence of a tem-
poral tester D = (V,6, p) with set of distinguishable boolean variables X
for the inner pure-past formulas of input formula ¢ over AP, as well as a
UCT Uy = (X,7,Q, Qo, 0, coBiichi(C')) describing substitution formula ¢'.
We want to specify the existence of a finite input-preserving 24°7-labeled
2! _transition system 7 = (T tg, T, 0) that is accepted by U, in combination
with D and has a valid annotation A. This is done in multiple steps:

1. Encode transition function T

We introduce for each direction v € 2! a unary function symbol 7, :
T — T that maps each state t € T to its successor on direction v,
formally, 7,(t) = 7(t,v).
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Q — (qo, to, false, false)

(o, to, false, true)
| |
(qo, to, true, false)
\ /
U @me, true)
()~
<——> (qo, t1, true, true)

(qo, to, true, true)

Figure 5.6: Run graph of Z/{fé on 7¢, and Dgé. Based on our implementa-
tion, each of its vertices is annotated by 0, validating implementation 7¢, .

— qo, to, false, false

qo, t3, false, true qo, t1, true, false

qo, t2, true, true

\
/
o

D\

-

/
\

Figure 5.7: Run graph of U, on T¢, and Dg;. Based on our implementa-
tion, each of its vertices is annotated by 0, validating implementation 7¢,.
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2. Encode labeling function o

In order to decide if a state t € T is labeled with proposition a € AP,
we introduce for each proposition a unary predicate symbol a : T — B.
It maps a state to true if its underlying proposition is part of the state,
ie., a(t) = true iff a € o(t).

3. Encode temporal tester D

We introduce for each variable z,, € X, i.e., for each subformula 1,
a unary predicate symbol z, : T'— B that indicates if variable zy, is
assigned to true.

For each state t € T and direction v € 2!, we encode the conjunction p
by transforming each assignment xgp < into a constraint x, (TU (t)) >
1, such that each occurring x,, in g is replaced by @, (t) in g1/

4. Encode annotation A

For our annotation, we introduce for each state ¢ € @ of UCT U, two
unary symbols.

) )\]23 : T'— B where it maps state t € T to true if, and only if,
its annotation is a natural number, formally, )\]g(t) = true iff

g, t,X) € N.

° )\Zf : T'— N where it maps state ¢ € T to its annotation value
Mg, t, X), or is undefined if A\(q,t, X') = ., formally,

t, X if t, X
)\#(t) — )‘(Qa ) ) 1 )‘(qa ) ) eN
undef. if M(q,t,X) = _.

Note that each interpretation of variables X directly depends on the
labeling of underlying state ¢ € T, and, thus, can be ignored for the
annotation function.

5. Formalization of valid annotation for T
We first define the following abbreviations:
e For some state ¢t € T, the symbol d T — 24P represents the
labeling of ¢, formally, @ (t) = o(t).

e For some state t € T', the symbol 7T —2X represents inter-
pretation X of state t.

e To update the interpretation for some given state ¢ € T and
direction v € 2!, we introduce the symbol ?f It represents
a conjunction that updates for each z, € X each truth value
Ty (Tv(t)). It is build by substitution on conjunction p with x, €
X and a € AP
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— Each occurrence of z;, is replaced by z, (Tu(1)),
— Each occurrence of wy, is replaced by x (1),
— Each occurrence of @’ is replaced by CL(TU(t)), and
— Each occurrence of a is replaced by a(t).
e For some state ¢ € @, the symbol >, gives the correct greater

sign, i.e., >4 is > if ¢ € F', and > otherwise.

Thus, in order to achieve a valid annotation of 7, we formalize the
constraint

Ve S (t) A (d,v) € 6(q, (1) UT (1))

= TP AN (70(1) AN (70 (1) g A (1)

Additionally, we require that all pairs of initial states are initially
labeled by a natural number (w.l.o.g. 0), formally, Vg € Qo. /\IqBO (to).
6. Guarantee input-preservation of T

By the definition of input-preserving, we have to guarantee that the
label of each state ¢t € T reflects the previous input. Therefore, for
each input symbol a € I and each direction v € 2!, we have to specify
whether a € v. We add the constraints

e Vt.a(ry(t)) if a € v, and
o Vt.—a(ry(t)) if a & v.

7. Initial labeling of ty and Xy

The initial state ty is labeled with the initial input ig, i.e., we build
the conjunction pi(tg) A ... A pp(to) with ig = {p1,...,pn}

Furthermore, the initial interpretation is determined by the initial
state tg, which further depends on ig. Thus, we make another sub-
stitution on § with z,, € X and a € AP:

e Each occurrence of x, is replaced by xy(t), and
e Each occurrence of a is replaced by a(t).
Such a constraint system, resulting from a given future(past) PLTL spec-
ification, is satisfiable (modulo a theory with order) if, and only if, the PLTL
specification is finite-state realizable. Furthermore, given UCT U, for LTL

formula ¢', as well as temporal tester Dy, for its inner pure-past formulas
with set of variables X, the constraint system has size

021 (1] - 1AP| + 1] - 21)).
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By completely resolving the universal quantification of U/, the size of the
constraint system additionally depends on size by of the constraint system
T, leading to the formula

O(br - 21 ([8] - |AP| + |1] - 211y).

Example. We are now able to define the constraints for example formulas
& and &3 as inputs for an SMT solver. For readability reasons, we copied
the symbolic representations for the temporal testers Dy = (Vgg,@gg, pgé)
and D.ﬁé = (Vgé, 955 , pgé) with

° Vgg = {ri,r2} U{Zer Tor,

° 955 = (Tor, 1) A (Tor, <2 T2)

® pg = (x/@n STV Ter) A (:L‘,@m S THV Teor,)
and

o Vo ={ri, g1} U{z—g5r1, To(~gisr)}

* 95& =TT (g1 Sr) N (1:—'91«'9?1 < 71)

[ ] pfé = (x,ﬁngTl — ?"/1 V (gll A x—.glsrl)) VAN (xéa(_‘gl'srl) <~ l’—\glsrl)

such that X§2 = {x@n,x@m} C V& and X£3 = {l‘@(—'ngH))} C V§3.
Furthermore, we assume the UCT Uy, in Figure as well as UCT U,
in Figure 5.5
Starting with &, we specify the existence of a finite input-preserving
2{rir2.91.92} Jabeled 2{7172} transition system Te, = (T, to,7,0):

1. Encode transition function T

Unary function symbol 7, : T — T for each direction v e 2{r1:72},

2. Encode labeling function o
Unary predicate symbol a : T'— B for each proposition a € {r1,r2,
91,92}

3. Encode temporal tester D
Unary predicate symbol z, : T'— B for each variable zy, € {zg,,
:C@m}.

4. Encode annotation \

Unary symbols )\Jg : T — B and )\# :T'— N for each state g € Q.
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5. Formalization of valid annotation for T

We define symbol 7f by applying the substitutions:
7}5’ = (33<>r1 (Tv(t)) < r(To(t) V azer (1) )
A\ (LL’@W (Tv(t)) — TQ(TU \/ $®r2 t >

Now, we encode each transition of U separately. (a) and (c) en-
code the self-loops for ¢p and ¢, respectively, and (b) the remaining

transition.

a) VEAS(E) = T17 AN (Tror(D) AN (mrra(t)) 2 AT (2)
A ?;"“”2 ANE (rm2 () AN (Trry (8)) > N (1)
A TN (T (1) AN (T3 (8)) > N ()
N ZE AN (T4 (D) AN (T (B) = N (1)

b) VEAZ(W) A ((mzen () A-ri(t) A gi(1))

V(=26 (t) A 12(t) A (1) )

= TP AN (7 (8) AN (rram(0) > N ()
A T A (1 (0) A N (s (8) > N0
A 77‘1"2 AN (75 () A /\# (T (1)) > A (1)
A T2 AN (T (1) A A# (Trrs (8)) > N ()

) YEXR(t) — T77 AN (s (8)) AN (13 (8)) > AT (1)
A 7 AN (T (£)) A /\# (rrra (8)) > AT (2)
A TP ANE (1y75(2)) A )\# (73 (t)) > AT (1)
A ?:M AN (Trira (8) AN (T (8)) > AT (1)

Furthermore, all pairs of initial states are labeled with 0, i.e., A& (0).
6. Guarantee input-preservation of T

V71 (Trir (0) A 72(Trry (8) A 717175 (8)) A =72 (7075 (1))
=11 (Trirs (8) A 72(Trr, (8)) A =71 (T () A =12 (T3 (1))

7. Initial labeling of ty and Xy
- (0) A\ —\7“2(0) A\ (.%@rl (0) —r (O)) A\ (l‘@m (0) 7 (0)),
which can be directly reduced to

—\7“1(0) A\ —|’f'2(0) ANH 2 (O) ANH V. (0)

Subsequently, we now define the constraints for formula £5. We spec-
ify the existence of a finite input-preserving 2{"1:91}_labeled 2{"1}-transition
system T¢, = (T, to,T,0):
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1. Encode transition function T

Unary function symbol 7, : T — T for each direction v € 211},

2. Encode labeling function o

Unary predicate symbol a : T'— B for each proposition a € {ry, g1 }.

3. Encode temporal tester D

Unary predicate symbol zy, : T'— B for each variable xy € {x-g,5,,
To(~g15r))- For readability, the set is abbreviated by {zs, ro}.

4. Encode annotation A

Unary symbols A]g : T — B and )\# :T'— N for each state g € Q.

5. Formalization of valid annotation for T

Again, we define symbol ?f by applying the substitutions:

Y = <:U5(7‘U(t)) & ri(ro(t)) Vv (91 (ro(t)) A a:s(t)))
A (x@ (ro(t)) :Us(t)> :

We encode the transitions of U, where (a) and (c) describe the self-
loops of go and ¢1, respectively, and (b) the remaining transition.
a) VEAS() — T AN (7 (1) A AT (1)) 2 AT (1)
A TTAN (70 (1) AN (7 (8) > A (1)
b) VEAE(t) A —as(t) A gi(t)

= TP AN (7)) AN (7)) > A (1)
A TN (7 (8) ANT (7, (1) > A (1)
) YENR(t) — T AN (m () ANT (7 (1)) > AP (1)
A ZTAN (7 (8) ANT (7, () > A (1)

For the initial labeling, we have A5 (0).

6. Guarantee input-preservation of T

Vi.r (1, (1) A= (75(2)).

7. Initial labeling of ty and X

=r1(0) A 725 (0) A =25(0).
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Chapter 6

Comparison between the
Approaches

At the time of writing the thesis, it presents the first approach for bounded
synthesis for PLTL. Thus, we are unable to compare our algorithms to other
approaches. However, we are able to compare our three derived approaches.
We are interested in finding advantages and drawbacks of our approaches
that make them applicable in different situations or dedicated settings. Be-
cause of its non-elementary complexity, we quit to include the naive approach
from our comparison. Thus, we make a comparison between allrounder
(Chapter 4) and partial approach (Chapter 5)). First, we present a family of
specifications depending on some factor n € NT in the future(past)-fragment
that is hard to deal within the partial approach, whereas its observation
within the allrounder is more efficient referring the sizes of the constraint
systems. Afterwards, we list the partial approach’s main advantages, jus-
tifying its consideration and further observation. To further motivate the
latter, we present an idea for a fourth approach that forms an approximative
solution.

6.1 Advantage of the Allrounder

Given some number n € N, we assume log(n) input signals 71, ... s Tlog(n)
and log(n) output signals gy, ..., Jlog(n)- We encode their indices as bits,
which leads to 2!°8(") = p, different combinations of input and output signals,
in the following defined by Ri,..., R, and Gy,...,G,, respectively. Our
family of formulas states that if a combination of output signals is given,
then the respective combination of input signals was observed in the past.
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Chapter 6. Comparison between the Approaches

Figure 6.1: UCT U, for formula ¢. Its idea is that each request combina-
tion that was not sent at the first step is observed separately. Whenever a
grant combination is given without having seen its respective request com-
bination before, the formula is violated.

Formally:

{o = 0@ 91— OTn---71)
A OGn - G291 = T - T2r1)
A O(Gn -~ 939291 — T - - -T37271)
ANOGn---g1—>Srp...r1) | neN}
We apply both approaches on the synthesis problem

(Ia 07 iO? 90)

where input and output variables are disjunct and their union builds the set
of atomic propositions, i.e., AP =1 U O.
First, we observe the formula ¢ for the allrounder approach. Its UCT

Uy, is shown in [Figure 6.1} The sizes for U = (3,7, Q,{qo}, , coBiichi(C))

are given by:

e Ql=n+3
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o [6] € O(n%)

o |C]=1

For the partial approach, we start with a substitution for each past-
formula ©R; by distinguishable variables zspg,, @ € NT. This leads to a
temporal tester with |X| = n. The UCT is built by two states (similar to
with multiple combining transitions that check whether some
zor, does not hold and G; holds. Let AP’ = AP U X and ¥/ = 247, We
identify the following sizes for UCT U’ = (X', Y, Q’, {g}}, ', coBiichi(C)):

° ‘Q" =2
e |0'] € O(n?)
o |C'|=1

Thus, we observe the following sizes for the constraint systems:
e For the allrounder approach:
O(br - (8] - |AP| + |1] - 127]))
by - (n3 -2 -log(n) + log(n) - 2l09(")))
by - (n3 -2 -log(n) + log(n) - n))

(br - n3. log(n))

e For the partial approach:
O(br - 27X (18] - |AP'| + |11 - 2'])

Since O(b7— -n3- log(n)) is in O(b7~ -n3. 2"), our observation motivates the
following theorem:

Theorem 10. For the family of formulas ¢ as input for bounded synthesis,
the size of the allrounder’s constraint system is smaller than the size of the
partial approach’s constraint system.
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6.2 Advantage of the Partial Approach

The main advantage of our partial approach is its structured solution
progress, which is desirable in theory as well as in practice. We show this
statement by comparing both algorithm processes.

The allrounder uses a sequence of multiple constructions. Although
Construction [2] leads to a very intuitive representation of a PLTL formula
as a two-way automaton linear in the number of past-connectives in our
formula, the creation of a GBW in [Construction 3| already involves a lack
in comprehensibility and clarity. This is caused by the idea to describe
all possible proceedings in the past in a progressing way, which addition-
ally implies an exponential blowup in the number of connectives. Finally,
[Construction H] increases the missing comprehensibility and clarity of the
result by multiplying another linear blowup.

However, the partial approach starts with a substitution of pure-past
formulas as dedicated variables. This provides more flexibility since it allows
to use any kind of construction from standard LTL to UCT. The past-
subformulas itself are handled with additional constructs of just linear size
in the number of past-connectives. These so-called temporal testers give
an intuitive representation of the subformula in a symbolic as well as an
explicit way. Thus, we are able to completely exclude the past-referring
components from the automata creation. The symbolic representation is
also equivalent to its encoding within the constraint system, which further
reduces the workload.

The advantage can be verified exemplarily by observing the previous ex-
amples. The UCTs of the partial approach in [Figure 5.4] and |[Figure 5.5
only consist of two states. Their idea is to stay in the rejecting state for-
ever, whenever the underlying past requirement is violated and another
variable holds true. The related temporal testers with their explicit rep-
resentation in [Figure 5.2| and [Figure 5.3| give an intuitive description of the
past-subformulas using the operator definitions. Furthermore, we presented
the easy substitution of the symbolic representation in the example of

ftion 5.3l

6.3 Approximation Approach

The general progress of our standard approach places the temporal tester
in between the implementation and the automaton. The implementation
defines the input for the tester and the automaton additionally depends on
the tester’s outputs by taking them into its set of atomic propositions.
During the thesis, we designed an approximative approach for the
future(past)-fragment. Its idea is to additionally let the implementation
depend on the tester’s outputs as well. To do so, we replace the inner past-
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) )

B t() 5 x@(ﬁg&)g D — t1 :xe(ﬁgsr)g

Figure 6.2: Implementation for the formula & = O(g — 2o (—gsr))-

formulas for both, the implementation and the automaton, and to apply
bounded synthesis on the simplified formula as usual. The truth values of
the additional variables are obtained by the temporal tester in between both.

We give an example by making a substitution on formula &3, i.e., {5 =
O(9 — Tg(~gsr))- Rather than only building the UCT of {3 in
and the temporal tester in [Figure 5.3, we also build an implementation that
realizes &4 in Thus, we have to consider zg(-4s,) as an additional
input of our transition system, implying a cyclic dependency between tester
and implementation. However, the main problem for the implementation is
the time offset between the temporal tester and itself. For a past-formula
that refers directly to a previous state, it has to observe a previous state
of the tester, that is not visible to it. Thus, its solution requires a delayed
information for the transition system referring to a single step in the past.
Finding a solution to this approach would also lead to a smaller size for the
transition system.
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Chapter 7

Conclusion

In this thesis, we have seen three approaches for the bounded synthesis of
PLTL. The first approach presents a correct solution that is not suitable
in practice because of its non-elementary complexity. It describes a naive
approach that operates on formula-level by applying Gabbay’s Separation
Theorem. Additionally, it was attached a refactored version of his theorem,
whose utility is reasoned by the original sources’ deviations from the stan-
dard definition and denotation of PLTL. Thus, we simplified further research
on this theorem, which may also have future impact on this approach. Fu-
ture work could aim on the lower bounds of the succinctness gap between
LTL and PLTL, which is still left to be proven. Also, we encourage the pos-
sibility of finding alternative rules, possibly improving the non-elementary
complexity.

The second presents an allrounder approach that is able to apply
bounded synthesis on full PLTL. It reuses the equivalence of PLTL for-
mulas and two-way automata, and uses a translation of these automata to
non-deterministic Biichi automata with a single exponential blowup. Thus,
its complexity is proven to be equivalent to the original approach of bounded
synthesis. It shows that, dealing with past LTL, there is no need to only
consider Gabbay’s Separation Theorem. Instead of, it uses the succinctness
of PLTL to deal with past-referring specifications in an efficient way. Al-
though its complexity is exponential in the size of the input formula, there
is still room for improvement. The approach totally depends on its inner
construction algorithm for a UCT, which is possible to lead to a huge blowup
in the number of transitions. We are open for alternative transformations
from PLTL to automata.

Finally, we described a partial solution for any PLTL formula in its
future(past)-fragment, which is one of the most observed fragments of PLTL.
It uses a symbolic representation of its inner pure-past formulas, whose
creation is not only linear in the size of the formula, but also allows a direct
encoding by a quick substitution procedure. We argued that the partial
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approach is preferable for reasons of a structured solution that splits its
algorithm into different parts. Furthermore, it motivates the observation
of other fragments in a similar way, e.g., the future (past(future))—fragment,
using temporal testers. It is possible to create temporal testers for full LTL,
observing so called just-discrete systems (JDSs), which additionally add the
fairness requirement for justice to the symbolic representation. Finally, we
also presented the idea of a fourth approach, whose further observation leads
to a more efficient solution for bounded synthesis for PLTL.
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Appendix A

Gabbay’s Separation
Theorem

Elimination 3: ¢ =a S (bA (1 Ups))

We start by applying multiple equivalences on ¢, leading again to two pos-
sibilities.

(b (O-@2) V (mo1 U (=1 A _‘802)))>
Dist- s ((b A Dﬁm (b A (—p2 U (mp1 A “/32))))
S

D (w5000 v (45 (11 (eatt o )

/!

¢’ ¥

For ¢/, by partitioning [J—ps into a past- and a future-part, one can
easily obtain the following equivalent formula:

¢ =aS(bAOp2) = ((ah—p2) S(bA=p2)) AOD(—p2)

For ¢, we can apply [Elimination 1, which gives us:
QT
with

o ) = ((aN—p2) S(bA=p2)) AO(—p2 U (o1 A =p2))
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° w’Q’:aS<®((a/\—|Lp2)S(b/\wp2)) /\a/\—mpl/\—me)
o Y =aS(bA-p1 A-p2)

Furthermore, we can combine ¢’ and 7, and ¥4 and 45, which leads to
our final set of formulas:

=i Vel = @ V(7 vy Vh)
= (¢ VYV (¥ v s)

i e
with
* 1 = ¢ Vi
= ( aN=p2) S(bA=pa)) A OD(ﬁW))
Y ( a A =p2) S(bA=p2)) AO(—p2 U (—p1 Aﬁ@)))
Dist. ( (aA—p3)S b/\—\gaz)) A (OD(Wz) VO (2 U (~p1 /\W2))>
Dis. ( a A=) S(bA —'4,02)> AO (D(ﬁwz) V (=2 U (=1 A ﬁ@)))
((@ A =p2) S(bA —p2)) AO(~p1 R-p2)
2L (@ A =p2) S (b A ~p2)) A O (01 Usps)
o Py = Py VY

a8 (@ ((a A =p2) S(bA ﬂcpz)) ANa N —pp A _\g02)>

Il
/N

Elimination 4: ¢ = (aV —(¢1 Ups)) Sb

As Gabbay, we will present two different approaches to handle this case.
The first applies a double-negation onto the formula that includes additional
elimination, whereas the second uses intuition only.
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Approach 1:

We observe a double-negation on formula ¢ and apply several equations to
observe an equivalent formula, whose rewriting asks for further eliminations.

e = (=)
_ ﬂ<ﬁ((avﬂ(¢1u¢2))5b)>

= ﬂ<—|(a V (1 U p2)) Tﬁb)

(SR

LN ﬁ(ﬁbs (—a A (1 U 2) A ﬁb))

ZESHA ﬁ(ﬂbS (=(a V) A (o1 U@ﬂ))
[EllminafionT]

Approach 2:

For the second approach, we start with the assumptions that b was observed
at some position k£ < i, and there is some “critical” position y € N that does
not meet a, and, thus, it has to satisfy at least -y by definition.

$1

—p
aV =(p1Upz) —a
b -b —b
N N
k k+1 Y
aV-(prUps)  aV=(pr1Ueps)
-b -b
(D 4
N\ /
i—1 1

Position y triggers the following cases that has to be satisfied:

1) Whenever —a is encountered at some position y, we have to answer it
with -9 at the same position. Furthermore, it implies that —¢; and
=2 have to be satisfied at some later position x > y, assuming that
it is answered until 4. This is ensured by the following formula:

by = <—|b/\ (—\a—>—|<,02>/\<@((—'b/\901)5(_‘@/\_‘5/\901/\_‘802))—)_'902>>Sb
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2) If =9 is not answered until position i, we have to observe —(yp1 U 2)
in the future:

Yo = ((—\b A\ (,01) S(—|a A=bAp1 A ﬂQOQ)) — —|(g01 UQDQ)
Thus, the final rewriting is given by the conjunction of both cases:

=i ¢ =11 Ny

The reader is free to choose between one of both approaches.

Elimination 5: ¢ = (aV (p1Ug2)) S (bA (1 U p2))

Again, we distinguish several cases:

1) Right side starts before i and is satisfied at/after i:

Thus, any open request for (1 U2 is satisfied by a single @9 at position
z € N with z > 4. Its formula is quite easy:

1 =0(p1 S(bAP1)) A (01U pa)

2) Right side starts at i:

Y2 =b A (01U p2)

Thus, for the remaining cases, we can assume some position z € N with
k < z < i such that z answers the first U-statement of the right side.

#1

b ®1 aV (p1Ueps)
k k+1 z z4+1

aV(p1Ues) aV(piUeps)

A
U

-1

We follow the idea of [Elimination 2l In order to make a statement
about the future, we distinguish whether O(p1 U ¢2) holds at position ¢,
i.e., whether an U-statement of the left side is possibly continued in position
v+ 1.

3) Right side is satisfied before i, O(¢1 U ¢2) is satisfied at i:

For this, we observe the negative case, i.e., there is some position y € N
with z > y > 4 such that neither a nor ¢ U po are satisfied at y. We
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already computed a formula for this case in Case 2 of

which leads us to:

(v (e1Ue2)) = ((ma) A (@2) ) v ((-a) A (2t (=1 A =p2)) )
v 2

Based on our assumption at position 4, 1’ is not possible. Thus, there
is some position z € N with y < x <4, such that the right side of the
U-statement of 1" holds at z. Graphically:

P1
b %1 w2 aV(p1Ueps)
OO0 -0
N N
k k+1 z z+1
P2 ~P1
—a ~p2 P2 ~p2
o0 o0
N\ N
Yy y+1 -1 T

aV(p1Uepz) aV(p1Ues) p1Ups

O—O

i+ 1

O

We build a formula " describing the situation at x:
oy E (‘\(,02 S (—a A wpg)) A=pr =K

" implies a position k < y < x such that o, F —a A—=(p1Up2). There-
fore, by negating this formula, we prevent the described situation,
defining our third case.

Y3 =-n'S (802 AO(p1 S(b/\wl))> AN O(p1U p2)

Right side is satisfied before i, O(¢1 U ¢2) is not satisfied at i:

In here, based on the presented cases ¢’ and v, position 7 + 1 would
not continue an open answer for an @1 U s. Thus, we have to prevent
to start a new request for po by preventing ¢ at position i. This is
done by including a slightly modified version of x’ at i. The negative
situation, that we are going to prevent, is captured in the upcoming
graphic, followed by the fourth formula.
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®1

b ©1 w2 aV(pUeps)

k k+1 z z+1

P2

-a 2 P2 2 (o1 U p2)
Y y+1 i—1 7 i+ 1

v1=0( ' (p2n0(er S WA ) ) A(wa S (anen))

ANO= <901 Us@)

5) Unfortunately, none of the cases fully cover the formula

Y5 = (aV (p1Up2)) S (b A p2),

which needs further elimination using

Thus, by building the disjunction of all cases, we observe the following
elimination rule:

o=@ =1V Vs Vs Vs

with
e Y1 =0(p1S(bA1)) A (01Upa)

e Yo =bA (p1Up2)

o Y3=-K'S <902 AO(e1S(bA @1))) AN O(p1 U p2)

® Py = @(w’S (@2 ANO(p1 S(bA s01)))> A ﬂ(WzS(ﬂaA ﬁs02)>
/\Oﬂ<so1blsoz>

e 5= (aV(p1Up)) S(bAps)

\limination 2

[ ] I<.,'I = (-%02 S(—|a /\ —|(702)) /\ —|g01
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Elimination 6: ¢ = (aV (o1 Up2)) S (b A —(p1 U ps))

We observe three different cases for the satisfaction of the right side. They
lead to the formula

=i =1V

with
e Right side is satisfied at/after i:

1= ((a A =p2) S(bA=p2)) A=(p1Ups)
e Right side is satisfied before i:

Py = (a V (o1 USOQ)) S (((a A=) S (b A =p2)) A _“Pl>
[Eliminafion 2|

Elimination 7: ¢ = (aV =(¢1 Ups)) S (b A (o1 U p2))

Obviously, as long as @1 U o of the right side is not satisfied, it is only
possible to observe a of the left side. Thus, we distinguish the following
cases for the satisfaction of 1 U a:

1) Right side satisfied at/after i:
1= ((ane1) S(bAp1)) AO(p1Ups)
2) Right side satisfied before i:

o = (a\/ﬁ(goll/lg@))S((a/\cpl)S(b/\gol)/\a/\gOQ)
[Elimination 4|

3) Right side satisfied directly before i:

Y3 = (aV (o1 Up)) S(bA )
Elimmation

The resulting elimination rule is given by the disjunction
o= =1 Viha Vs
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Elimination 8: ¢ = (aV =(p1Ug2)) S (b A =(p1 Ups))

We distinguish two cases for the satisfaction of —(¢1 U ¢2) on the right side
of ¢:

1) Right side satisfied at /after i:
P = (((a A =) V —p3) S (b A ﬁ902)> A ﬁ(@l U<P2>
= (mp2 S(OA—p2)) A= (01U p2)
2) Right side satisfied before i:

(a V = (1 Utpz)) S <(—'<p2 S(bA—p2)) A W1)
[Elimmation 4

The elimination rule is given by the disjunction
=i ¢ =11 Vi

Elimination 9: ¢ = ©(O¢;)

One may assume that this case is equivalent to ¢1. However, as ¢ might
be observed at the initial position of a given word, we have to ensure that
there “exists” a past, i.e.,

0 =; ¢ = Otrue A 1.

Since we observe infinite words, the mirrored case does not require an addi-
tional observation, i.e.,

©=00p = ¢ =¢1

Elimination 10: ¢ = O(p1 U p9)

Either 9 holds directly at position ¢ — 1, or it holds at some later position:
=i ¢ =0p2V (091 A (91 Ups))

Elimination 11: ¢ = O—(p; U p9)

Either =1 and =y hold at position ¢ — 1, or both are satisfied at same
later position:

0= ¢ = O (g1 A—p2) V (=2 A=(p1 U p2))
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Elimination 12: p =aS(bA Q1)

Either the right side holds directly, or we have to observe a “shifted” case:
— /
p=i¢ =(aSObAane))V (bAOp1)

Elimination 13: ¢ = (aV Oy;) Sb

Again, we observe a “shifted” case, if b does not hold at the current position:
o=y = (((@a V1) SOb) A (aV O(,Dl)) Vb

Elimination 14: ¢ = (aV Oy1) S(bA Oy1)

Finally, in this case, we have to observe the “shifting” twice:
— /
o=¢ = (((@a V1) S(@bAp1)) A (aV O<P1)> Vv (b A O<P1>

Proof Idea of Gabbay’s Separation Theorem

In order to prove that an elimination terminates, Gabbay gives multiple
definitions and lemmas. Rather than giving the full proof, we present its
idea in partial detail.

Gabbay starts by observing a given PLTL formula as a binary tree, where
its degree is defined as the number of nestings between past-operators and
future-operators. Thus, given such a nesting with operator oo in the scope
of operator o1, we can observe the number of operators above o0s, up to o1,
and the number of operators below oy,. The proof is done by induction,
observing three values:

e The induction is done on the number of nestings n.

e The number of operators above 09, up to o1, decreases with each ap-
plied elimination and / or equation.

e The number of operators below 09 increases with each applied elimi-
nation and / or equation.

The elimination terminates if the number of operators between o; and oy is
equal to 0, i.e., 02 is out of the scope of 01, and the number of operators
below 09 increases, i.e., the elimination causes additional operators as cost
for the elimination of nestings, without increasing the number of nestings
itself. If the number of nestings is equal to 0, the algorithm terminates.
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