
MSc in Computer Science 2019-20

Project Dissertation

Title: On Termination of Higher-Order Recursive Programs with Continuous

Distributions

Author: Raven Beutner

Term and year of submission: Trinity Term 2020

Title of Degree: MSc in Computer Science

i



Abstract

We study almost-sure termination (AST) of higher-order probabilistic functional programs

with recursion, stochastic conditioning and sampling from continuous distributions.

In the first part of this work, we present a new interval-based operational semantics that

we show sound and complete with respect to the standard sampling-based semantics à la

Borgström et al. [2016]. In contrast to the sampling-based semantics, in our semantics enu-

meration of terminating computations provides arbitrarily tight lower bounds on the proba-

bility of termination, making it attractive for program analysis. As a consequence we obtain,

to the best of our knowledge, the first proof that deciding AST for programs with continu-

ous distributions is Π0
2-complete. Extending the work of [Breuvart and Lago 2018] we give

a compositional characterisation of our semantics in the form of an intersection type system

that provides a local interpretation of AST.

In the second part, we propose a framework to prove almost-sure termination for non-

affine programs, i.e., recursive programs that can make any number of recursive calls (of a

first-order function) from a finite number of lexically different call-sites. While the number

of recursion call-sites is irrelevant to qualitative questions about termination, we show that it

is very much relevant in the quantitative setting of AST. Our framework over-approximates

recursion by counting the number of recursive calls, reducing a program to a random walk

for which we establish AST decidability in linear time. As a simple corollary we obtain a

functional generalization of the zero-one law of termination by [McIver and Morgan 2005].

We show that our framework can be turned into a proof system that is easy to automate, and

can verify AST for programs that are beyond the scope of existing methods.

ii



Contents

1 Introduction 1

1.1 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.2 Related Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2 Preliminaries 10

3 Statistical PCF (SPCF) 12

3.1 Operational Semantics - Call by Value . . . . . . . . . . . . . . . . . . . . . . . 13

3.2 A Measure on Traces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

3.3 (Positive) Almost-Sure Termination . . . . . . . . . . . . . . . . . . . . . . . . 16

3.4 Operational Semantics - Call by Name . . . . . . . . . . . . . . . . . . . . . . . 17

I Interval-based Reasoning 19

4 Interval-based Semantics 20

4.1 Interval-based Syntax and Semantics . . . . . . . . . . . . . . . . . . . . . . . . 22

4.2 Soundness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

4.3 Conditional Oracle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

4.4 Symbolic Terms and Symbolic Execution . . . . . . . . . . . . . . . . . . . . . . 28

4.5 Completeness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

4.6 AST and PAST in the Arithmetic Hierarchy . . . . . . . . . . . . . . . . . . . . 33

5 Intersection Type System 35

5.1 Background on Intersection Types . . . . . . . . . . . . . . . . . . . . . . . . . 36

5.2 Intersection Types, Recursion and Conditionals . . . . . . . . . . . . . . . . . . 36

5.3 Intersection Types for a Probabilistic Language . . . . . . . . . . . . . . . . . . 37

iii



5.4 Intersection Type System For SPCF . . . . . . . . . . . . . . . . . . . . . . . . 37

5.4.1 Subject Reduction and Soundness . . . . . . . . . . . . . . . . . . . . . 41

5.4.2 Subject Expansion and Completeness . . . . . . . . . . . . . . . . . . . 43

II Non-affine Recursion 49

6 Counting-based Analysis of Non-affine Recursion 50

6.1 Homogeneous Markov Chains on General State Space . . . . . . . . . . . . . . 52

6.2 Pushdown Process . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

6.3 First-Order SPCF as a Pushdown Process . . . . . . . . . . . . . . . . . . . . . 55

6.4 Random Walk on N . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

6.5 AST of Pushdown Process by Counting . . . . . . . . . . . . . . . . . . . . . . 58

6.6 Counting-based Extraction of Random Walks . . . . . . . . . . . . . . . . . . . 60

6.6.1 Correctness Proof . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

6.7 ε-Recursion Avoiding Fixpoint Terms . . . . . . . . . . . . . . . . . . . . . . . . 67

7 A Proof System For Non-affine Recursion 70

7.1 Big-step Symbolic Execution . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

7.2 Replacing Probabilistic Branching by Nondeterminisms . . . . . . . . . . . . . 74

7.3 The Proof System . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

8 Conclusion 79

8.1 Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

A Additional Proofs - Chapter 4 87

B Additional Proofs - Chapter 5 90

C Additional Proofs - Chapter 6 99

D Additional Proofs - Chapter 7 104

iv



Chapter 1

Introduction

Probabilistic (or randomised) programs are programs that employ a degree of randomness in

their control flow. For many algorithmic problems, such as primality testing, approximation of

high-dimensional integrals, and optimisation of complex objective functions, the best known

deterministic algorithms perform poorly whereas probabilistic (or randomised) algorithms

are often very efficient, and accurate either with high probability or in the limit. Recently,

probabilistic programs have also become attractive in machine learning. In this area, known

as (statistical) probabilistic programming [Gordon et al. 2014], programs are used as a means

to express probabilistic models whose posterior can be inferred via generic inference methods.

One of the most studied and most prominent liveness-properties for non-probabilistic pro-

grams is the question of termination. In a non-probabilistic setting, termination is understood

as a qualitative property where a program is said to terminate if all computation paths are

terminating. In a probabilistic setting, we attribute probability to computation paths. The

question of termination is therefore often no longer seen qualitatively but becomes quantitative.

A program is said to be almost-surely terminating (AST) if the probability of termination is

1, which, in general, is not the same as termination on every path.

AST is a desirable property for programs. From the classical viewpoint, where a probabilis-

tic program is viewed as an algorithm, i.e., a solution to an algorithmic problem, one requires

programs that terminate with high probability, usually 1. When viewing probabilistic pro-

grams as a formal representation of some probabilistic model, AST is equally important. A

common assumption of probabilistic programming systems is that programs terminate with

probability 1 (see e.g. [Rainforth 2017, §4.3.2] and [Goodman et al. 2008]). In fact, it is

standard for designers and implementors of probabilistic programming systems to regard any

1



1. Introduction 2

program that does not satisfy this assumption as not defining a valid model, and so inadmissi-

ble [Goodman et al. 2008]. However, to our knowledge (and not surprisingly), no probabilistic

programming system has provided any facilities for checking input programs for AST. There

is another reason why AST is important for probabilistic programming. Mak et al. [2021]

have recently shown that programs that are AST have density (a.k.a. weight) functions that

are differentiable almost everywhere (a.e.). This is significant, because a.e. differentiability

of the density function (of the probabilistic program) is a precondition for the correctness of

some of the most (if not the most) important (and scalable) inference algorithms (namely,

reparameterised gradient estimator [Lee et al. 2018], and Hamiltonian Monte Carlo [Zhou

et al. 2019; Nishimura et al. 2020]) in each of the two main categories of Bayesian inference

algorithms, stochastic variational inference and Monte Carlo methods.

This Work As AST is desirable and often required, a lot of effort is put into understanding

AST and devising methods to show a program AST. This work falls within this active area of

research (see e.g. [Kobayashi et al. 2019; McIver et al. 2018; Chen and He 2020]). Especially

when modelling real-world processes as programs, one requires continuous languages, i.e.,

languages that can sample from continuous distributions, making AST analysis more intricate.

In this work, we study a continuous, functional language with stochastic conditioning that

can be seen as the foundation of many existing languages (see e.g. Church [Goodman et al.

2008] or Anglican [Tolpin et al. 2015]).

The contributions of this work are split into two parts. In the first part, we present a

convenient operational semantics for continuous languages. Our soundness and completeness

proof yields a, to our knowledge first, proof that deciding AST in a continuous language

with mild restrictions is contained in the same level of the arithmetic hierarchy as for the

discrete case. We also give a novel local representation of our semantics in the form of an

intersection type system. In the second part, we focus on the number of recursive calls made

by a program. We show that in the quantitative setting of AST the number of calls plays an

intricate role and complicates AST analysis. We present a counting-based method to reason

about termination of recursive programs. We show that our framework can be turned into an

easy-to-automate proof system.

Part I - Interval-based Reasoning

In a language with samples from discrete probability distributions, program execution can

be viewed as a countable tree where branching corresponds to a probabilistic sample. An

operational semantics can thus be given as a probability mass on terms (see e.g. [Lago and

Grellois 2019; Ehrhard et al. 2014; Kaminski et al. 2018]). If we want to verify AST, we check
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that for every ε > 0 we can find a finite set of terminating execution whose measure is at least

1 − ε; the sum over all (countably many) terminating executions is 1. Deciding AST is thus

contained in Π0
2, the second level of the arithmetic hierarchy (see [Kleene 1955]). Actually

the problem is also Π0
2-hard [Kaminski and Katoen 2015] and therefore much harder than

deciding termination in the non-probabilistic case.

Checking AST is not so easy in the continuous case: Giving a formal semantics to a

continuous language is an active area of research. In a continuous language execution can

be seen as a tree with uncountable branching factor, so we cannot assign probability mass to

terms directly. A first operational semantics for continuous languages was given in [Borgström

et al. 2016] in a sampling-based style. The idea of a sampling-based semantics (going back to

[Kozen 1981]) is to fix the probabilistic outcomes beforehand as a program trace, making the

execution itself deterministic. The probability of termination is then given as the measure of

all program traces on which the program terminates. Inferring lower bounds on the probability

of termination is, however, not easy, as the measure of any countable set of traces is 0. The

näıve idea of incrementally looking for terminating executions, working well in the discrete

case, does not work. This leaves important questions such as the exact complexity of deciding

AST in the presence of continuous distributions unanswered.

Interval-based Semantics The starting point of this work is an alternative sampling-

based semantics. Instead of parametrizing execution on traces of real number, we parametrize

executions on traces of intervals. With this new semantics, even a finite number of interval-

traces can give positive bounds on the probability of termination. We show soundness and

completeness with respect to the old semantics: instead of analysing a program by identifying

uncountably many real-valued traces we can work in the interval setting where only countable

many interval traces are required. This allows us to give a, to our knowledge first, proof that

deciding AST is actually contained in Π0
2.

As an example consider the program in Fig. 1.1a written in the functional language SPCF

used in this work. µϕx defines a recursive binding where ϕ is the recursive abstraction and

x the argument. sample-evaluates to a uniform distribution on [0, 1]. We can derive the

biased binary choice M ⊕p N in the style of McIver and Morgan as M ⊕p N , if sample ≤
p thenM elseN . The program describes a random walk of a particle that starts in location

start and at each step travels a distance d sampled from a uniform distribution. With prob-

ability p it travels towards 0 and with 1 − p away from 0. The (probabilistic) output of the

program is the cumulative distance travelled. In Fig. 1.1d a histogram of sampled outputs

is given for different values of p, each starting at location start = 12. In the sampling-based

style of Borgström et al. a program trace is a sequence on which the program terminates.
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(
µϕx .if x ≤ 0 then 0 else

let d = sample in

d+
(
ϕ(x− d)⊕p ϕ(x+ d)

))
start

(a)

s1 =
(
1
3

1
4 1 1

5

)
s2 =

(
1
2

1
4

1
10

3
4 1 0

)
(b)

℘ = [ 12 , 1] [0, 12 ] [ 12 , 1] [0, 12 ]

(c) (d)

Figure 1.1: In (a) we depict an example SPCF program modelling a continuous random
walk of a particle. (d) gives a histogram of the outcomes of executions at starting position
start = 12 and different values of p. (b) and (c) give terminating standard and interval traces
respectively for start = 1 and p = 1

2 .

Two example terminating traces for p = 1
2 and start = 1 are given in Fig. 1.1b. Assuming

p ≥ 1
2 , this program is AST but we cannot show this by enumerating terminating traces (even

if we were allowed to, in the limit, enumerate countably infinite traces) as the measure of any

countable set of such is 0. In Fig. 1.1c we depicted a terminating interval trace for p = 1
2

and start = 1. We can assign a positive measure to this interval trace as the product of the

interval length (in this case 1
16) giving us an immediate, non-zero lower bound.

Intersection Type System Recently, [Breuvart and Lago 2018] showed that intersection

type systems are applicable for a probabilistic version of the λ-calculus whilst achieving similar

completeness results as for deterministic languages. We build on those observations and use

intersection types as a more compositional representation of the interval-based semantics.

This generalizes the work by Breuvart and Lago by both moving to a continuous setting

and also being able to reason about the expected termination time. In our system, both the

probability of termination and the expected time to termination can be obtained as the least

upper bound of all derivations. This gives us an alternative, recursion-theoretically optimal,

characterisation of AST. It is somewhat surprising, that in our type system, finite derivations

can give arbitrarily tight lower bounds on the probability of termination, which is a measure

defined on an uncountable measurable set (of traces).



1. Introduction 5

Part II - Non-affine Recursion

In the second part of this work, we provide a framework that gives a sound method to prove

AST. Our system joins a long line of existing work on methods for AST verification ([Lago

and Grellois 2019; Chakarov and Sankaranarayanan 2013; Fioriti and Hermanns 2015; McIver

et al. 2018], to name only a few).

x := 0

y := prob(p)

while(y = 1)

x := x+ 1

y := prob(p)

endwhile

return x

(a)

(
µϕx .x⊕p ϕ(x+ 1)

)
0

(b)

(
µϕx .x⊕p

(
ϕ(x+ 1) + ϕ(x+ 1)

))
0

(c)

Figure 1.2: Variations of geometric distributions in
imperative and functional languages.

A particularly interesting feature of

recursive programs is the ability to make

more than one recursive call. In a prob-

abilistic language this has direct impli-

cations on the (quantitative) termina-

tion behavior. As an example we con-

sider the geometric distribution with pa-

rameter p ∈ (0, 1), i.e., the distribution

n 7→ (1−p)np. In an imperative setting,

we can “compute” this distribution via

the program in Fig. 1.2a, where prob(p)

evaluates to 0 with probability p and to

1 with probability 1 − p. This program

can easily be proved AST in most of

the existing frameworks. The functional

equivalent is the term in Fig. 1.2b which

is also AST. We say this program has affine recursion, as it makes recursive calls from at most

one call-site. But what happens if we change the term slightly and instead consider the term

M in Fig. 1.2c which can make two recursive calls? The natural question is: is this program

AST? While this is an easy question for the affine example in Fig. 1.2b (which terminates for

all p ∈ (0, 1)), the additional recursive call complicates things. Actually the answer is that

the term is AST if and only if p ≥ 1
2 .

For termination as a qualitative property the number of recursive calls is irrelevant, as a

program terminates if all recursive calls terminate, no matter how many there are1. This

is in stark contrast to a probabilistic world, where the number of recursive calls matters as

termination is itself a quantitative property. This is well illustrated in the example in Fig. 1.2c.

The severe consequences on the AST behavior when making more than one recursive call have

already been identified as a cause of problems. As an example, the size-type system in [Lago

1Take any non-probabilistic fixpoint that terminates on every input. Then adding more recursive calls in
the body does not change the termination behavior: the program is still terminating.
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and Grellois 2019] requires affine recursion and is otherwise unsound.

In the second part we present a framework to reason about programs with not-necessarily-

affine recursion, i.e., programs that can make more than one recursive calls2. By abuse of

language, we write non-affine to mean not-necessarily-affine. This emphasises that the results

and methods are specifically geared towards programs with more than one recursive call but

are, of course, also applicable for affine recursion. We call our methods counting-based, as

we over-approximate the recursive behavior by analysing how many calls are made. This

reduces AST analysis to analysis of a random walk for which we show linear decidability (by

generalizing the work by Lago and Grellois). Our method can be turned into an AST proof

system that can verify programs beyond the reach of existing methods. As a simple corollary

we obtain a functional generalization of a known result for imperative languages, known as

the zero-one law for termination due to [McIver and Morgan 2005]3. This result is implicitly

used to design languages that are AST by construction (see e.g. [Lew et al. 2020]).

Contributions Our contributions include the following:

� We propose a new sampling-based operational semantics that is parametrized by in-

tervals. We show that this new semantics is sound and complete with respect to the

standard one by Borgström et al.. As a consequence we obtain a proof that deciding

AST if in Π0
2 and deciding positive almost-sure termination4 is in Σ0

2, matching the

bounds known for discrete-probabilistic programming languages [Kaminski and Katoen

2015]. Our approach is also applicable to imperative languages (as e.g. used in [Fioriti

and Hermanns 2015]) giving a definitive answer to the complexity of deciding AST.

� We devise an intersection type system supporting continuous distributions by extending

[Breuvart and Lago 2018] and [Ehrhard et al. 2014]. Our type system relies on a novel

interval-based semantics allowing (finite) typing derivations to give non-trivial lower

bounds. We show that type derivations directly correspond to lower bounds on the

probability of termination. Our type system can also reason about expected termination

time, giving a further generalization of [Breuvart and Lago 2018].

� We provide a sound method for reducing programs with non-affine recursion to random

walks on natural numbers. Our method can verify interesting recursive programs that

2When talking about the number of recursive calls we always refer to the number of recursive call-sites and
not to the total number of recursive abstractions resolved during execution.

3The zero-one law states that if a loop is left with a probability that is lower bounded away from 0, then
the loop is left eventually almost surely.

4A program is said to be positively almost-surely terminating (PAST) if the expected number of steps to
termination are finite. PAST is a strictly stronger property than AST.
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existing methods cannot. We show how to turn the framework into a proof system that

can automatically verify AST.

1.1 Outline

In the next section, we summarize related work in the complexity analysis of AST, intersection

type discipline and methods for AST verification. In Ch. 2 we give a brief overview of the

necessary foundations in probability theory. Afterwards, in Ch. 3 we formally introduce SPCF,

our language of study, and introduce both Call by Value and Call by Name semantics in the

style of Borgström et al. [2016]. Part I of this work is then comprised of Chapters 4 and 5. In

the first, we present the interval-based semantics and show it sound and complete. In Ch. 5

we give a compositional system as an intersection type system. In the second part of this

work we first present counting-based methods for non-affine recursion (Ch. 6) and present a

sound reduction to random walks. In Ch. 7, we turn our method into a proof system that we

show correct.

1.2 Related Work

In this section, we study related approaches in the literature and outline how our contributions

constitute an extension. We discuss the work done to study the complexity of AST (1) and

discuss intersection type systems in a probabilistic setting (2). We discuss the most active

area of research: the pursuit of powerful proof systems to verify AST (3). Lastly, we look at

related work in the area of recursive programs and probabilistic pushdown systems (4).

Our language of study and especially its operational semantics builds upon prior work in

[Borgström et al. 2016].

(1) - Complexity of AST Termination in a non-probabilistic setting is based on the

termination on every computation path and is therefore contained in Σ0
1, as in the case of

termination there exists a common bound on the maximal number of computation steps that

can be recursively enumerated. In a probabilistic setting, on the other hand, the problem of

termination becomes a quantitative problem and thus harder than standard termination. A

first formal proof of this fact was given in [Kaminski and Katoen 2015], where they showed

that AST is Π0
2-hard and thus provably harder than deciding qualitative (non-probabilistic)

termination. The proof by Kaminski and Katoen, reduces the Π0
2-hard universal halting

problem, i.e., the problem if a program terminates on all inputs, to AST by sampling the

input from a geometric distribution. As we saw in the introduction containment in Π0
2 for

a discrete language can easily be established by enumerating terminating paths. While the
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hardness trivially carries over to a continuous language, the containment does not. The

simple containment proof (e.g. [Kaminski and Katoen 2015, Theorem 6]) does not work as

the measure of any countable set of paths is always 0. We construct a new semantics, sound

and complete w.r.t. [Borgström et al. 2016], and can thereby lift the results from Kaminski

and Katoen [2015] to a continuous setting. As we construct a new operational semantics for

SPCF we also mention a line of ongoing work dedicated to finding denotational models for

higher-order probabilistic languages (see e.g. [Ścibior et al. 2018; Vákár et al. 2019]).

(2) - Intersection Type System The literature on intersection types in a non-probabilistic

system is rich. (For a gentle introduction we refer to [Bucciarelli et al. 2017]). In a probabilistic

setting, a first comprehensive study of intersection type systems was carried out by [Breuvart

and Lago 2018]. Our work is closely related to theirs but differs in a few key aspects: their

work focuses on a discrete untyped λ-calculus and considers the probability of termination,

whereas we work in the continuous domain and explicitly support expected termination time.

Another interesting read is [Ehrhard et al. 2014], where they used intersection types to give

a compositional, local semantics to a probabilistic version of PCF. They also considered a

discrete language.

(3) - Proof Systems for Almost-sure Termination The list of existing approaches on

AST proof systems is rich enough to warrant a work on its own. We therefore restrict our

discussion to the most influential results. Most of the existing approaches focus on imperative

languages. A standard approach to termination (in a non-probabilistic setting) is to find

a variant, i.e., a function from the state space to a well-ordered set (typically the natural

numbers) that decreases in each step. Many approaches in a probabilistic setting build on

this idea. In [Chakarov and Sankaranarayanan 2013], they introduced the idea of an ε-

ranking function which is a function from the state space that decreases in expectation by

at least ε in each step. If the value of V is bounded from below this already implies AST.

From a mathematical standpoint, a variant describes a supermartingale, i.e., a real-valued

stochastic process that does not increase in expectation [Ash and Doleans-Dade 1999, §6].

The approach of using ε-ranking functions was later extended by [Fioriti and Hermanns 2015]

who added support for demonic non-determinism. It was shown in [Fu and Chatterjee 2019]

that the ε-ranking based approach is complete for programs that are assumed to terminate

in finite expected time. While this result does guarantee the existence of a ranking function,

constructing one is still challenging. One of the most recent and most powerful rules to

ensure AST was given in [McIver et al. 2018]. They relaxed the requirement of having a fixed

expectation-decrease in each step. Instead, the ranking function in state s must decrease by

at least d with probability at least p where d, p are antitone functions. This new rule can
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verify many interesting examples including the fair random walk, a program that is hard

to analyse as it neither terminates in finite expected time nor does it admit an ε-ranking

function. [Agrawal et al. 2018] introduced lexicographic ranking functions: instead of giving

a single ranking function on the entire program, the user can provide a number of such

and needs to show that they decrease in lexicographic order. This is particularly useful for

compositional reasoning. Apart from giving conditions on ranking functions that imply AST,

it is interesting to automate the construction of the functions as much as possible. As an

example in [Chatterjee et al. 2018] they showed that a special class of linear ranking functions

can be synthesised in polynomial time by using Farkas Lemma.

(4) - Reasoning about Recursive Programs Most of the approaches to AST are given

for imperative languages which is contrary to the fact that many of the probabilistic languages

used in practice are functional ([Goodman et al. 2008; Tolpin et al. 2015]). It is not obvious at

all whether those methods are applicable to functional languages. One of the few approaches

in a functional setting is made in [Lago and Grellois 2019]. They designed a decidable size-

type system where the change of size is modelled as a random walk. Their system is limited

to affine-recursion and unsound for programs that make more than one recursive call.

In [Olmedo et al. 2016], they considered an imperative language with recursive calls. Their

programs can exhibit interesting non-affine recursive behavior, making their approach relevant

for ours. Their result lies in a line of work of inferring bounds on the expected number of

computation steps ([Kaminski et al. 2018; Olmedo et al. 2016]) and is not geared towards

AST analysis. We discuss the relation to their work in more detail in Ch. 6.

Recursive programs can naturally be modelled as pushdown systems. In the presence

of probability, programs can be modelled as probabilistic pushdown systems (see [Olmedo

et al. 2016] for an example in the discrete case). For finite state probabilistic pushdown

systems many properties, including termination, can be expressed in the first-order existential

fragment over the reals (Tarski algebra) and are thus decidable (see [Brázdil et al. 2013] for

an excellent overview). We argue that recursion in continuous languages denotes a continuous

state-space pushdown system, for which we develop counting-based methods.



Chapter 2

Preliminaries

In this chapter, we introduce basic mathematical notation and introduce the basics of proba-

bility theory needed to apprehend this work. A more detailed introduction can e.g. be found

in [Ash and Doleans-Dade 1999].

Basic Notation With N, Z, Q and R we denote the set of natural numbers (including 0),

integers, rationals and reals. R+ , {r ∈ R | r ≥ 0} denotes the set of non-negative real

numbers and R[0,1] , {r ∈ R | 0 ≤ r ≤ 1} the set of real numbers within [0, 1]. We write N
and R+ for N or R+ extended with ∞. With [n] we denote the set {0, · · · , n− 1}. For a set

A we denote the set of finite sequences over A by A∗. For w ∈ A∗, |w| denotes the length and

for i ∈ [|w|], w(i) ∈ A the ith position.

Basic Probability Theory A σ-algebra on a set Ω is a set of subsets ΣΩ ⊆ 2Ω with Ω ∈ ΣΩ

that is closed under complements and countable unions (and thus countable intersections).

A measurable space is a tuple (Ω,ΣΩ) where Ω is a set of outcomes and ΣΩ is a σ-algebra

on Ω. A set of outcomes A ⊆ Σ is called measurable if A ∈ ΣΩ. A function f : Ω1 → Ω2

between two measurable spaces (Ω1,ΣΩ1), (Ω2,ΣΩ2) is called measurable if for every A ∈ ΣΩ2 ,

f−1(A) ∈ ΣΩ1 . A measure on (Ω,ΣΩ) is a function µ : ΣΩ → R+ that satisfies µ(∅) = 0 and

is σ-additive: if {Ai}i∈N is a countable family of sets from ΣΩ that are pairwise disjoint then

µ(∪iAi) =
∑

i µ(Ai). If µ(Ω) < ∞ we call µ finite, if µ(Ω) ≤ 1 we call µ a subprobability

measure and if µ(Ω) = 1 we call it a probability measure (or distribution). A measurable set

A with µ(A) = 0 is called a null-set. Assume A,B are measurable sets with µ(B) > 0 for some

finite measure µ. Then the conditional measure of A given B is defined by µ(A | B) , µ(A∩B)
µ(B) .

We say A and B are independent if µ(A ∩ B) = µ(A)µ(B). A and B are conditionally

independent on a non null-set C, µ(A ∩ B | C) = µ(A | C)µ(B | C). For every x ∈ Ω we

denote with δx the Dirac distribution on x. It is defined by δx(A) , 1 if x ∈ A and δx(A) , 0

10
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otherwise. A measure space is a triple (Ω,ΣΩ, µ) where (Ω,ΣΩ) is a measurable space and

µ a measure on ΣΩ. A probability space and subprobability space are defined analogously.

For the n-dimensional euclidean space Rn we denote with ΣRn the Borel σ-algebra over Rn

which is the smallest σ-algebra that contains all open and closed n-dimensional boxes. So

for every intervals [a1, b1], · · · , [an, bn] the box [a1, b1] × · · · [an, bn] is contained in ΣRn . In

the special case of n = 1, this is the set generated by all open and closed intervals. The n-

dimensional Lebesgue measure, denoted λn, is the unique measure on (Rn,ΣRn) that satisfies

λn([a1, b1]× · · · × [an, bn]) =
∏n
i=1(bi − ai).

For a measurable function f : Ω → R on a measure space (Ω,ΣΩ, µ) we can define the

integral
∫
fdµ following Lebesgue theory (see [Ash and Doleans-Dade 1999, §1.5] for details).

We often write this integral as
∫
µ(dx)f(x). For a measurable set B we define the indicator

function 1B(x) by 1B(x) , 1 if x ∈ B and otherwise 1B(x) , 0. 1B is trivially measurable.

We can then define the integral over a measurable set B by∫
B
µ(dx)f(x) ,

∫
µ(dx)

(
f(x) · 1B(x)

)
Discrete Sample Space In the case where Ω is a countable set, we can work with the

powerset as the trivial σ-algebra. Every probability measure is then uniquely determined by

a probability mass function (pmf), a function p : Ω → R[0,1] with
∑

x∈Ω p(x) = 1. Every pmf

p gives rise to a probability measure by defining µ(A) ,
∑

x∈A p(x) and conversely for every

probability measure µ on the powerset we can recover a generating pmf by inspecting µ on

singletons, i.e., defining p(x) , µ({x}). A subprobability mass function is defined analogously.

Kernel Let (Ω1,ΣΩ1) and (Ω2,ΣΩ2) be two measurable spaces. A subprobability kernel is a

function κ : Ω1×ΣΩ2 → R[0,1] that satisfies the following: (1) For every x ∈ Ω1, the function

κ(x, ·) : ΣΩ2 → R[0,1] is a subprobability distribution, and (2) for every A ∈ ΣΩ2 , the function

κ(·, A) : Ω1 → R[0,1] is measurable with respect to ΣΩ1 and ΣR[0,1]
. If for every x ∈ X, the

function κ(x, ·) is a proper distribution we call κ a proper kernel (or Markov Kernel). Given a

kernel κ1 between measurable spaces (Ω1,ΣΩ1) and (Ω2,ΣΩ2) and κ2 between (Ω2,ΣΩ2) and

(Ω3,ΣΩ3) we can define the composed kernel κ2 ◦ κ1 between (Ω1,ΣΩ1) and (Ω3,ΣΩ3) by:

(κ2 ◦ κ1)(x,A) ,
∫
κ1(x, dy)κ2(y,A)

In particular, for any kernel between a measurable space and itself we can define the nth-fold

self-composition. We later justify that we can view a Markov kernel (Ω1,ΣΩ1) to (Ω1,ΣΩ1)

as the transition kernel of a continuous state space Markov chain.



Chapter 3

Statistical PCF (SPCF)

We begin introducing the main object of study: the higher-order functional language Statis-

tical PCF (SPCF). SPCF is an extension of PCF [Plotkin 1977] with support to sample from

a uniform distribution on [0, 1]. To justify the name “statistical” and make SPCF attractive

to writing probabilistic models it also supports a scoring construct that is used to condition

executions of the program (see e.g. [Gordon et al. 2014]). The language is a typed version

with explicit recursion of the untyped λ-calculus used in [Borgström et al. 2016], making it

arguably more intuitive to programmers than a pure λ-calculus.

Syntax of SPCF Terms in SPCF are implicitly parametrized over a set of measurable

functions Rn → R that model primitive operations. Assume F is a fixed set of such primitive

functions. Each function f ∈ F has an arity |f | ≥ 0. We assume a denumerable set of

variables. The sets of terms and values (Term and Val) are defined by the following grammar

where x 6= ϕ are variables, r ∈ R and f ∈ F:

V , x | r | λx.M | µϕx .M

M,N,P , V |MN | if(M,N,P ) | f(M1, · · · ,M|f |) | sample | score(M)

We identify terms modulo α-conversion and adopt the variable convention from [Barendregt

1985]. All language constructs with exception of sample and score are standard. For the

fixpoint combinator µϕx .M the variable x is the variable bound by the abstraction and ϕ a

recursive reference to itself. sample evaluates to a uniform distribution on [0, 1] and score con-

ditions an execution. We abbreviate M ⊕pN , if (sample− p,M,N) in the style of [McIver

and Morgan 2005] and
(
letx = M inN

)
, (λx.N)M . We write M ⊕N for M ⊕.5 N .

12
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x : α ∈ Γ
Γ 
 x : α

Γ;x : α 
M : β

Γ 
 λx.M : α→ β

Γ;ϕ : α→ β;x : α 
M : β

Γ 
 µϕx .M : α→ β Γ 
 r : R

Γ 
M : β → α Γ 
 N : β

Γ 
MN : α
Γ 
M : R Γ 
 N : α Γ 
 P : α

Γ 
 if(M,N,P ) : α

Γ 
 sample : R

Γ 
M1 : R · · · Γ 
M|f | : R

Γ 
 f(M1, · · · ,M|f |) : R
Γ 
M : R

Γ 
 score(M) : R

Figure 3.1: Typing rules of the from Γ 
M : α for the simple type system for SPCF.

Simple Type System Simple types are constructed from a base type R and the arrow

constructor: α, β , R | α → β. Typing judgements are of the form Γ 
 M : α where Γ is a

typing context, i.e., a partial mapping from variables to types. We write x : α ∈ Γ whenever

Γ(x) = α. We define Γ;x : α as the context that extends Γ with the mapping x : α. Formally(
Γ;x : α

)
(x) , α and

(
Γ;x : α

)
(y) , Γ(y) for y 6= x. A typing judgment is of the from

Γ 
M : α where Γ is a context, M a term and α a type1. The typing judgments are defined

by induction as the smallest relation closed under the rules in 3.1. We call a term typeable if

there exist a Γ and α such that Γ 
 M : α holds. We only consider typeable terms. With Λ

we denote the set of typeable SPCF terms and with Λ0 the set of closed terms2. We remark

that our fixpoint (µ) combinator differs from the ones used in other variants of a probabilistic

(functional) language studied in the literature [Mak et al. 2021; Ehrhard et al. 2014]. We

treat a fixpoint combinator as an abstraction that also bounds the recursive abstraction. This

allows for an easier Call by Value reduction.

3.1 Operational Semantics - Call by Value

We give a sampling-based semantics for SPCF. The idea of a sampling-based style is to eval-

uate a term M together with a sequence of probabilistic outcomes. In our case a sequence of

real numbers from R[0,1]. Each sample-statement during execution is then resolved according

to the trace of random samples. This idea of giving an operational semantics for probabilistic

programs goes back to [Kozen 1981] and was first proposed in its current presentation in

[Borgström et al. 2016].

1Note that we do not use the typical symbol `, as we reserve this for later (more sophisticated) type systems.
2A term is closed if it does not contain any free variables. Using the type system we can a term being closed

as being typeable in the empty context.
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〈(λx.M)V, s〉 V−→ 〈M [V/x], s〉 〈(µϕx .M)V, s〉 V−→ 〈M [V/x, (µϕx .M)/ϕ], s〉

r ≤ 0

〈if(r,N, P ), s〉 V−→ 〈N, s〉
r > 0

〈if(r,N, P ), s〉 V−→ 〈P, s〉 〈sample, r :: s〉 V−→ 〈r, s〉

〈f(r1, · · · , r|f |), s〉
V−→ 〈f(r1, · · · , r|f |), s〉

r ≥ 0

〈score(r), s〉 V−→ 〈r, s〉
〈R, s〉 V−→ 〈M, s′〉

〈E[R], s〉 V−→ 〈E[M ], s′〉

Figure 3.2: Call by Value small-step reduction for SPCF.

Evaluation Strategy In a probabilistic setting, the evaluation strategy plays an important

role. In the untyped λ-calculus, it is well known that reduction is confluent: if a term M is

reduced at two different position to two terms M1,M2 they can always reduce to common

a term N in a finite number of steps. In a probabilistic setting, the reduction relation is

no longer confluent (c.f. [Breuvart and Lago 2018]) and more importantly, the denotation

of a program depends on the evaluation strategy. In this work, we consider both a Call by

Value (CbV) and a Call by Name (CbN) semantics. Informally speaking in a CbV setting,

the argument is first reduced to value before a β-step is done whereas in CbN the β-step is

performed first. This gives rise to an interesting asymmetry between both strategies3.

Traces We define the set of traces S as all finite sequences of real numbers from R[0,1], i.e.,

S , R∗[0,1] =
⋃
n∈NRn[0,1]. We let s range over elements in S. With ε we denote the empty

sequence. For r ∈ R[0,1], r :: s denotes the concatenation of r to s. For two traces s1, s2 we

write s1s2 for their concatenation. Sm denotes the set of traces of length m.

Call by Value Reduction The set of CbV redexes and evaluation contexts is defined by:

RedV 3 R , (λx.M)V | (µϕx .M)V | if(r,N, P ) | f(r1, · · · , r|f |) | sample | score(r)

EContV 3 E , [·] | EM | (λy.M)E | (µϕx .M)E | if(E,N,P )

| f(r1, · · · , rk−1, E,Mk+1, · · · ,M|f |) | score(E)

A redex is a term that can make an immediate reduction step by e.g. reducing a β-redex.

An evaluation context gives the context, i.e., the position inside a term, at which a reduction

step can take place. Given a context E and a term M the (capture-permitting) substitution

3As an example take the term (λx.x+ x)(0⊕ 1). In a CbV reduction, we sample before doing the β-step so
the output would be 0 ro 2 each with equal probability 1

2
. In a CbN reduction, we β-reduce before resolving

the probabilistic outcome. The output is hence 0 or 2 each with probability 1
4

and 1 with probability 1
2
.
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E[M ] is defined in the obvious way. An easy induction establishes that every M ∈ Λ0 is

either a value or there are unique E and R, s.t., M = E[R]. As we work with a CbV strategy,

we only perform β-reductions (on either a λ-or µ-abstraction) once the argument position

has reduced to a value. In evaluation contexts reduction occurs inside the argument position

of an application. The small-step reduction relation has the from 〈M, s〉 V−→ 〈M ′, s′〉 where

M,M ′ are terms and s, s′ are traces. It is defined inductively by the rules given in Fig. 3.24.

The evaluation context takes care of the contextual closure of the reduction. Note that the

redex score(r) for an r < 0 can not reduce. That means our reduction system does not enjoy

progress, i.e., not every term is either a value or can make a reduction step5.

Remark: We remark that our semantics differs substantially from the ones in [Borgström

et al. 2016; Mak et al. 2021] as it is missing a weight parameter. If we were interested in the

exact denotation of a program, a weight parameter would be crucial to model stochastic

conditioning (c.f. [Gordon et al. 2014]). The weight of a derivation is, however, irrelevant

for the probability of termination (c.f. the definition of AST in [Mak et al. 2021]). We,

therefore, omit it and obtain a more succinct representation.

3.2 A Measure on Traces

The reduction relation itself is purely deterministic once we fix a trace s ∈ S and does itself

not represent probabilistic execution. The probabilistic behavior is instead obtained by giving

a probability measure to the set of traces S. If we were e.g. interested in the probability of

terminating with a negative value we would take the measure over all traces where the program

terminates with a negative value.

A Measure Space of Traces As the set of traces is continuous we cannot assign probability

mass to individual traces directly. Instead, we use a measurable space of program traces. We

follow the approach by Borgström et al.: let ΣRn
[0,1]

be the standard Borel σ-algebra on Rn[0,1],

i.e., the smallest σ-algebra that contains all open and closed intervals within Rn[0,1] (We set

ΣR0
[0,1]
, {∅, {ε}}). Recall that λn denotes the Lebesgue measure on (Rn[0,1],ΣRn

[0,1]
). We can

define a σ-alegbra on traces ΣR[0,1]
and a measure µS by:

ΣS , {
⊎
n∈N

Bn | Bn ∈ ΣRn
[0,1]
}� µS

( ⊎
n∈N

Bn
)
,
∑
n∈N

λn(Bn)�

As shown in [Borgström et al. 2016, Lemma 7 & 8] we get that (S,ΣS) is a measurable space

4For a term M , a list of distinct variables {xi}i∈[n] and a list of terms {Ni}i∈[n], the capture avoiding
substitution M [Ni/xi]i∈[n] is defined in the standard way. See e.g. [Barendregt 1985].

5In similar reduction systems, e.g. by Borgström et al., they introduced an explicit failure term. We allow
terms to get stuck and therefore avoid a dedicated failure construct.
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and µS a (σ-finite) measure on (S,ΣS).

3.3 (Positive) Almost-Sure Termination

For now we drop the subscript of the CbV reduction relation
V−→ and just write it as→. With

→n we denote the n-fold relation-composition and with →∗ the reflexive-transitive closure.

We define TM,term as the set of all traces on which a term M terminates. Formally:

TM,term , {s ∈ S | ∃V : 〈M, s〉 →∗ 〈V, ε〉}

As the probability of termination for a term we take the measure of TM,term. We can easily

encode SPCF in the untyped λ-calculus and then use [Borgström et al. 2016, Lemma 9] to

get that the set TM,term is a measurable set of traces. As shown in [Mak et al. 2021, Lemma

7], µS
(
TM,term

)
≤ 1, which justifies the interpretation of µS

(
TM,term

)
as a “probability”.

Definition 3.1: For a closed term M the probability of termination, denoted Pterm(M),

is defined by Pterm(M) , µS(TM,term). M is called AST if Pterm(M) = 1.

Positive Almost-Sure Termination A term is AST if it terminates with maximal prob-

ability. An even stronger property we can ask for is not only a.s. termination but termination

in expected finite time. A natural measure of computation time is the number of reduction

steps. For any trace s ∈ TM,term we define #s
↓(M) ∈ N as the unique number such that

〈M, s〉 →#s
↓(M) 〈V, ε〉 for some value V Note this is well defined as all traces in TM,term

eventually terminate. For any n ∈ N we can define

TnM,term , {s ∈ TM,term | #s
↓(M) = n}

That is all traces on which M terminates in exactly n-steps. It is easy to see that TnM,term is

measurable. We also define the set of traces where termination occurs within the first n steps

by T≤nM,term ,
⋃
i≤n TiM,term. As a countable (in fact finite) union this set is also measurable.

Definition 3.2: For a term M we define the expected time to termination, Eterm(M) ∈
R+, by

Eterm(M) ,
∞∑
n=0

(
1− µS

(
T≤nM,term

))
We say M is positive almost-surely terminating (PAST) if Eterm(M) <∞.

The definition of the expected time to termination does not seem very intuitive as it does not

resemble the “standard” definition of an expected value6. We can show that, provided M is

6As remarked by Kaminski and Katoen, the expected time to termination can be phrased as
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AST, the expected time to termination is in fact the expected value of the random variable

that gives the number of reduction steps:

Lemma 3.3 (Expected Termination Time as an Expectation): If M is AST then

Eterm(M) =
∞∑
n=0

µS

(
TnM,term

)
· n

Proof We have
⊎
n TnM,term = TM,term. Now define T>nM,term ,

⊎
i>n TiM,term. It is easy

to see that µS
(
T>nM,term

)
+ µS

(
T≤nM,term

)
= 1 as by assumption µS

(
TM,term

)
= 1. Now by

definition Eterm(M) =
∑∞

n=0

(
1− µS

(
T≤nM,term

))
and we can combine

∞∑
n=0

(
1− µS

(
T≤nM,term

)) (1)
=
∞∑
n=0

µS
(
T>nM,term

) (2)
=
∞∑
n=0

∑
j>n

µS
(
TiM,term

) (3)
=
∞∑
n=0

µS
(
TnM,term

)
· n

where (1) holds as µS
(
T>nM,term

)
+µS

(
T≤nM,term

)
= 1, (2) follows as the union in the definition

of T>nM,term is disjoint and (3) is an easy combinatorial argument.

Note that the above really only holds for terms that are AST. As an easy example to see this,

take any term that diverges deterministically (i.e., terminates with probability 0.) Clearly

the right hand side is 0 even though the expected time to termination is clearly infinite.

We can easily show that PAST is a stronger criterion than AST:

Lemma 3.4 (PAST implies AST): If M is PAST then M is AST

Proof Assume M is PAST so by definition
∑∞

n=0

(
1−µS

(
T≤nM,term

))
is a finite sum. As this

sum converges to a finite value the sequence
(
µS
(
T≤nM,term

))
n∈N must converge to 1. And

as T≤nM,term ⊆ TM,term for every n and µS is a measure (in particular monotone w.r.t. to ⊆
and ≤) we get µS(TM,term) = 1, so M is AST.

3.4 Operational Semantics - Call by Name

We define call by name redexes and evaluation contexts by:

RedN 3 R , (λx.M)N | (µϕx .M)N | if(r,N, P ) | f(r1, · · · , r|f |) | sample | score(r)

EContN 3 E , [·] | EM | if(E,N,P ) | f(r1, · · · , rk−1, E,Mk+1, · · · ,M|f |) | score(E)

Note that the right hand side of a β-redex is no longer required to be a value. For the

evaluation contexts, we do not permit reductions in the argument position of an application.

∑∞
n=0 P

(
“M runs for more than n steps”

)
=
∑∞
n=0

(
1−P(“M terminates within n steps”)

)
the latter of which

is expressed in Definition 3.2.
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〈(λx.M)N, s〉 N−→ 〈M [N/x], s〉 〈(µϕx .M)N, s〉 N−→ 〈M [N/x, (µϕx .M)/ϕ], s〉

r ≤ 0

〈if(r,N, P ), s〉 N−→ 〈N, s〉
r > 0

〈if(r,N, P ), s〉 N−→ 〈P, s〉 〈sample, r :: s〉 N−→ 〈r, s〉

〈f(r1, · · · , r|f |), s〉
N−→ 〈f(r1, · · · , r|f |), s〉

r ≥ 0

〈score(r), s〉 N−→ 〈r, s〉
〈R, s〉 N−→ 〈M, s′〉

〈E[R], s〉 N−→ 〈E[M ], s′〉

Figure 3.3: Call by Name small-step reduction for SPCF.

We define the CbN reduction relation by the rules in Fig. 3.3. The definitions in Sec. 3.3

regarding AST and PAST extend naturally to CbN7. Throughout this work we always make

clear what evaluation strategy we are using, so the notation never clashes.

Remark: Switching from CbV to CbN is not entirely straightforward as we need to check

that the proofs in the literature also work in the CbN setting (especially since [Borgström

et al. 2016; Mak et al. 2021] both work in a CbV setting). By careful inspection of their

proof we can, however, verify that all results also hold for CbN as expected.

A natural question to ask is whether it is useful to explicitly consider CbN. After all, most

functional languages do evaluate eager, i.e., follow a CbV or Call by Need reduction strategy.

Especially in a probabilistic setting, CbN differs from CbV in that it does not allow for

duplication of probabilistic outcomes. This interesting asymmetry motivates to study if and

to what extend concepts are also applicable in CbN. Many concepts established in this work

are applicable for both CbV and CbN and we discuss possible extensions at the end of each

chapter. Most chapters in this work explicitly work in a CbV system. For the chapter on

intersection types (Ch. 5) we do, however, switch to a CbN evaluation as this allows for an

easier typing system (as already observed by Ehrhard et al. [2014] or the monadic type system

in [Breuvart and Lago 2018, §6])

7While the concepts extend naturally, they obviously are not identical. E.g., the probability of a termination
in CbN may very well differ from the one in CbV.
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Interval-based Reasoning
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Chapter 4

Interval-based Semantics

Reasoning about SPCF using the standard semantics is impractical, due to the continuous

nature of program traces. Assume we are interested in the lower bound question, i.e., checking

if a term terminates with probability strictly greater than p. In the discrete case, this problem

is recursively enumerable (in Σ0
1) as we can enumerate terminating paths until the sum of the

weight of those paths exceeds p [Kaminski and Katoen 2015]1. In our continuous semantics,

this is not longer possible. A well known property of the Lebesgue measure on Rn (that

the trace measure µS inherits) is that every countable set of elements is a null-set. So even

if we were to identify a countably infinite set of traces A ⊆ TM,term, we cannot obtain any

possible lower bound on Pterm(M). The semantics itself can thus not give a definite answer

to questions like: is the lower bound problem for SPCF in Σ0
1, the AST problem in Π0

2 or the

PAST problem in Σ0
2? In this chapter, we introduce a novel operational semantics for SPCF

by executing term parametrized by a trace of intervals. We demonstrate that this semantics

is well suited to derive lower bound and establish completeness w.r.t. the standard one. This

gives a, to our knowledge first, positive answer to the questions above.

Syntax of Interval Terms As we now work with interval traces we must also adjust the

syntax of term slightly. Namely instead of having real-valued numerals, numerals in the

interval-based semantics are now themself intervals. We define interval values and interval

terms by the following where a ≤ b ∈ R and again treat them modulo α-conversion.

V , x | [a, b] | λx.M | µϕx .M

M,N ,P , V | MN | if(M,N ,P) | f(M1, · · · ,M|f |) | sample | score(M)

1Note, that we phrase the lower bound problem with a strict inequality. While the set of programs M with
Pterm(M) > p is recursively enumerable (in a discrete language), the set of terms M with Pterm(M) ≥ p is not
(See e.g. [Kobayashi et al. 2019; Kaminski and Katoen 2015]).

20
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The simple type system (Fig. 3.1) naturally extends to interval terms. With ΛI we denote

the set of well simply-typeable interval terms. We define the set of (closed) intervals as

I , {[a, b] | a, b ∈ R, a ≤ b} and define I0,1 , {[a, b] | a, b ∈ R, 0 ≤ a ≤ b ≤ 1} as the

set of intervals with endpoints within [0, 1]. With IQ and IQ0,1 we denote the sets I and I0,1

respectively, restricted to rational endpoints.

Remark: In mathematics, we usually write [a, b] to refer to the set {r ∈ R | a ≤ r ≤ b}.
That is we treat [a, b] as an abbreviation of a set ([a, b] ⊆ R). From a different viewpoint

we can also view [a, b] as just a symbol that is fully characterized by two numbers a, b ∈ R.

Intervals are thus well suited to denote an uncountable set while at the same time being

fully characterized by just two parameters.

Interval Preserving Functions Numerals in interval terms are [a, b] and can informally be

understood as any value within that interval (we formalize this in Fig. 4.2). When we present a

reduction relation we, therefore, require that the primitive functions preserve intervals. This

motivates the class of functions we call interval preserving, to which we restrict the set of

primitive functions. For a function f : Rn → R and a subset A ⊆ Rn we write the image of f

on A as f(A) , {f(a) | a ∈ A}.

Definition 4.1: We call f : Rn → R interval preserving if there is a function f̂ : R2n → I

such that for every sequence of intervals [a1, b1], · · · , [an, bn] ∈ I we have f
(
[a1, b1]×· · ·×

[an, bn]
)

= f̂(a1, b1, · · · , an, bn), i.e., the image of every n-dimensional box is an interval.

Many interesting primitive functions (including e.g. +, ·,−, exp, · · · ) are interval preserving.

If we consider addition, +, as an example we can derive +̂ explicitly by +̂(a1, b1, a2, b2) ,

[a1 + b1, a2 + b2]. The following gives us a broad class of interval preserving functions:

Lemma 4.2 : If f : Rn → R is continuous then f is interval preserving

Proof Let A , [a1, b1] × · · · × [an, bn] as in the definition of interval perseverance. We

need higher-dimensional version of the intermediate value theorem (IVT): if x,y ∈ A and

c ∈ R be such that f(x) ≤ c ≤ f(y) then there is a z ∈ A such that f(z) = c (1). The IVT

implies that f(A) is a connected set. A standard property of continuous functions is that

the images of compact sets are compact sets. Due to the Heine–Borel theorem, compact

euclidean sets are exactly those that are bounded and closed. As A is obviously compact,

we get that f(A) is compact and thus bounded and closed. As f(A) is also connected (by

the IVT), it is a closed (bounded) interval as required.

It remains to show (1): Let γ : [0, 1] → A be defined by γ(t) , tx + (1 − t)y which is

obviously continuous. In particular, note that since A is a box (and thus convex) γ(t) ∈ A
for every t ∈ [0, 1]. Now define φ : [0, 1] → R by φ , f ◦ γ which is the composition of
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〈(λx.M)V, ℘〉; 〈M[V/x], ℘〉 〈(µϕx .M)V, ℘〉; 〈M[V/x, (µϕx .M)/ϕ], ℘〉

b ≤ 0

〈if([a, b],N ,P), ℘〉; 〈N , ℘〉
a > 0

〈if([a, b],N ,P), ℘〉; 〈P, ℘〉

〈sample, [a, b] :: ℘〉; 〈[a, b], ℘〉
0 ≤ a

〈score([a, b]), ℘〉; 〈[a, b], ℘〉

〈f
(
[a1, b1], · · · , [a|f |, b|f |]

)
, ℘〉; 〈f̂(a1, b1, · · · , a|f |, b|f |), ℘〉

〈R, ℘〉; 〈M, ℘′〉
〈E [R], ℘〉; 〈E [M], ℘′〉

Figure 4.1: Internal-based (CbV) small-step reduction.

continuous functions and thus also continuous. Now φ(0) = f(x) ≤ c ≤ f(y) = φ(1) so by

the intermediate value theorem in the 1d case there exists a t ∈ [0, 1] with φ(t) = c. We

can define z , γ(t) which satisfies the requirement by definition of φ.

To allow for a restriction of intervals with rational endpoints we also define the concept of

f : Rn → R being Q-interval preserving by restricting the above to interval with rational end-

points. I.e., we require a function f̂ : Q2n → IQ such that for every [a1, b1], · · · , [an, bn] ⊆ IQ,

f
(
[a1, b1]×· · ·× [an, bn]

)
= f̂(a1, b1, · · · , an, bn). Informally the image of every n-dimensional

box with rational endpoints is an interval with rational endpoints.

4.1 Interval-based Syntax and Semantics

We define the set of interval traces by SI , I∗0,1 =
⋃
n∈N In0,1, i.e., finite sequences of intervals

with endpoints between 0 and 1 (inclusive). We let ℘ range over elements in SI. To avoid

confusion, we shall refer to elements of SI as interval traces, and elements of S as standard

traces. We define redexes and evaluation contexts by:

R , (λx.M)V | (µϕx .M)V | if([a, b],N ,P) | f([a1, b1], · · · , [a|f |, b|f |]) | sample | score([a, b])

E , [·] | EM | (λx.M)E | (µϕx .M)E | if(E ,N ,P)

| f([a1, b1], · · · , [ak−1, bk−1], E ,Mk+1, · · · ,M|f |) | score(E)

We can state the small-step semantics, based on interval traces, as a relation; ⊆ (ΛI × SI)2.

The relation is defined by the rules in Fig. 4.1. The reduction rules for interval terms look

almost identical to the CbV reduction for standard SPCF. The only difference is that real

values (standard) numerals are now replaced by interval numerals. An interval numeral [a, b]

can be understood as any value within that interval. If we e.g. focus on the rule for reducing
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x / x sample / sample

r ∈ [a, b]

r / [a, b]
M /M

λx.M / λx.M

M /M N /N
MN /MN

M /M
µϕx .M / µϕx .M

M /M
score(M) / score(M)

M /M N /N P / P
if(M,N,P ) / if(M,N ,P)

M1 /M1 · · · M|f | /M|f |
f(M1, · · · ,M|f |) / f(M1, · · · ,M|f |)

Figure 4.2: Inductive definition of the refinement relation / between Λ and ΛI.

conditional redexes we thus only reduce if the entire interval (i.e., every possible value) is

either at most 0 or greater than 0. For example, a term of the form if([− 1, 1],N ,P) cannot

reduce further. As in the standard semantics, we are interested in all interval traces that lead

to a normal form. We hence define

TI
M,term , {℘ ∈ SI | ∃V : 〈M, ℘〉 ;∗ 〈V, ε〉}

For any ℘ ∈ TI
M,term, we define #℘

↓ (M) as the unique number such that 〈M, ℘〉 ;#℘
↓ (M)

〈V, ε〉. Note that this is well defined as ℘ ∈ TI
M,term, i.e., the reduction eventually terminates

in a value.

Refinement between Standard and Interval Terms It is very intuitive to see an in-

terval numeral [a, b] as any value between a and b. An interval term can thus be seen as a

summary of many standard terms. We can formalize this as a relation / between ordinary

terms Λ and interval terms ΛI. Loosely speaking, M /M if both have the same structure

and every numeral position in M is a number within the interval numeral at the respective

position in M. This relation is formalized in Fig. 4.2. We can also define the refinement

between standard traces and interval traces as a different relation / ⊆ S × SI2. / for traces

is defined as expected by: r1 · · · rn / [a1, b1] · · · [an, bn] if and only if ri ∈ [ai, bi] for all i ∈ [n].

Note that if s / ℘, |s| = |℘|. We can then state the following result that formally justifies to

reason in the interval-based semantics:

Lemma 4.3 : If 〈M, ℘〉;∗ 〈N , ℘′〉 and M /M and s / ℘ then there exists a N /N and

s′ / ℘′ such that 〈M, s〉 →∗ 〈N, s′〉.

Proof We first show that / is stable under substitution and evaluation contexts. We then

do a simple induction on M. A full proof can be found in the appendix: A

2We use the same symbol to avoid cluttered notation and as it is always clear from the context if we refer
to the refinement between terms or traces.
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Canonical Embedding As we work with closed intervals we can embed SPCF terms into

interval terms in the obvious way by mapping a numeral r to the interval numeral [r, r]. We

denote this canonical interval term by M2I. Obviously M /M2I.

4.2 Soundness

We show that reasoning in the interval-based semantics is sound for the standard semantics.

In our context, we show that terminating interval traces give lower bounds on the probability

of termination and excepted time to termination in the standard semantics. For an interval

trace ℘ ∈ SI, we define the set of standard traces that refine ℘ by L℘ M , {s ∈ S | s / ℘}.
Using Lem. 4.3 it is easy to see the following:

Lemma 4.4 : If ℘ ∈ TI
M,term and M /M then L℘ M ⊆ TM,term.

This lemma states that if we find an interval trace ℘ on which M terminates then the set of

refined standard traces L℘ M are terminating for every term that refines M. Suppose we are

given a standard term M we can thus analyse M2I (the canonical embedding) and use any

terminating interval traces found to obtain terminating traces for M .

Weight of Interval Traces We define the weight of an interval trace ℘, denoted by ω(℘),

in the obvious way:

ω([a1, b1], · · · , [an, bn]) ,
∏n
i=1(bi − ai)

It is easy to see that for every ℘ ∈ SI, L℘ M is a measurable set of traces. Furthermore the

measure on traces is defined in terms of Lebesgue measures, so the measure of any box is just

the product of the side-lengths (the volume of the box). So for any ℘ ∈ SI, µS(L℘ M) = ω(℘).

When combining this with Lem. 4.4 we get that if ℘ ∈ TI
M,term and M /M then ω(℘) ≤

Pterm(M). Every interval trace derives a lower bound for Pterm(M) for every refined program.

This simple results alone already allows us to derive meaningful (in the sense of non-trivial)

lower bounds on the probability of termination. As an example consider the SPCF term given

in the introduction: the interval trace in Fig. 1.1c is terminating for the canonical embedding

and all contained traces are terminating in the standard semantics.

Pairwise Compatible Traces Ideally, we would like to combine the weight of multiple

terminating interval traces to derive even better bounds on the probability of termination.

To ensure that the sum of the weights of intervals traces is indeed a lower bound on Pterm(M)

we must ensure that the interval traces are disjoint, i.e., we do not account twice for the same

standard trace. We call two measurable sets A,B ⊆ Rn almost disjoint if their intersection

has Lebesgue measure 0. If A,B are both n-dimensional boxes this is equivalent to the fact
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that the intersecting box has volume 0, i.e., is an at most n− 1-dimensional object.

Definition 4.5: Two interval traces ℘ and ℘′ are compatible if |L℘ M ∩ L℘′ M| ≤ 1, i.e.,

they share at most one refined standard trace.

As interval traces can be seen as boxes we can easily check compatibility: ℘ and ℘′ are

compatible if and only if either |℘| 6= |℘′| or L℘ M and L℘′ M are almost disjoint3. As an

example the four interval traces [0, 1][0, 1
3 ], [0, 1][1

3 ,
1
2 ], [0, 1][3

4 , 1] and [0, 1] are all pairwise

compatible.

For a countable set of interval traces A we define ω(A) ,
∑

℘∈A ω(℘). We only take

countable sums of interval traces so we actually do not need to worry about defining a proper

σ-algebra on the (uncountable) set of interval traces. For a countable set A ⊆ TI
M,term we

also define the expected value of A, denoted EM(A) by

EM(A) ,
∑

℘∈A ω(℘) ·#℘
↓ (M)

We can now state soundness as follows:

Theorem 1 (Soundness of the Interval-based Semantics): For every countable

set of pairwise compatible traces A ⊆ TI
M,term and every M /M we have the following:

ω(A) ≤ Pterm(M)� EM(A) ≤ Eterm(M)�

Proof As A is pairwise compatible the family (L℘ M)℘∈A is pairwise almost disjoint. Now

ω(A) =
∑
℘∈A

ω(℘)
(1)
=
∑
℘∈A

µS
(
L℘ M

) (2)
= µS

( ⋃
℘∈A

L℘ M
) (3)

≤ µS
(
TM,term

)
= Pterm(M)

where (1) follows from the definition of the Lebesgue measure on boxes, (2) from the fact

that family is pairwise almost disjoint and thus differs by a countable union of null sets.

(3) follows from Lem. 4.4.

For the second part we can observe that if ℘ ∈ TI
M,term, M /M and s / ℘, then #s

↓(M) =

#℘
↓ (M). Now by definition EM(A) =

∑
℘∈A ω(℘) ·#℘

↓ (M) and

∑
℘∈A

ω(℘) ·#℘
↓ (M)

(1)
=

∞∑
n=0

ω({℘ ∈ A | #℘
↓ (M) = n}) · n

(2)

≤
∞∑
n=0

µS

(
TnM,term

)
· n

(3)

≤ Eterm(M)

where (1) follows from simple reordering, (2) from the fact that every interval trace in

{℘ ∈ A | #℘
↓ (M) = n} we get L℘ M ⊆ TnM,term and the same reasoning as above. (3) is

standard and can e.g. be inferred from the proof of Lem. 3.3.

3Note that almost disjointness of boxes means that there exist a dimension i, such that ℘(i) and ℘′(i) are
almost disjoint intervals, i.e., at any position they overlap by at most one point.
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〈(λx.M)V, s, κ〉 co−→ 〈M [V/x], s, κ〉 〈sample, r :: s, κ〉 co−→ 〈r, s, κ〉

〈(µϕx .M)V, s, κ〉 co−→ 〈M [V/x, (µϕx .M)/ϕ], s, κ〉
r ≥ 0

〈score(r), s, κ〉 co−→ 〈r, s, κ〉

r ≤ 0

〈if(r,N, P ), s,L :: κ〉 co−→ 〈N, s, κ〉
r > 0

〈if(r,N, P ), s,R :: κ〉 co−→ 〈P, s, κ〉

〈f(r1, · · · , r|f |), s, κ〉
co−→ 〈f(r1, · · · , r|f |), s, κ〉

〈R, s, κ〉 co−→ 〈M, s′, κ′〉
〈E[R], s, κ〉 co−→ 〈E[M ], s′, κ′〉

Figure 4.3: Small-step reduction relation with conditional oracles.

This soundness result is not really surprising but nevertheless offers a sound and powerful

technique to infer lower bounds on the probably of termination.

Completeness of the interval semantics We have seen (Thm. 1) if there is an set of

of interval traces A such that M2I terminates on every ℘ ∈ A, and furthermore they are

pairwise compatible, then the sum of the volume of the interval traces gives a lower bound

on Pterm(M). The remaining parts of this chapter are devoted to the proof that the interval

method is also complete. In our context, this means that we can find a countable sequence

of pairwise compatible interval traces whose sum equals Pterm(M). In particular, this implies

that we can get arbitrary tight lower bound on Pterm(M) via finitely many interval traces.

Example 4.6: As an example consider the following term M , if(sample − 0.5, 0, 1)

which is clearly AST. In fact, we have TM,term = {s1 | s1 ∈ R[0,1]}, so the set of terminating

traces is itself an interval. However, the interval trace ℘ = [0, 1] is not terminating for

M2I (formally [0, 1] 6∈ TI
M2I,term

). We can, however, define a countable family of interval

traces that are pairwise disjoint and lead to termination: Let (ai)i∈N be any monotone

decreasing sequence ai ∈ (0, 1
2 ] with a0 = 1

2 and limi→∞ ai = 0. For instance ai , 1
2i+1 .

Then the family {℘} ∪ {℘i | i ∈ N} defined by ℘ , [0, 1
2 ] and ℘i , [1

2 + ai+1,
1
2 + ai] for

i ∈ N is a countable family of terminating interval traces that are pairwise compatible and

whose cumulative weights equals 1.

4.3 Conditional Oracle

The key step to constructing a countable set of interval traces is to focus on branching.

We, therefore, annotate the reduction relation with explicit information which branch of a
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conditional was taken. We define the set of directions by D = {L,R}. A conditional oracle

is then a sequence κ ∈ D∗. To define the meaning of a conditional oracle we use a modified

reduction relation
co−→ ⊆ (Λ× S×D∗)2 via the rules in Fig. 4.3. The reduction relation agrees

with the standard CbV reduction but explicitly annotates the branching decisions. For any

terminating standard trace s, that is 〈M, s〉 →∗ 〈V, ε〉, there exists a unique conditional oracle

κ ∈ D∗, s.t., 〈M, s, κ〉 co−→∗ 〈V, ε, ε〉. Call this observation (1). We now partition the set of

terminating traces according to their branching behavior. For κ ∈ D∗ we define

T(κ)
M,term , {s ∈ S | ∃V : 〈M, s, κ〉 co−→∗ 〈V, ε, ε〉}

I.e., all traces that branch according to κ. By our observation (1) it is easy to see that

that the family
{
T(κ)
M,term

}
κ∈D∗ forms a partition of the set of terminating traces: TM,term =⊎

κ∈D∗ T
(κ)
M,term. Note that by fixing the branching, we also fix the number of reduction steps

and the number of samples: if s1, s2 ∈ T(κ)
M,term, #s1

↓ (M) = #s2
↓ (M) and |s1| = |s2|.

In Ex. 4.6, we have seen that there exit interval traces ℘ ∈ SI with L℘ M ⊆ TM,term that

are not terminating for the canonical embedding M2I (i.e., ℘ 6∈ TI
M2I,term

). We can, however,

show that if all traces in L℘ M follow the same branching ℘ ∈ TI
M2I,term

does hold:

Lemma 4.7 : If ℘ ∈ SI, κ ∈ D∗ and L℘ M ⊆ T(κ)
M,term then ℘ ∈ TI

M2I,term
.

Proof We show a more general statement: if M is any interval term, ℘ ∈ SI and κ ∈ D∗

and for all M /M, L℘ M ⊆ T(κ)
M,term then ℘ ∈ TI

M,term. The proof of this goes by easy

induction on M. As the only term refining M2I is M itself we are done. A full proof can

be found in the appendix: A.

Example 4.8: Take as an example term

M , if sample− .5 then 0 else
(
if sample + sample− .6 then 2 else 3

)
Then for example 〈M, [0, 1

2 , 0],RL〉 co−→∗ 〈2, ε, ε〉. When we look at the sets T(κ)
M,term we get:

T(L)
M,term = {s1 ∈ R[0,1] | s1 ≤ .5}

T(RL)
M,term = {s1s2s3 ∈ R3

[0,1] | s1 > .5 ∧ s2 + s3 ≤ .6}

T(RR)
M,term = {s1s2s3 ∈ R3

[0,1] | s1 > .5 ∧ s2 + s3 > .6}
and T(κ)

M,term = ∅ for any other κ. For the interval trace ℘ , [3
4 , 1][0, 1

2 ][0, 1
10 ] we get

L℘ M ⊆ T(RL)
M,term and indeed ℘ ∈ TI

M2I,term
as stated in general in Lem. 4.7.



4. Interval-based Semantics 28

4.4 Symbolic Terms and Symbolic Execution

What we show is that every set T(κ)
M,term can be covered up to null-set by a countable set of

interval traces. To formally prove this we need a more detailed understanding of the structure

of T(κ)
M,term. We can achieve this insight by considering symbolic terms and symbolic execution.

The idea of symbolic terms is to not evaluate a term on a fixed trace of real numbers but

instead on a generic trace consisting of variables. Whenever we resolve a sample-statement

we do not substitute in a real number but a variable. This does prohibit us from evaluating

primitive functions or resolve conditionals. To circumvent the former we use symbolic values,

which can be seen as partially evaluate primitive functions. To resolve the latter we make use

of the conditional oracles. For an overview of a similar system of symbolic execution we refer

the reader to [Mak et al. 2021].

Syntax of Symbolic Terms Let α0, α1, · · · be a denumerable set of sample-variables in-

dexed by natural numbers. We use them to postpone every sample statement by instead

substitution a fresh variable. Symbolic values and terms are defined by:

V , x | r | αj | λx.M | µϕx .M | f (V1, · · · ,V|f |)

M,N,P , V |MN | if(M,N,P) | f(M1, · · · ,M|f |) | sample | score(M)

Note that the only new syntactic additions, compared with standard SPCF, are the sample

variables αj and the symbolic primitive functions f (M1, · · · ,M|f |). We again focus on ty-

peable terms. The simple type system for standard SPCF (given in Fig. 3.1) naturally extends

to symbolic terms when we add the following two rules:

Γ 
 αj : R
Γ 
M1 : R · · · Γ 
M|f | : R

Γ 
 f (M1, · · · ,M|f |) : R

Let Λsym be the set of all typeable symbolic terms. Note that any M ∈ Λ directly corresponds

to a symbolic term in the canonical way.

Symbolic Values It is worth to study symbolic values in some more detail. As sample

variables are taken in for real-valued numerals, whenever we resolve a sample statement, we

can no longer evaluate primitive functions as some of the arguments may be sample variables.

A function symbol f applied to arguments, therefore, does not evaluate to the function value

but instead we postpone the evaluation and use the symbolic construct f . In particular, a

(closed) symbolic value of type R is no longer always a numeral. We can view f as a function

evaluation that is postponed. If we fix the value of the sample variables, a symbolic value,

therefore, does again denotes a real number: Let V be a symbolic value of type R (no λ or µ-

abstraction) with sample-variables within {α0, · · · , αm−1}. We can view a vector σ ∈ Rm[0,1] as
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[
(λx.M)V, κ, n

∆

]
sym−−→

[
M[V/x], κ, n

∆

] [
score(V), κ, n

∆

]
sym−−→

[
V, κ, n

∆ ∪ {V ≥ 0}

]
[
(µϕx .M)V, κ, n

∆

]
sym−−→

[
M[V/x, (µϕx .M)/ϕ], κ, n

∆

] [
sample, κ, n

∆

]
sym−−→

[
αn, κ, n+ 1

∆

]
[
if(V,N,P),L :: κ, n

∆

]
sym−−→

[
N, κ, n

∆ ∪ {V ≤ 0}

] [
if(V,N,P),R :: κ, n

∆

]
sym−−→

[
P, κ, n

∆ ∪ {V > 0}

]

[
f(V1, · · · ,V|f |), κ, n

∆

]
sym−−→

[
f (V1, · · · ,V|f |), κ, n

∆

]
[
R, κ, n

∆

]
sym−−→

[
M, κ′, n′

∆′

]
[
E[R], κ, n

∆

]
sym−−→

[
E[M], κ′, n′

∆′

]

Figure 4.4: Small-step reduction for symbolic terms (symbolic execution).

a substitution and define V[σ] ∈ R in the obvious way by substituting in values and evaluating

primitive functions. Given A ⊆ R we define V−1(A) , {σ ∈ Rm[0,1] | V[σ] ∈ A}.

Symbolic Inequality We define a symbolic inequality as pairs of the from (V ./ r) where

V is a symbolic value, ./ ∈ {≤, <,≥, >} and r ∈ R. A symbolic constraint ∆ is a set

of symbolic inequalities. Given a symbolic constraint ∆ = {(Vi ./i ri)}i∈[n] with sample

variables contained within α0, · · · , αm−1 we can define

Satm(∆) , {σ ∈ Rm[0,1] | ∀i ∈ [n] : Vi[σ] ./i ri}

We can see every σ ∈ Satm(∆) also as an element in Sm, i.e., a standard trace of length m.

Symbolic Execution We now give an operational small-step semantics to symbolic terms.

This symbolic execution closely corresponds to reduction in the standard (CbV) semantics

with the exception that every sample-statement is resolved by a sample variable. Symbolic

redexes and evaluation contexts are defined as expected:

R , (λx.M)V | (µϕx .M)V | if(V,N,P) | f(V1, · · · ,V|f |) | sample | score(V)

E , [·] | EM | (λy.M)E | (µϕx .M)E | if(E,N,P) | f(V1, · · · ,Vk−1,E,Mk+1, · · · ,M|f |) | score(E)

Symbolic Configuration A symbolic configuration has the from
[
M, κ, n

∆

]
where M is a

symbolic term, κ ∈ D∗ a sequence of directions n ∈ N a natural number and ∆ a symbolic

constraint. The conditional oracle κ is used to resolve branching. During execution the
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constraints that a trace needs to satisfy to actually follow κ are recorded in the constraint

∆. The natural number in each configuration references the number of sample variables that

have already been substituted. We define the symbolic small-step reduction relation
sym−−→ via

the rules in Fig. 4.4. Note we do not need to evaluate the symbolic value when we encounter

a conditional as we can simply rely on the branching information given by the sequence of

direction κ. Constraints are only added when resolving a conditional or a score-construct.

Remark: The symbolic execution we present here differs (especially on first glance)

from the one used in [Mak et al. 2021]. In their semantics, a symbolic configuration at all

times contains a set of traces that can take this path. In contrast, we annotate a symbolic

configuration with an explicit set of symbolic inequalities. As we fixed the outcomes of

conditionals beforehand our reductions is deterministic.

We can show the following correspondence theorem:

Proposition 4.9 (Symbolic Execution): For any term M . If κ ∈ D∗ and there exist
V, n,∆ (If they exists, they are unique) such that[

M,κ, 0

∅

]
sym−−→∗

[
V, ε, n

∆

]

then Satn(∆) = T(κ)
M,term otherwise T(κ)

M,term = ∅.

Proof The proof is analogous to the proof in [Mak et al. 2021, Theorem 13]. Every

symbolic configuration
[
M, κ, n

∆

]
can be seen as the pair ⟪M, ,Satn(∆)⟫ in the setting of

Mak et al. when we omit the weight parameter (denoted by ).

Example 4.10: Consider M , if sample+sample−1 thenx else
(
if 0 then 3 else 4

)
.

The reduction sequence starting at
[
M,RL, 0

∅

]
is the following:

[
M,RL, 0

∅

]
sym−−→

[
if α0 + sample− 1 thenx else

(
if 0 then 3 else 4

)
,RL, 1

∅

]
sym−−→

[
if α0 + α1 − 1 thenx else

(
if 0 then 3 else 4

)
,RL, 2

∅

]
sym−−→2

[
if α0 +α1−1 thenx else

(
if 0 then 3 else 4

)
,RL, 2

∅

]
sym−−→

[
if 0 then sample else 4,L, 2

{α0 +α1−1 > 0}

]
sym−−→

[
3, ε, 2

{α0 +α1−1 > 0, 0 ≤ 0}

]

And the solution Sat2 of the symbolic constraint ∆ , {α0 +α1−1 > 0, 0 ≤ 0} is the set

{s0s1 ∈ S2 | s0 + s1 > 1} which is exactly the set T(RL)
M,term as stated in Prop. 4.9.
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4.5 Completeness

Interval Separable Functions We have previously restricted the primitive functions to in-

terval preserving functions to allow interval-based reasoning. For the interval-based semantics

to be complete we require a further restriction that is, as before, satisfied by most interesting

functions. For two measurable sets A,B ⊆ Rm, we say that A is almost-surely fully contained

in B, written A b B, if A ⊆ B and λm(B \A) = 04.

Definition 4.11: A function f : Rn → R is called interval separable if for every interval

[a, b] ∈ I, the set f−1([a, b]) ⊆ Rn can be written almost as the countable union of boxes

in Rn. I.e., there exists a family of boxes {Bi}i∈N with Bi ⊆ Rn such that ∪iBi b f−1(I).

The set of interval separable functions is very broad. Most interesting functions such as +, ∗,
exp, etc. are interval separable. As we have done for interval preserving functions we can define

the rational variant of interval separability (Q-interval separable) where for every [a, b] ∈ IQ

there exists a family of boxes {Bi}i∈N with rational endpoints, s.t., ∪iBi b f−1([a, b]). We

can give the following sufficient (but not necessary) criterion for f being interval separable.

Lemma 4.12 : If f : Rn → R is continuous and for every y ∈ R, f−1({y}) is a Lebesgue

Null-set then f is Q-interval separable.

Proof Let I = [a, b] be an interval as in the definition of interval separable. We have

f−1([a, b]) = f−1((a, b)) ∪ f−1({a}) ∪ f−1({b}). By assumption f−1({a}) and f−1({b})
are null-sets. As f is continuous and (a, b) is an open set we get that f−1(a, b) is an

open set. A well know result in Rn is that every open-set can be covered exactly by a

countable number of boxes that have rational endpoints. So there are boxes B1, B2, · · ·
(with rational endpoints) such that ∪iBi = f−1(a, b).

The criterion of Lemma 4.12 is only sufficient and not necessary. We can extended it further

and cover all continuous functions f where Rn can be partitioned in countable boxes on all

of which f is either constant or the preimage is a null-set as before.

Incompleteness of Interval-Based Reasoning Ideally, one would hope that every con-

tinuous function is interval separable. Unfortunately, this is not true, even in the case of

n = 1. Let C ⊆ R be any Smith–Volterra–Cantor set, i.e., a set that has positive Lebesgue

measure but is nowhere dense, i.e., there is no [a, b] (a < b) with [a, b] ∈ C. Note that C is

a closed set. Now construct function fC : R → R by fC(x) = d(x,C) where d(x,C) denotes

the distance of x to the nearest point in C. As C is closed the function is well defined and

furthermore it is easy to see that the roots of fC coincide with C. fC is obviously continuous.

But f−1
C ([−1, 0]) = C and C is has positive measure so fC is obviously not interval separable.

4Note that B \A is measurable as it can be written as the intersection of B and the complement of A.
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Remark: This observation does not only provide the theoretical insight that not every

continuous function is interval separable but also a concrete SPCF example where interval-

based reasoning is incomplete. Consider the term M , if fc(sample) then 0 else 1 where

fC is the function constructed earlier. This term is clearly AST. In the interval-based

semantics, we can, however, never derive a termination probability of more than 1−λ(C) <

1 as we can find no interval trace taking the left branch.

Completeness Proof We are now in a position to prove the statement we have been

working towards. We assume the primitive functions to be interval separable. We begin with

the following:

Lemma 4.13 : If V is a symbolic value of type R with sample variables among

{α0, · · · , αm−1} and [a, b] ∈ I an interval then there exists a countable family of boxes

{Bi}i∈I (Bi ⊆ Rm[0,1]) such that
⋃
iBi b V−1([a, b]).

Proof The proof goes by induction on the structure of V. In the case of αj and r it is

trivial. In the case of symbolic function application, we perform induction and use the

fact that the countable product of a countable set is itself countable. The detailed proof

can be found in the appendix: A

A further observation we make is that even if two boxes in Rn are not almost disjoint we can

split into finite pairwise almost disjoint boxes covering the same set of points.

Lemma 4.14 : If A,B are two boxes in Rm then there exist finite boxes {Ci}i∈[n] that

are pairwise almost disjoint and satisfy A ∪B =
⋃
iCi.

We can now turn to our initial proof objective:

Theorem 2 (Completeness of the Interval Semantics): For every M there exists

a countable set of pairwise compatible interval traces A ⊆ TI
M2I,term

such that

ω(A) = Pterm(M)�
∞∑
n=0

(
1− ω

(
{℘ ∈ A | #℘

↓ (M
2I) ≤ n}

))
= Eterm(M)�

If M is AST the second equation simplifies to EM2I
(A) = Eterm(M).

Proof We can naturally identify traces in Sm with elements in Rm[0,1]. The definition of

almost-surely fully contained, b, naturally extends to traces. Fix any κ ∈ D∗. In the first

step, we show that there exists a countable family of boxes {Bl}l∈I (Bl ⊆ Rm[0,1]) such that⋃
l∈I Bl b T(κ)

M,term.

First: There either exists a value V a natural number m and constraint ∆ (all of them

unique) such that
[
M, κ, 0

∅

]
sym−−→

∗
[
V, ε,m

∆

]
or there exists none. In either case, we apply
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Prop. 4.9. In the latter case, we are done as T(κ)
M,term = ∅. In the former case, we get

Satm(∆) = T(κ)
M,term. Note that T(κ)

M,term ⊆ Sm. Let ∆ = {(Vi ./i ri)}i∈[n]. Now by

definition of Satm, Satm(∆) = {σ ∈ Rm[0,1] | ∀i ∈ [n] : Vi[σ] ./i ri}. We can write this as⋂
i∈[n] V

−1
i (Ii) where Ii is one of (ri,∞), [ri,∞), (−∞, ri) or (−∞, ri] depending on ./i.

As all of these sets can be given as a countable union of closed bounded intervals, we can

apply Lem. 4.13 and get a family (Bi
k)k∈Ii such that

⋃
k∈Ii B

i
k b V−1

i (Ii). Now the finite

intersection of countable unions of boxes is itself a countable union of boxes (refer to the

proof of Lem. 4.13). There thus exists a family (Bl)l∈I with
⋃
l∈I Bl b ∩i∈[n]V

−1
i (Ii) =

T(κ)
M,term.

Second: So
⋃
l∈I Bl b T(κ)

M,term. By Lem. 4.14 we can assume that this family is pairwise

almost disjoint. Now each box Bl ⊆ Rm[0,1] can naturally be seen as an interval trace within

SmI . Let A(κ) be this set of interval traces. As the boxes are pairwise almost disjoint the

traces are pairwise compatible. For each ℘ ∈ A(κ) we have L℘ M ∈ T(κ)
M,term so by Lem. 4.7

we get that ℘ ∈ TI
M2I,term

. So A(κ) ⊆ TI
M2I,term

. As the set of conditional oracles D∗ is

countable we can take the union of all interval traces A(κ) for all κ ∈ D∗. There thus

exists a countable set of interval traces A ⊆ TI
M2I,term

such that
⋃
℘∈AL℘ M b TM,term.

This already implies that ω(A) = µS
(
TM,term

)
. For the expected time to termination

recall that for all s ∈ L℘ M, #℘
↓ (M

2I) = #s
↓(M).

Our completeness result (combined with soundness) allows us to reason entirely in the interval-

based semantics. Interval-based reasoning is particularly well suited to derive lower bounds

on the probability of termination. For an interval term M we define Pterm(M) as the least

upper bound of ω(A) for all A ⊆ TI
M,term that are finite and pairwise compatible and smi-

larly for Eterm(M). Then soundness and completeness give us Pterm(M) = Pterm(M2I) and

Eterm(M) = Eterm(M2I) As we only need to consider countable sets of interval traces this has

some interesting recursion-theoretical consequence which we discuss in the next section.

4.6 AST and PAST in the Arithmetic Hierarchy

If we only consider functions that are Q-interval preserving and Q-interval separable we can

restrict the previous reasoning to intervals and boxes with rational endpoint. So for any term

whose numerals are all rational, we get a countable set A of pairwise compatible interval

traces traces with rational endpoints such that A ⊆ TI
M2I,term

and ω(A) = Pterm(M). We can,

therefore, deduce the following5:

5In the following, computability of a primitive function f should not only be understood as pointwise
computability of the value of f but also computability of f̂ .
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Theorem 3 (Complexity of AST and PAST): Let the set of primitive functions be

Q-interval preserving, Q-interval separable and computable. For any term containing only

rational numerals, deciding AST is in Π0
2 and deciding PAST is in Σ0

2. If the successors

function +1 is constructable using the primitive functions, deciding AST is Π0
2-complete

and deciding PAST is Π0
2-complete.

Proof Let A ranges over finite sets of interval traces with rational endpoints. We can

express M being AST by the following ∀∃-formula (c.f [Kaminski and Katoen 2015]):

∀ε > 0 ∈ Q : ∃A : A p.c. ∧A ⊆ TI
M2I,term ∧ ω(A) ≥ 1− ε

We can express that M is PAST by the ∃∀-formula:

∃c ∈ Q : ∀m ∈ N : ∀A :
(
A p.c. ∧A ⊆ TI

M2I,term

)
⇒

m∑
i=0

(
1− ω

(
{℘ ∈ A | #℘

↓ (M2I) ≤ i}
))
≤ c

The hardness results follows from [Kaminski and Katoen 2015].

In particular, note that this includes all programs using addition and multiplication. This

gives a, to the best of our knowledge first, proof that both of these decision problems belong

to the same level of the arithmetic hierarchy as for discrete languages.

Remark: In this chapter we explicitly worked with a CbV reduction. It is, however, not

hard to see, that the exact reasoning can also be applied in a Call by Name setting.

We have argued (and Thm. 3 can be seen as evidence for that) that the interval-based

semantics is an intriguing object of study and useful for many applications. It is somewhat

surprising, that despite the continuous nature of SPCF, in the end we can reason about

a countable number of traces. While we have seen that interval-based semantics is well

suited to reason about programs, our counterexample constructed from the Cantor-set

shows that interval-based methods are incomplete in the presence of arbitrary primitive

functions. This is not surprising, as the restriction to a countable number must come

at a price. We do, however, believe, that the set of primitive functions that guarantee

completeness of the interval-based semantics include most useful functions (c.f. Lem. 4.2

and Lem. 4.12). An interesting direction for future work is to find different representation

of uncountable sets in finite space (we have used intervals) such that function application

is stable under the abstract representation (c.f. Lem. 4.2) and thereby support a larger

(or just different) class of primitive functions.



Chapter 5

Intersection Type System

This chapter is devoted to study SPCF by means of intersection type derivations. Follow-

ing Breuvart and Lago [2018], who established a complete intersection type system for the

probabilistic (discrete) untyped λ-calculus, we aim to derive an extended system for SPCF.

This has many advantages: first, a type system gives us a compositional way of reasoning

about termination that is not phrased in an operational style but derived by structural in-

duction on the program. A second advantage is that we present a type system where pairwise

compatibility is “baked in”: in the interval-based semantics, checking traces for pairwise

compatibility is crucial to ensuring that the same standard trace is not account for twice.

At the same time it is cumbersome to check any newly derived trace for compatibility. In

our intersection type system, the probability of termination is obtained as the least upper

bound of all derivations without having to check for side conditions such as compatibility.

Our system builds upon the new interval-based semantics, in order to characterise AST by a

countable number of derivations. Our system therefore operates on interval terms. We can

always consider the canonical embedding M2I to reason about standard terms.

The Structure of this Chapter We begin this chapter by giving a very brief overview

on intersection types in a deterministic (untyped) language. Following this, we outline some

of the concepts needed to design an intersection system for a typed language with explicit

recursion (mostly following [Ehrhard et al. 2014]). Afterwards we summarize some of the

approaches and results of intersection types in a probabilistic setting [Breuvart and Lago

2018]. We then present the intersection type system and show it correct: the least upper

bound over all derivations equals the probability of termination.

35
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5.1 Background on Intersection Types

Intersection types are best understood in the untyped λ-calculus. It is well known (due to Tait)

that if we endow the λ-calculus with a simple type system (see e.g. [Barendregt 1985]), the

typeable terms are strongly normalising. Simple types are, however, far from complete for this

class as not every normalising term is simply typeable. On the other hand, intersection types

are a more expressive type system that cannot only ensure normalization, but characterise it:

A term is typeable if and only if it is normalising. Intersection types thus offer a compositional

system that can characterise properties that are defined via the operational behavior. The

idea of intersection types is to summarize multiple types into an intersection, a set of types.

Such a set of types can be seen as “having all types in that set”. For an excellent overview on

(non-idempotent) intersection type system that can characterize termination under different

reduction relations see [Bucciarelli et al. 2017].

5.2 Intersection Types, Recursion and Conditionals

Intersection types are typically associated with languages similar to the untyped λ-calculus.

For languages with an explicit recursion operator, such as SPCF, they do not seem as useful.

For instance, SPCF is equipped with a simple type system but not every simply typed term

is also terminating. It turns out, that intersection types are nevertheless applicable for such

languages. But this comes with a cost: a desirable property of type systems is that they

are purely compositional, meaning that in each rule the terms appearing in the premise are

strict subterms of the term being typed in the conclusion. This does even hold for powerful

intersection type systems in the λ-calculus1.

In a language with explicit recursion, this is no longer possible. To type a fixpoint, we

already require a derivation for the fixpoint itself. For an example of an intersection type

system for a typed language (a variant of PCF) we refer to [Ehrhard et al. 2014, §5.1]. The

reader should explicitly pay attention to the rule for fixpoints in the system of Ehrhard et al.

that is not purely compositional. Apart from explicit recursion, conditionals pose a further

obstacle. Any type system that characterises termination must handle branching efficiently.

In particular, in the type derivation the decision which branch to type must be derivable from

the type of the condition. This does, inevitable, require us to encode semantic information

within types itself. If we for instance consider the types used in the PCF system by Ehrhard

1Even though the rules for intersection type systems are compositional, the size of a type derivation (defined
e.g. in terms of symbols) is not bounded by the size of the term. There actually is an interesting correspondence
between the size of a type derivation and the number of reduction steps ([de Carvalho 2018]). In [Bucciarelli
et al. 2017], various properties about intersection types systems are based purely on an inductive argument on
the size of a type derivation.
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et al. [2014], they encoded natural numbers within the types, since natural numbers are the

first-order datatype on which their language operates.

5.3 Intersection Types for a Probabilistic Language

In the untyped λ-calculus, termination (normalization) is one of the most studied problems.

As seen above, intersection type system are not only able to guarantee termination but also

enjoy a completeness property, they characterise termination entirely. The natural question

is whether this intriguing completeness does carry over to a probabilistic language where

termination is usually understood as Almost-sure Termination.

Due to the intrinsic hardness of checking for AST (namely the Π0
2-hardness shown by

[Kaminski and Katoen 2015]), we cannot hope for a semi-decidable type system where a

term is typeable if and only if it is AST. Every reasonable type system that is both sound

and complete must inherit the hardness of checking AST. Recently, a first formal study of

intersection types in probabilistic setting has been conducted by [Breuvart and Lago 2018].

They showed that intersection types can achieve similar completeness guarantees with respect

to AST as they can for termination in a non-probabilistic setting. Due to the recursion-

theoretical restrictions it is, however, not possible to obtain the probability of termination

from a single type derivation but by countably many such. In their work, they considered

two different approaches to the problem: In the first, they called oracle types, the probability

of termination is achieved by taking the countable sum over all possible type derivations

(weighted in an appropriate way). In the second approach, called monadic, the probability of

termination is given as the least upper bound of all derivations. In their work, they considered

the untyped λ-calculus with a binary probabilistic choice⊕. Evaluation can be seen as a binary

tree where each node corresponds to probabilistic decision. In the oracle approach, each type

derivation corresponds to a probabilistic path leading to a value. In the monadic approach,

each derivation can summarize multiple such paths. The situation is depicted in Fig. 5.1.

5.4 Intersection Type System For SPCF

The system we present here conceptually lies in between both approaches. On the one hand,

our system relies on the idea of identifying terminating traces via type derivations and in that

regard is similar to the oracle approach by Breuvart and Lago. On the other hand, as we

summarize multiple traces, the probability of termination equals the least upper bound over

all derivation, similar to their monadic system.

The profound difference between CbN and CbV evaluation has a direct impact on the
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V W

...
...

V W

...
...

(a) Oracle Approach

V W

...
...

(b) Monadic Approach

Figure 5.1: Visual representation of the Oracle vs Monadic Intersection Type approach by
Breuvart and Lago. In the oracle system, each type derivation identifies a terminating path. In
the monadic system, a single type derivation can combine the weight of multiple derivations..
Picture is inspired by Breuvart and Lago [2018]

(λx.M)N →detM[N/x] (µϕx .M)N →detM[N/x, (µϕx .M)/ϕ]

f
(
[a1, b1], · · · , [a|f |, b|f |]

)
→det f̂(a1, b1, · · · , a|f |, b|f |)

a ≥ 0

score([a, b])→det [a, b]

b ≤ 0

if([a, b],N ,P)→det N
a > 0

if([a, b],N ,P)→det P
R →detM

E [R]→det E [M]

sample→[a,b] [a, b]

R →[a,b]M
E [R]→[a,b] E [M]

Figure 5.2: Decomposed reduction into deterministic steps→det and probabilistic steps→[a,b]

typing systems. As already noted in [Breuvart and Lago 2018; Ehrhard et al. 2014], CbN

systems are in general easier to handle in a compositional style. We, therefore, present a type

system for CbN.

Decomposed Reduction The interval-based semantics is defined as a reduction relation of

terms parametrized by an interval trace. To state properties of the type system it is actually

easiest to decompose this reduction relation. A relation →det, handling deterministic steps,

and a relation→[a,b] for [a, b] ∈ I0,1 performing probabilistic steps. Those relations are defined

in Fig. 5.2. Note that the evaluation contexts are Call by Name contexts.

While our type system is designed such that the least upper bound over all derivation equals
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the probability of termination and thus looks very similar to the monadic system in Breuvart

and Lago [2018], we have to approach on an entirely different way. The system by Breuvart

and Lago relies on the countable nature of the execution tree and can state subject reduction

by taking the weighted (finite) sum over the reduction relation. Due to the uncountable nature

of SPCF, we can not follow this approach. Instead, in our system we allow for enumeration

of terminating interval traces and make use of the soundness and completeness of the interval

based semantics shown in Ch. 4.

Set Types We define set types by the following grammar:

α , [a, b] | a→ A

A ,
⦃

(α1, ℘1, τ1), · · · , (αm, ℘m, τm)
⦄

a ,
{
A1, · · · ,An

}
where each ℘i is an interval trace and τi a natural number. We refer to elements a as

intersections and A as set types. We denote set types with a different symbol
⦃

·
⦄

to make

differentiation easier, but treat
⦃

·
⦄

as a set of elements. The simplest type in our system

is given by ? , ∅ → ∅. Note that we allow intervals as first-order types and, therefore, give

types itself a semantic flavour. As discussed before this is needed to type conditionals. For a

set type A =
⦃

(α1, ℘1, τ1), · · · , (αn, ℘n, τn)
⦄

we write A(↑℘,τ) for the set type
⦃

(α1, ℘℘1, τ1 +

τ), · · · , (αn, ℘℘n, τn + τ)
⦄

, i.e., the set obtained by appending ℘ to every trace and add τ to

every count.

Type System Typing judgments are of the form Γ ` M : A and given by the rules in

Fig. 5.3. As an intuition the following is helpful: If ` M :
⦃

(α1, ℘1, τ1), · · · , (αm, ℘m, τm)
⦄

then ℘i are all terminating traces for M on which exactly τi steps are made until a value

is reached. We advise the reader to compare this system with the monadic system given in

[Breuvart and Lago 2018, §6.1]. We briefly discuss some of the interesting rules: the rule for

abstractions is similar to the one in [Breuvart and Lago 2018] and the one for fixpoints builds

on the observations made by [Ehrhard et al. 2014]. In particular, note that in order to type a

fixpoint where the recursive abstraction has a non-empty intersection (called b in the typing

rule) we need to type the fixpoint itself. When combined with (
⦃⦄

) we can type every λ- or

µ-abstraction with set type
⦃

?, ε, 0
⦄

. The (app) rule is closely related to [Breuvart and Lago

2018]. We note that the type of the term in the function (left) position fully determines the

type of the application. This matches the intuition of CbN where the arguments are passed

unevaluated. The (sample) -rule is particularly interesting. We can type a sample-statement

with an arbitrary number of (one-element) interval traces as long as those traces are pairwise
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A ∈ a
(var)

Γ;x : a ` x : A
(⦃⦄)

Γ ` M :
⦃⦄

Γ;x : a ` M : A
(abs)

Γ ` λx.M :
⦃

(a→ A, ε, 0)
⦄

Γ;x : a;ϕ : b ` M : A
{

Γ ` µϕx .M : B | ∀B ∈ b
}

(fix)

Γ ` µϕx .M :
⦃

(a→ A, ε, 0)
⦄

Γ ` M : A {Γ ` N : C | ∀(b→ B, ℘, τ) ∈ A, C ∈ b}
(app)

Γ ` MN :
⋃

(b→B,℘,τ)∈A
B(↑℘,τ+1)

(num)

Γ ` [a, b] :
⦃

([a, b], ε, 0)
⦄

{[ai, bi]}i∈[n] are almost disjoint
(sample)

Γ ` sample :
⦃

([ai, bi], [ai, bi], 1) | i ∈ [n]
⦄

Γ ` M : A
(score)

Γ ` score(M) :
⦃

([a, b], ℘, τ + 1) | ([a, b], ℘, τ) ∈ A, a ≥ 0
⦄

Γ ` M : A
{Γ ` N : B([a,b],℘,τ) | ([a, b], ℘, τ) ∈ A, b ≤ 0}
{Γ ` P : C([a,b],℘,τ) | ([a, b], ℘, τ) ∈ A, a > 0}

(if)

Γ ` if(M,N ,P) :
⋃

([a,b],℘,τ)∈A|b≤0
B(↑℘,τ+1)
([a,b],℘,τ) ∪

⋃
([a,b],℘,τ)∈A|a>0

C(↑℘,τ+1)
([a,b],℘,τ)

Γ ` M : A {Γ ` N : B([a,b],℘,τ) | ([a, b], ℘, τ) ∈ A}
(f2)

Γ ` f(M,N ) :
⋃

([a,b],℘,τ)

⋃
([c,d],℘′,τ ′)∈B([a,b],℘,τ)

⦃

(f̂(a, b, c, d), ℘℘′, τ + τ ′ + 1)
⦄

Figure 5.3: Intersection Type System for SPCF.

compatible. The (if) -rule for conditionals looks intimating at first. However, the subscript

([a, b], ℘, τ) for each set type is simply used as an index, i.e., if Γ ` M : A we can combine a

different type derivation for every element in A. Similar for the rules for primitive functions.

We restricted to primitive functions with two arguments; however, the rules can easily be

extended to handle higher arity. We omitted the general rule as it is gets chaotic. As a first

easy result we can show:

Lemma 5.1 : If ` M : A and B ⊆ A then ` M : B

Proof Easy induction on ` M : A.
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We now proof our type system correct and show that it actually matches the intuition given

above. We show that if ` M :
⦃

(α1, ℘1, τ1), · · · , (αm, ℘m, τm)
⦄

then ever ℘i ∈ TI
M,term and

furthermore τi = #℘i
↓ (M), i.e., τi gives the number of steps. This will later allow us to not

only characterise AST but also PAST.

5.4.1 Subject Reduction and Soundness

We begin by stating a standard result for type systems: subject reduction. Informally it reads

that type derivations are preserved under reduction steps. In our setting, the τ component

gives the number of steps to termination. Matching this intuition, the τ decrease by 1 in each

step. Furthermore as each ℘ is a terminating trace, each probabilistic reduction consumes the

first element. Note that stating subject reduction is easier by using the decomposed semantics.

Lemma 5.2 (Subject Reduction): If ` M :
⦃

(α, ℘, τ)
⦄

and M is not a value, then

either

� M has a deterministic redex and M→detM′ and ` M′ :
⦃

(α, ℘, τ − 1)
⦄

, or

� M has a probabilistic redex then ℘ = [a, b]℘′ and we have M→[a,b] M′ and ` M′ :
⦃

(α, ℘′, τ − 1)
⦄

Proof The proof then goes by induction on ` M :
⦃

(α, ℘, τ)
⦄

, a substitution lemma and

analysis of the typing rules. A proof can be found in the appendix: B.

Note that in general, not being a value does not mean that a reduction step can take place

as our reduction does not enjoy progress. According to Lem. 5.2 typeable with a non-empty

set type, does however guarantee progress, i.e., either being a value or making a reduction

step. Using subject reduction we can now show that each type derivation does indeed identify

terminating interval traces and gives the number of reduction steps for each. Note that due

to the step count, which we use to characterise PAST, we can show this without taking the

typical route and construct reducibility candidates.

Lemma 5.3 : If ` M :
⦃

(αi, ℘i, τi) | i ∈ [n]
⦄

then ℘i ∈ TI
M,term and #℘i

↓ (M) = τi for

all i ∈ [n]

Proof We show the easier observation that if ` M :
⦃

α, ℘, τ
⦄

, then ℘ ∈ TI
℘,term and

#℘
↓ (M) = τ . The result then follows by Lem. 5.1 as we get ` M :

⦃

αi, ℘i, τi
⦄

for every

i ∈ [n].

As an easy corollary from Subject reduction (Lem. 5.2) combined with the obvious proper-

ties of the decomposed semantics, we get that if ` M :
⦃

(α, ℘, τ)
⦄

and 〈M, ℘〉; 〈M′, ℘′〉
we have ` M′ :

⦃

(α, ℘′, τ − 1)
⦄

. Call this observation (1).
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We first show ℘ ∈ TI
M,term. Let 〈M,℘〉 , 〈M0, ℘0〉 ; 〈M1, ℘1〉 ; 〈M2, ℘2〉 ; · · · be

the possibly infinite reduction sequence. From (1) we get ` Mi :
⦃

(α, ℘i, τ − i)
⦄

. The

sequence can thus make at most τ -steps and is hence finite. Let 〈M, ℘〉 = 〈M0, ℘0〉 ;
〈M1, ℘1〉 ; 〈M2, ℘2〉 ; · · · ; 〈Mn, ℘n〉 be this finite, maximal sequence. We assume

for contraction that Mn is not a value. As ` Mn :
⦃

(α, ℘n, τ − n)
⦄

we can use subject

reduction (Lem. 5.2) and get that 〈Mn, ℘n〉 can make a further step which contradicts

the maximality. Now as Mn is a value, we can inspect the typing rules and get that

℘n = ε as values can only be typed with an empty interval trace. This already shows that

℘ ∈ TI
M,term.

Now by definition of the number of steps #℘
↓ (M) = n. As Mn is a value and ` Mn :

⦃

(α, ℘n, τ − n)
⦄

we get by inspection that τ − n = 0, so τ = n = #℘
↓ (M).

As each type derivations identifies terminating traces, and, by construction, the interval traces

used in the (sample) are pairwise compatible, we can infer the following:

Lemma 5.4 (Pairwise Compatibility): If ` M :
⦃

(αi, ℘i, τi) | i ∈ [n]
⦄

then {℘i}i
are pairwise compatible.

Proof By induction onM using the fact that two terminating, compatible interval traces

can never become non-compatible by appending arbitrary traces. A full proof can be

found in the appendix: B.

We argued that if ` M :
⦃

(αi, ℘i, τi) | i ∈ [n]
⦄

, A then each ℘i is terminating and the

family is pairwise compatible. Every set type A thus gives an immediate lower bound on the

probability of termination. At the same time, as τi equals the number of reduction steps, A
can be given a natural notion of expectation. To formalize this we define:

ω(
⦃

(αi, ℘i, τi) | i ∈ [n]
⦄

) ,
∑
i∈[n]

ω(℘i)� E(
⦃

(αi, ℘i, τi) | i ∈ [n]
⦄

) ,
∑
i∈[n]

ω(℘i) · τi�

Note that both quantities are defined purely in terms of the type itself and do not refer

to a concrete term. ω(A) gives the joint probability of an set type while E(A) uses the τ -

component to define an expectation. We can now state the soundness of the type system. We

denote the least upper bound over a set of real numbers
∨

. Recall that if a sequence (an)n∈N

satisfies an ≤ b then also
∨
n an ≤ b as b is a trivial upper bound2.

Proposition 5.5 (Soundness): For every interval term M and M /M∨
`M:A

ω(A) ≤ Pterm(M)�
∨
`M:A

E(A) ≤ Eterm(M)�

2Note, that this does not hold if we replace ≤ with the strict version <.
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Proof Assume ` M : A and A =
⦃

(αi, ℘i, τi) | i ∈ [n]
⦄

. By Lem. 5.3 each ℘i ∈ TI
M,term.

Furthermore, by Lem. 5.4 the interval traces are pairwise compatible. By the Soundness

of the interval-based semantics (Thm. 1) we, therefore, conclude that

ω(A) ≤ Pterm(M)

For the second claim we can again use Thm. 1 and the fact that τi = #℘i
↓ (M) (shown in

Lem. 5.3) and get

E(A) ≤ Eterm(M)

As this holds for all ` M : A it also holds for the least upper bound.

5.4.2 Subject Expansion and Completeness

Each derivation ` M : A gives a lower bound on the probability of termination. We now

show that least upper bound over all derivations equals the probability of termination, i.e., the

completeness of our type system. We begin by showing a property that most intersection type

systems enjoy: subject expansion. Informally it reads that typing judgments are preserved in

the reverse reduction direction. While a term can reduce to multiple different terms due to

the probabilistic nature, we show that the typing derivations for each obtained successor can

be combined into a derivation for the original term as long as the reductions took place on

pairwise almost disjoint intervals.

Lemma 5.6 (Subject Expansion):

� If ` M : A and N →detM then ` N : A(↑ε,1)

� If ` Mi : Ai and N →[ai,bi] Mi where {[ai, bi]}i are almost disjoint then

` N :
⋃
iA

(↑[ai,bi],1)
i

Proof We first show reverse substitution. The proof then follows by induction. In the

probabilistic case, we make use of the fact that in the rules (if) and (f2) we can combine

individual derivations. The proof can be found in the appendix: B.

Näıve Attempt on Completeness: We have seen in the soundness proof that if ` M :
⦃

(αi, ℘i, τi) | i ∈ [n]
⦄

each ℘i is a terminating trace. For completeness we would like to

reverse that process and show that any pairwise compatible set of traces can be achieved via

a type derivations: That is, if {℘i | i ∈ [n]} ⊆ TI
M,term are pairwise compatible then

` M :
⦃

(αi, ℘i,#
℘i
↓ (M)) | i ∈ [n]

⦄
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℘1(0)

℘2(0)

℘3(0)

[a1, b1]

[a2, b2]

[a3, b3]

[a4, b4]

[a5, b5]

Figure 5.4: Visualisation of how to split intervals
into unions of almost disjoint intervals as required
in Lem. 5.8. The three top interval should be split
into finite unions of intervals drawn from a fam-
ily that is pairwise almost disjoint. We can split
at every overlapping end position and obtain the 5
intervals given in blue. Clearly they are pairwise
almost disjoint and each of the intervals above can
be obtained as a finite union of blue intervals.

for some types {αi}i∈[n]. This would immediately give us a completeness theorem as the

interval-based semantics is itself complete. However, the above does not hold.

Example 5.7: As an example consider the following simple term: M , if
(
sample −

1
2 , sample, 0

)2I
Then the two interval traces ℘1 , [0, 1

2 ][0, 1
2 ], ℘2 , [0, 1

3 ][1
2 , 1] are clearly

compatible but cannot be typed with the above system. The interested reader is advised

to try find a typing derivation.

Strong Pairwise Compatibility To show completeness, we need to introduce the new

concept of strong compatibility. We call ℘1, ℘2 strongly compatible if ℘1 ] ℘2 is derivable by

the following rules

ε ] [a, b]℘ [a, b]℘ ] ε
℘1 ] ℘2

[a, b]℘1 ] [a, b]℘2

[a, b], [c, d] are almost disjoint

[a, b]℘1 ] [c, d]℘2

Strongly compatible traces are either pairwise almost disjoint in the first position or agree on

the first position and the remainder is also strongly compatible. If two traces are strongly

compatible they can thus share a common, identical prefix but must be pairwise almost disjoint

at the first position where they differ. Clearly every strongly compatible pair of interval traces

is also compatible but not the other way around. As an example the two traces in Ex. 5.7 are

compatible but not strongly compatible. We can show the following:

Lemma 5.8 : If {℘i | i ∈ [n]} ⊆ SI then there exists interval traces {℘′j | j ∈ [m]} ⊆ SI
that are pairwise strongly compatible with

⋃
i∈[n]L℘i M =

⋃
j∈[m]L℘

′
j M and for each j ∈ [m],

L℘′j M ⊆ L℘i M for some i ∈ [n].

Proof We can give a constructive proof: We first analyse {℘i(0)}i∈[n], i.e., the interval

at the first position. Clearly there exists intervals {[ak, bk]}k∈K for a finite K that are

all pairwise almost disjoint such that for each i there is a set Ki ⊆ K with ℘i(0) =⋃
k∈Ki [ak, bk]. This holds as we can always partition at overlapping position as visualised

in Fig. 5.4. We can thus replace every ℘i with |Ki| many interval traces by replacing the



5. Intersection Type System 45

first interval with the intervals in [ak, bk] from k ∈ Ki. The resulting set of standard traces

agrees with the one we started from. The first position of those traces are either pairwise

identical or almost disjoint as required by the definition of strong compatibility. For all

traces that are identical on the first position we can proceed inductively.

if
(
sample− 1

2
, sample, 0

){
[0, 1

3
][0, 1

2
], [ 1

3
, 1
2
], [0, 1

3
][ 1

2
, 1]
}

if
(
[0, 1

3
]− 1

2
, sample, 0

){
[0, 1

2
], [ 1

2
, 1]
} if

(
[ 1
3
, 1
2
]− 1

2
, sample, 0

){
[0, 1

2
]
}

if
(
[− 1

3
,− 1

6
], sample, 0

){
[0, 1

2
], [ 1

2
, 1]
} if

(
[− 1

6
, 0], sample, 0

){
[0, 1

2
]
}

sample,
{

[0, 1
2
], [ 1

2
, 1]
}

sample,
{

[0, 1
2
]
}

[0, 1
2
], {ε} [ 1

2
, 1], {ε} [0, 1

2
], {ε}

[0, 1
3
] [ 1

3
, 1
2
]

det det

det det

[0, 1
2
] [ 1

2
, 1] [0, 1

2
]

Figure 5.5: Example reduction for the term from
Ex. 5.7 on a set of pairwise strongly compatible
traces. Probabilistic and deterministic reduction
steps are arranged as a tree.

The two traces in Ex. 5.7 are not

strongly compatible but can be replaced

by the 3 traces ℘′1 , [0, 1
3 ][0, 1

2 ], ℘′2 ,

[1
3 ,

1
2 ][0, 1

2 ] and ℘′3 , [0, 1
3 ][1

2 , 1] that de-

note the same set of standard traces but

are pairwise strongly compatible.

Subject Expansion For Strongly

Compatible Traces The crucial ob-

servation is that in the the statement

of subject expansion (Lem. 5.6), the in-

tervals in a probabilistic step should be

pairwise almost disjoint. As we have

seen in the example above pairwise com-

patible traces must not necessarily be

almost disjoint in the first position. But

pairwise strongly compatible traces are:

the first position is either almost disjoint

or identical. To make use of this idea we

represent the reduction of a term given

a set of interval traces as a tree. Nodes

in the tree are of the from (M, A) weM
is an interval term and ∅ 6= A ⊆ TI

M,term

a set of strongly compatible interval traces. The successors of a node are given by a relation

; where each transition is either labelled by det, to represents a deterministic reduction or

by an interval [a, b] ∈ I0,1:

M→det N
(M, A);det (N , A)

M→[a,b] N B = {℘ | [a, b]℘ ∈ A} 6= ∅
(M, A);[a,b] (N , B)

If we again consider the example term fro Ex. 5.7 and the pairwise strongly compatible traces

℘′1, ℘
′
2, ℘
′
3 from before we get the tree depicted in Fig. 5.5. Every det step corresponds to a

deterministic reduction. For every probabilistic reduction the set of interval traces is stripped

by its first position. As the set of traces is strongly compatible, the outgoing edges of every
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node are labelled by almost disjoint intervals.

Proposition 5.9 (Completeness): If {℘i | i ∈ [n]} ⊆ TI
M,term are pairwise strongly

compatible then ` M :
⦃

(αi, ℘i,#
℘i
↓ (M)) | i ∈ [n]

⦄

for some types {αi}i∈[n]

Proof We first make the following easy observation that follows immediately by the

definition of strong compatibility: If A ⊆ TI
M,term is pairwise strongly compatible and

(M, A);∗ (N , B) and (N , B);[ai,bi] (Ni, Bi) for i ∈ [n] then [ai, bi] are almost disjoint.

Call this observation (1). For our proof we consider the tree that is generated by (M, {℘i |
i ∈ [n]}). Note that this tree is finite. We claim that for every node (N , A) where

A = {℘̇i | i ∈ [k]} in this tree we can type ` N :
⦃

(αi, ℘̇i,#
℘̇i
↓ (N )) | i ∈ [k]

⦄

. We show

this inductively by traversing the tree from the leafs up. Formally, we do induction on the

shortest path to a leaf. In the base case, the node in question is a leaf: as by assumption

each ℘i ∈ TI
M,term we get that each leaf of this tree has the from (V, {ε}) for some closed

value V. It is easy to check that for every value we can type ` V :
⦃

(α, ε, 0)
⦄

for some α,

by either using (num) (in case of a numeral) or (abs) or (fix) followed by (
⦃⦄

) (in case of

λ-or µ-abstraction). Now consider the case where (N , A) is a inner node. There are again

two cases:

� (N , A) ;det (P, A), so N →det P. Write A = {℘̇i | i ∈ [k]}. By induction we can

type ` P :
⦃

(αi, ℘̇i,#
℘̇i
↓ (P)) | i ∈ [k]

⦄

. Now by Subject Expansion (Lem. 5.6) we

can type ` N :
⦃

(αi, ℘̇i,#
℘̇i
↓ (P) + 1) | i ∈ [k]

⦄

as required,

� In the other case, (N , A);[ai,bi] (Pi, Bi) for i ∈ [m]. Lets write Bi = {℘̇ji | j ∈ [ki]}.

We have A =
⋃
i∈[m]{[ai, bi]℘̇

j
i | j ∈ [ki]}. By induction we ` Pi :

⦃

(αij , ℘̇
i
j ,#

℘̇ij
↓ (P)) |

j ∈ [ki]
⦄

, Ai. By (1) we get that the [ai, bi] are pairwise almost disjoint. By

Lem. 5.6 we can thus type ` N :
⋃
iA

(↑[ai,bi],1)
i as required.

Soundness and Completeness:

We can combine soundness and completeness of our type system in the following:

Theorem 4 (Soundness and Completeness): For every term M ,∨
`M2I:A

ω(A) = Pterm(M)

if we assume M to be AST then ∨
`M2I:A

E(A) = Eterm(M)
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Proof We first show the first part: We already showed
∨
`M2I:A ω(A) ≤ Pterm(M) in

Prop. 5.5 as M/M2I. It remains to show that they are actually equal. Let ε > 0. We show

that there exist a `M2I : A such that ω(A) ≥ Pterm(M)−ε. Using the completeness of the

interval-based semantics (Thm. 2), we get a finite set of pairwise compatible interval traces

{℘′j | j ∈ [n]} ⊆ TI
M2I,term

such that
∑

j∈[n] ω(℘′j) ≥ Pterm(M) − ε. Now from Lem. 5.8

there exists a finite set of interval traces with the same weight that is furthermore pairwise

strongly compatible. Let {℘i | i ∈ [m]} be this set. Note that {℘i | i ∈ [m]} ⊆ TI
M2I,term

as byLem. 5.8 for every i ∈ [m], L℘i M ⊆ L℘′j M for some j ∈ [n]. By Prop. 5.9 we get

that ` M2I :
⦃

(αi, ℘i,#
℘i
↓ (M)) | i ∈ [m]

⦄

, A for some types αi. Now obviously

ω(A) =
∑

i ω(℘′i) ≥ Pterm(M)− ε, so we are done as we can let ε tend to 0.

For the second part we can proceed as before by using the second part of Thm. 2.

In our type system, the probability of termination equals the least upper bound over all

derivations. This gives a recursion-theoretically optimal characterisation of AST that is purely

based on the type system. One of the many novel features of our system compared to the

work by Breuvart and Lago lies in the fact that we explicitly reason about execution time.

This gives an alternative recursion theoretically optimal characterisation of PAST3. The idea

of annotating types by a step count is also applicable in the setting of Breuvart and Lago,

giving a strict generalisation of their system.

Remark: Lastly a few remarks: Firstly, while the system does look intimidating at

first, this is mainly due to the the many language constructs. Each rule taken individually

is actually simple, in the sense that no complex operations are needed. Our system can

easily be generalized to the untyped λ-calculus considered in [Borgström et al. 2016]. This

would also make our system truly compositional as the fixpoint rule is no longer needed.

Secondly, we can observe that in each rule the interval traces in a set type are not important

and only needed to derive the weight of the type (ω). We could thus see each set typeA as a

distribution on pairs of types and natural numbers by identifying every A =
⦃

(αi, ℘i, τi) |
i ∈ [n]

⦄

with the distribution
∑

i∈[n] ω(℘i) · δ(αi,τi) on pairs. We would thus arrive at

a system that is similar to the distribution type system by [Breuvart and Lago 2018],

especially if we drop the second step count and consider distributions over types. The

annotation by interval traces is, however, paramount to show subject reduction/expansion

and employ soundness and completeness of the interval-based semantics. As we remarked

at the beginning of this chapter, we cannot show correctness with the ideas of Breuvart

and Lago as a weighted sum over the reduction relation due to the continuous nature of

3Similar to Thm. 2 the type system can provide a characterisation of PAST even if we do not assume that
the term in question is already AST. In Thm. 4 we assume AST to make the statement more intuitive.
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SPCF.

In this chapter we explicitly worked in a CbN setting and, unlike in the previous chap-

ter, the system cannot straightforwardly be adapted to different evaluation strategies.

Nonetheless, we do conjecture that the ideas from our system can also be applied in a

CbV setting. As the work by Breuvart and Lago for a comparatively simple language

already suggests, handling CbV requires even more sophisticated systems. We leave a

CbV version of our system as future work.



Part II

Non-affine Recursion
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Chapter 6

Counting-based Analysis of

Non-affine Recursion

The interval based semantics and the local representation of it in form of an intersection type

system allow reasoning about the termination behavior of SPCF and, for instance, derive

complexity bounds on various decision problems. While the first part did provide an alterna-

tive (“countable”) perspective on AST and is very convenient to derive lower bounds on the

probability of termination, it does not lead to any practical AST verification method.

In this second part, we develop a framework that gives a sound method for AST analysis

and can be used for actual analysis (in the style of the long list of related work [Fioriti and

Hermanns 2015; McIver et al. 2018; Lago and Grellois 2019; Agrawal et al. 2018]). After

presenting the theoretical underpinnings we give a practical proof system that can give AST

guarantees. A particular strength of our system is that it is easy to automate. Existing

approaches to AST analysis (many based on ranking functions) try to capture a broad range

of programs and provide completeness properties for certain classes (e.g., [Fu and Chatterjee

2019]). However, AST proofs in these system must often be constructed by hand, by e.g. com-

ing up with a ranking function (c.f. for instance [McIver et al. 2018]). There are, of course,

some approaches that try to automate this as far as possible (see e.g. [Chatterjee et al. 2018;

Chen and He 2020]).

Non-affine Recursion As already evident from the example in the introduction, making

more than 1 recursive call severely complicates AST analysis and causes methods to become

unsound ([Lago and Grellois 2019]). In this work, we provide a first formal study of AST

analysis and lay particular emphasis on the non-affine nature. We do not aim for a complete

proof system but instead present a system that is easy to implement and highlights the essence

50
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of non-affine recursion, which is the possibility of making more than one recursive call. Our

approach is based on a coarse over-approximation of recursion where we we do not consider the

exact arguments of the recursive call but focus on the number of recursive calls. We explicitly

focus on SPCF fixpoints that operate on first-order arguments (real numbers). Note that

while we restrict the fixpoint itself to a first-order type, the surrounding computations can

still be of higher-order.

Our work is closely related to [Olmedo et al. 2016], in that they also study recursive

programs and allow for non-affine behavior. Our work differs nonetheless in several key

aspects: While they considered a discrete imperative language with state, we work in a

purely functional setting with continuous distributions. Their proposed rules can be used to

show lower bounds on the probability of termination, doing so is, however, cumbersome as

we have to given an explicit sequence (ln)n∈N that approaches the probability of termination

where ln gives the termination probability after n fixpoint unfoldings. Their rule informally

reads: if, for all n, we assume that each recursive call terminates with probability ln after n

fixpoint unfoldings, and we show that it terminates with probability at least ln+1 after n+ 1

unfoldings, then the programs terminates with probability at least supn ln (c.f. [Olmedo et al.

2016, Theorem 4.2]). This rule both requires the user to manually come up with a sequence

(ln)n and to directly reason on the program, whereas our system provides a sound reduction

to a random walk that can be analysed efficiently in linear time.

Structure of this Chapter The structure of this chapter can graphically be represented

by the following:

(Homogeneous)

Markov Chains
6.1

Random Walks

on N
6.4

Pushdown

Processes
6.2

(First-order)

SPCF terms

is is

6.5

6.3 informal

6.6

We begin by introducing markov chains on general state spaces (Section 6.1). Instead of

considering SPCF directly, we first illustrate our counting-based approach on a probabilistic

pushdown process. A pushdown process is a markov chain on stacks, where in each step the
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first element of the stack popped and replaced by a (possibly empty) stack of new arguments

(Section 6.2). We informally argue that it is intuitive to view recursion of first-order SPCF

fixpoints as pushdown processes (Section 6.3). We next lay the foundations for random walks

on the natural numbers and show linear AST decidability in Section 6.4. We then present a

reduction from pushdown processes to random walks that we show sound (Section 6.5). As

we used pushdown processes only as an intermediate representation to illustrate the counting-

based approach, we then give a sound, direct extraction of a random walk from a first-order

SPCF term in Section 6.6. This gives a sound method for AST analysis, that we turn into an

effective proof system in the next chapter.

6.1 Homogeneous Markov Chains on General State Space

In this section, we provide the necessary preliminaries for discrete time Markov Chains. We

focus on homogeneous chains, i.e., chains that are time invariant in the sense that the successor

states are generated via a fixed transition matrix or kernel. Instead of introducing discrete

and continuous state space chains separately, we directly give the construction for chains on

an arbitrary (continuous) space. If the reader is not familiar with Markov chains on a discrete

state space we refer her to [Baier and Katoen 2008, §10.1] for a gentle introduction.

For chains on a discrete state space the transition behavior is often given as a transition

matrix, i.e., an explicit representation of the transition probability from each state given as a

mass function on successor states. For a Markov Chain on a continuous state space (say the

real numbers) we use a transition kernel instead of a transition matrix. Composition of steps

which is seen as matrix multiplication in the discrete case is replaced by kernel composition.

Our construction mostly follows the excellent book [Meyn and Tweedie 2009]. We choose a

slightly different notation to keep the presentation as close as possible to the discrete case and

the presentation used by Baier and Katoen. Assume that X is any set and ΣX a σ-algebra

on X. A Markov chain is a pair M = (X,κ) where κ : X × ΣX → R[0,1] is a Markov kernel.

Recall that this means that κ(x, ·) is a probability measure for every x ∈ X and κ(·, A) is a

measurable function for every A ∈ ΣX .

Canonical Measure Space With each chain M we associate a canonical measure space

(Ω,ΣΩ, µ): The state space consist of all infinite sequences, i.e., Ω , Xω. For a finite sequence

measurable sets A0, · · · , An−1 ⊆ X we define the cylinder set Cyl(A0, · · · , An−1) , {w ∈ Ω |
∀i ∈ [n] : w(i) ∈ Ai}. We then define ΣΩ , σ(Cyl(A0, · · · , An−1) | n ∈ N, ∀i ∈ [n] : Ai ∈ ΣX),

i.e., the smallest σ-algebra containing all cylinders1. For every x ∈ X there exists a probability

1On first glance this construction differs from the construction in [Meyn and Tweedie 2009] and is similar
to the construction in e.g. [Baier and Katoen 2008]. We can however show, that the resulting σ-algebra is
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measure µx on (Ω,ΣΩ) such that for every measurable sets A0, · · · , An−1 it holds that

µx
(
Cyl(A0, · · · , An−1)

)
=

∫
A0

κ(x, dy0)

∫
A1

κ(y0, dy1) · · ·κ(yn−2, An−1)

For a proof of the existence of this measure see [Meyn and Tweedie 2009, Theorem 3.4.1].

Self Composition We can compose the transition kernel with itself and let κn denote the

n-fold self composition of κ. κn(x,A) gives the probability of, starting at x, being in A after

exactly n steps. We can characterise κn(x,A) in our canonical measure space as

κn(x,A) = µx
(
Cyl(X, · · · , X︸ ︷︷ ︸

n−1

, A)
)

Remark: For discrete state spaces (i.e., when X is countable) the transition probability

if often given as transition matrix P : X ×X → R[0,1] that satisfies
∑

y∈X P(x, y) = 1 for

every x ∈ X. P is also called a stochastic matrix. With Pn we denote the n-fold matrix

product of P. We can interpret Pn(x, y) as the probability of moving from x to y in n steps.

To reconcile this with the definition on a general state space, we can view P as a transition

kernel κ on the powerset of X, defined by κ(x,A) =
∑

y∈AP(x, y) for x ∈ X,A ∈ 2X . In

the following, when working with a discrete state space, particular on the natural numbers,

we often give chains via transition matrices. As we use the powerset as the σ-algebra every

singleton set is also measurable, so the set Cyl({x0}, · · · , {xn−1}) is a measurable set of

paths and µx
(
Cyl({x0}, · · · , {xn−1})

)
= P(x, x0)

∏n−2
i=0 P(xi, xi+1), which matches the

usual construction in the discrete case ([Baier and Katoen 2008, Definition 10.9]).

6.2 Pushdown Process

First-order recursion is naturally modelled by a pushdown system, where the first element in a

stack of future tasks is processed and replaced by list of new elements. For an example of how

recursion (in a discrete language) can be modelled as a pushdown system, see e.g. [Olmedo

et al. 2016, Section 6]. In this section, we provide the formal underpinnings of a probabilistic

pushdown system on a continuous state space by describing a pushdown process as a Markov

chain. Our system is related to the study of probabilistic pushdown automata (see e.g. [Brázdil

et al. 2013]) but simpler in the sense that our system has no control state. Let (X,ΣX) be

any measurable space (for us, this will usually be (R,ΣR)). We define the set of stacks on X,

identical to the one by Meyn and Tweedie. This way, we hope to achieve a clearer presentation if the reader
is familiar with the (usual) construction for discrete state spaces.
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by Stack(X) , X∗, i.e., finite sequences over X. With Stackn(X) we denote the stacks with

exactly n elements, i.e., the set Xn. We denote the empty stack by [] and the concatenation

of stacks % and ϕ by %ϕ. We define a σ-algebra on Stack(X) by ΣStack(X) , {
⊎
n∈NAn | An ∈

ΣXn} where ΣXn is the σ-algebra on Xn obtained as the n-fold product algebra of ΣX . This

is similar to the σ-algebra on traces (Sec. 3.2 or [Borgström et al. 2016]).

Generating kernel of Pushdown Process A pushdown process is a markov chain on

stacks that is fully determined by an operation on the top element of the stack. A step kernel

S is a subprobability kernel S : X × ΣStack(X) → R[0,1]. For any x, S(x, ·) is a distribution

on stacks that give the successor tasks. In the context of SPCF, we can think of S(r, ·)
as the distribution over recursive calls made on argument r. The missing probability mass

(1−S(x,Stack(X))), is interpreted as (the mass of) failure. We therefore define Stack(X)⊥ ,

Stack(X) ∪ {⊥}, as stacks with a dedicated error state. The σ-algebra ΣStack(X) naturally

extends to a σ-algebra ΣStack(X)⊥ on Stack(X)⊥
2.

Definition 6.1: Let S : X × ΣStack(X) → R[0,1] be a subprobability kernel. We refer to

this kernel as the step kernel. We define the associated kernel on stacks, κS : Stack(X)⊥×
ΣStack(X)⊥ → R[0,1], called a pushdown process, by κS([], A) , δ[](A), κS(⊥, A) , δ⊥(A)

and

κS(x :: ϕ,A) , S(x,
{
% | %ϕ ∈ A

}
) +

(
1− S(x, Stack(X))

)
· δ⊥(A)

On the empty stack, [], and the error state, ⊥, the chain is absorbing. For a non-empty stack

x :: ϕ, the first element x is replaced according to the generating kernel S. With the missing

probability of S (1− S(x,Stack(X))) we move to the error state ⊥. We note that the above

definition is well defined as {% | %ϕ ∈ A} is measurable provided A is. We can show:

Lemma 6.2 : For every step kernel S the pushdown system κS is a Markov kernel.

Example 6.3: As an example consider the step kernel

S : R×ΣR → R[0,1] defined by S(x, ·) = 1
2δ[x−1,x+1]+

1
2δ[].

In every step, the first element x is replaced either with

[x−1, x+1] or by the empty stack, each with probability
1
2 . For the generated pushdown process from initial state

[1] the set of reachable states is countable and we can

depict an initial fragment on the right.

[1]

[] [0, 2]

[2] [−1, 1, 2]

1

1
2

1
2

1
2

1
2

...
...

Termination of a Pushdown Process A pushdown process continually replaces the top

element of the stack with segments of elements. Again think of an SPCF programs adding

further recursive calls. We say that the generated stack process terminates when it reaches

2The elements in ΣStack(X)⊥ are exactly those that have the from A or A ∪ {⊥} for some A ∈ ΣStack(X).
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the empty stack. We thus define:

Definition 6.4: A step kernel S : X × ΣStack(X) → R[0,1] is AST if for the induced

pushdown process κS we have lim
n→∞

κnS(%, {[ ]}) = 1 for every % ∈ Stack(X)

Note that the limit always exists (and lies between 0 and 1). The step kernel in Ex. 6.3 is

AST.

6.3 First-Order SPCF as a Pushdown Process

Let µϕx .M be a fixpoint term with no nested fixpoints. We call a fixpoint term µϕx .M first-

order if 
 µϕx .M : R → R, i.e., recursion occurs on real numbers. A pushdown system is a

natural model for recursive computations, as recursive calls of a program are processed in

accord with the stack discipline. We briefly and informally argue that first-order SPCF terms

naturally denote pushdown processes on the real numbers. For every argument r ∈ R we can

analyse the recursive calls made when evaluating (µϕx .M)r. We are only interested in calls

made on the same recursion level from distinct call-sites, i.e., not in calls that are made when

evaluating a recursive call itself. This naturally gives us a step kernel where S(r,A) is the

probability that, when evaluating (µϕx .M) r, recursive calls to (µϕx .M) are made to a stack of

arguments within A3. This step kernel must not be a proper kernel, as the computation may

fail (due to a failed score-construct). This motivates, why in a pushdown process the missing

probability mass is interpreted as the mass of failure.

Example 6.5: As an example consider the SPCF term µϕx .0 ⊕
(
ϕ(x − 1) + ϕ(x + 1)

)
.

This term intuitively denotes the step kernel S given by S(x, ·) = 1
2δ[] + 1

2δ[x−1,x+1] which,

incidentally, is the one we studied in Ex. 6.3. As a second example take the term µϕx .0⊕(
ϕsample+ϕsample

)
. Here clearly on an argument r the distribution on stacks is [] with

probability 1
2 and otherwise [r1, r2] where r1, r2 are i.i.d. on [0, 1].

It is well known, that higher-order recursion can be characterised as pushdown systems [Hague

et al. 2017]. The takeaway of this section is that first-order SPCF terms naturally denote

(probabilistic) pushdown processes. This extraction can be made formal4. As a detailed

extraction is not required later and as a formal description takes up a significant amount of

space, we choose to omit the construction in this work. The idea of viewing SPCF terms as

3Note that this differs substantially from the approach of e.g. [Olmedo et al. 2016] where the pushdown
system operates on terms. In our system, S gives the actual arguments of recursive calls. Our pushdown
system, therefore, does not require any control state as we solely operate on the first element of the stack. This
is in contrast to e.g. the discrete system studied in [Brázdil et al. 2013].

4In the sense that we can explicitly construct a step kernel for every closed SPCF term of type R → R
(that terminates with at least some positive probability on every input) and show that AST of the pushdown
process coincides with AST of the program.
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pushdown process is a useful intuition for the counting-based method we employ later.

6.4 Random Walk on N

The previous informal reasoning suggests that analysing AST of a pushdown system is inter-

esting and corresponds to the analysis of first-order SPCF. In our counting-based approach,

we neglect the concrete values in a stack and simply focus on the number of elements. In this

section we lay the necessary foundations to model counting as a random walk on N.

A particularly interesting and well-studied class of Markov Chains are those where the

underlying state space consists of the natural numbers. For the purposes of this work it

actually suffices to study a particular class of such chains, namely the ones that can be

defined in terms of a distribution on the relative change that is invariant under the current

state, often referred to as a random walk. The relative change in each step is given by step

distribution which is a (subprobability) mass function p : Z→ R[0,1]. We call p finite if it has

finite support. As before, we interpret the missing probability, (1−
∑

i∈Z p(i)), as failure. We

define the extended natural numbers N⊥ by N⊥ = N ∪ {⊥} for a fresh element ⊥.

Definition 6.6: Let p : Z→ R[0,1] be a (sub)probability mass function, subsequently called

a step distribution. We define the generated transition matrix Pp on N⊥ by:

Pp(0, 0) = 1

Pp(0, n) = 0 n > 0

Pp(n, 0) =
∑

i≤−n p(i) n > 0

Pp(n,m) = p(m− n) n,m > 0

Pp(⊥,⊥) = 1

Pp(n,⊥) = 1−
∑

i∈Z p(i) n > 0

The step distribution p gives the relative change in each step. For example the probability of

moving from state 1 to 2 is p(1) and moving from 6 to 1 is p(−5). From every state (apart

from 0) the missing mass of p moves to the error state ⊥. As we walk on the natural numbers,

the walk is truncated at 0, which is also an absorbing state. The probability of moving from

n to 0 for an n > 0 is, therefore, the probability of moving from n to anything that is less

than (or equal) 0. E.g. the probability of moving from 2 to 0 is p(−2) + p(−3) + p(−4) + · · · .

Example 6.7: As an example con-

sider the step distribution p defined

by p = 1
2δ−1 + 1

5δ0 + 1
6δ1. Then the

Markov chain (N⊥,Pp) is sketched

on the right.

0 1 2 3 · · ·

⊥

1

1
5

1
5

1
5

1

1
6

1
6

1
6

1
2

1
2

1
2

1
2

4
30

4
30

4
30

4
30



6. Counting-based Analysis of Non-affine Recursion 57

Termination of Random Walks We say the random walk terminates if it reaches the

absorbing state 0. It is AST if its does so almost-surely:

Definition 6.8: A step distribution p is called AST if for the associated transition matrix

Pp, we have lim
n→∞

Pn
p (m, 0) = 1 for every m ∈ N.

Note that the limit in the definition above does always exist (and lies between 0 and 1) as

the sequence is monotone increasing and obviously bounded. From our definition above,

the natural question arises whether a step distribution p is AST. For obvious reasons we

assume that the support of p is finite and the image of p a subset of the rationals. A similar

problem was already considered in [Lago and Grellois 2019]5. In their work, Lago and Grellois

showed that the problem can be reduced to a one-counter Markov decision process for which

termination can be decided in polynomial time [Brázdil et al. 2010]. Their reasoning, however,

yields a coarse upper bound, namely, polynomial time. We present an alternative proof that is

both simpler (in the sense that we avoid the detour to one-counter MDPs) and gives a tighter

(in fact optimal) complexity upper bound. The crux lies in a simple and checkable (decidable,

if p finite) characterisation of AST:

Theorem 5 (Conditions for AST): A finite step distribution p is AST if and only if

all of the following hold∑
i∈Z

p(i) = 1a) p 6= δ0b)
∑
i∈Z

i · p(i) ≤ 0c)

Proof The interesting direction is the one that all three conditions imply AST. We do

a case analysis on c) for equality or strict inequality. In case of strict inequality, the

expectation of the Markov chain decreases by a lower bounded value in each step. We can

then use Chebyshev’s inequality to derive that the chain eventually reaches 0 a.s. In the

case of equality, we make use of the famous result by George Pólya that states that any

random walk on the integers with zero mean is recurrent [Novak 2014]. A full proof can

be found in the Appendix: C.

For a finite step distribution p taking on only rational values, the above three conditions, and

thus AST of p, can be checked in linear time.

Uniform AST In the example above, the relative change is given by the same step dis-

tribution. We also model the case where in each time step, a different distribution can be

(non-deterministically) chosen from an available set of step distributions6.

5The only real difference is a different interpretation of the missing probability mass of p. While we interpret
this mass as failure, Lago and Grellois interpret it as instant termination.

6We could also frame this problem as a MDP where in each step a scheduler can choose the distribution.
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Definition 6.9: A family of discrete step distribution {pi}i∈I is called uniform AST if

lim
n→∞

(
inf

i1,··· ,in
Ppi1

· · ·Ppin (m, 0)
)

= 1

for every m ∈ N.

Informally it reads that if step count n tends to ∞, no matter which step distribution from

{pi}i∈I is chosen at each step, the walk eventually reaches 0 almost surely. Obviously, uniform

AST implies AST for each of the pi but, in general, not the other way around7. We can,

however, show:

Lemma 6.10 : If {pi}i∈I is a finite family of discrete step distribution and each pi is

AST then {pi}i∈I is uniform AST.

Proof The proof goes via the the definition of a limit and the pigeon hole principle. A

proof can be found in the appendix: C

6.5 AST of Pushdown Process by Counting

We now have the necessary background on random walks on N to give a counting-based

method for proving AST of a pushdown process. As argued before, we ignore the specific

values of the elements replacing the top element of the stack; rather we simply count the

number of elements added by the step kernel. While general pushdown processes are hard to

analyse, we have seen in the previous section (especially in Thm. 5) that random walks enjoy

easy computational characteristics. The counting-based method reduces pushdown system to

random walks, making this nice analysis applicable to pushdown system.

Definition 6.11: Given a step kernel S : X ×ΣStack(X) → R[0,1], we define the family of

subprobability mass functions {pS,x : N→ R[0,1]}x∈X , called the counting pattern of S, by

pS,x(n) , S(x,Stackn(X))

That is, for each x ∈ X, pS,x(n) is the probability that S(x, ·) replaces the top-of-stack x by

a segment of n elements. For example, the counting pattern of the pushdown process from

Ex. 6.4 is given by pS,r = 1
2δ0 + 1

2δ2 for every r ∈ R.

Shifted Counting Pattern The counting pattern pS,x(n) for a x ∈ X gives the probability

mass of S adding n new elements to the stack. In the end, we try to analyse the number of

elements in the stack and are thus interested in the relative change of the number of elements.

7As an counter example take the family {pi}i≥2 where pi , 1
i2
δ−1 + (1 − 1

i2
)δ0 which is obviously

AST when considered individually. The family is, however, not uniform AST: take m = 1. Now
infi1,··· ,in Ppi1

· · ·Ppin
(m, 0) ≤ Pp2Pp3 · · ·Ppn+1(m, 0) =

(
1−

∏n+1
i=2 (1− 1

i2
)
)
. But

∏∞
i=2(1− 1

i2
) = 1

2
> 0.
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Replacing the top-of-stack by a segment of n elements corresponds to an change in the size

of the stack by n − 1. In particular, replacement by a segment of 0 element (corresponding

to pop) effectively removes one element. We therefore need to shift our mass function: for

any mass function p : N→ R[0,1] on the natural numbers, we define the shifted mass function

p : Z→ R[0,1], by p(z) , p(z + 1) for z ≥ −1 and p(z) , 0 otherwise.

AST Analysis Using Counting Patten The shifted pattern {pS,x : Z → R[0,1]}x∈X
directly corresponds to the change of elements in the pushdown system. We can use this

family as a step distribution family that denotes a random walk on N. In particular, note

the identical treatment of missing probability mass. In both the pushdown system and the

random walk it is interpreted as immediate failure. We can show the following result that

captures the essence of the counting-based method:

Theorem 6 (AST Analysis via Counting Pattern): If step kernel S : X ×
ΣStack(X) → R[0,1] has counting pattern {pS,x : N→ R[0,1]}x∈R, and {pS,x : Z→ R[0,1]}x∈R
is uniform AST then the pushdown process generated by S is AST.

Proof We claim the following for all n,m ∈ N:

inf
x1,··· ,xn∈X

(
PpS,x1

· · ·PpS,xn

)
(|ϕ|,m) ≤ κnS(ϕ,Stackm(X))

We can prove this statement via induction on n with m universally quantified by careful

study of kernel composition. A full proof (including this induction) that is worth reading

can be found in the appendix: C. Once we have established the above, we can set m = 0

and get

inf
x1,··· ,xn∈X

(
PpS,x1

· · ·PpS,xn

)
(|ϕ|, 0) ≤ κnS(ϕ, {[]})

Now by assumption {pS,x : Z→ R[0,1]}x∈R is uniform AST so if n→∞ the left hand side

tends to 1. So limn→∞ κ
n
S(ϕ, {[]}) = 1: the stack process is AST.

Via Thm. 6 we have the full power of AST analysis of random walk from Sec. 6.4 at our

disposal. For instance, we can combine Thm. 6, Thm. 5 and Lem. 6.10 and get the following

corollary8:

Corollary If a step kernel S : X × ΣStack(X) → R[0,1] has counting pattern {pS,x}x∈X
with finitely many distinct elements and for every x, pS,x(0) > 0,

∑
i pS,x(i) = 1 and∑

i i · pS,x(i) ≤ 1 then S is AST.

As an example of the kind of programs the above theorem gives us consider the following:

8Note the changed condition of ≤ 1 compared to Thm. 6 as we phrase the corollary directly on the counting
pattern and not on the shifted version (pS,x).
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Example 6.12: Consider the SPCF term:

µϕx .if x thenx else
((

0⊕ ϕ(x− 1)
)
⊕
(
if x− 3 then 0 elsex⊕ ϕ(ϕ(ϕ(x)))

))
Let S be the extracted step kernel in the style of Sec. 6.3. Then pS,r = δ0 for r ≤ 0,

pS,r = 3
4δ0 + 1

4δ1 for 0 < r ≤ 3 and pS,r = 1
2δ0 + 1

4δ1 + 1
4δ3 for r > 3. By using the above

corollary, we can thus deduce that the term above is AST for every input. Note that while

we only informally argued the connection of SPCF and pushdown processes, we make this

formal in the next Sec. 6.6 and can then formally show the above term AST.

6.6 Counting-based Extraction of Random Walks

In the previous section, we have seen that counting gives a sound method for AST verification

of pushdown processes. Due to the close correspondence between pushdown systems and

first-order SPCF terms this suggests counting-based method are applicable to checking AST.

While we did give a sound proof of the counting-based method for pushdown systems we have

only informally sketched the relation between SPCF and pushdown systems. This section is

devoted to closing this gap. Instead of taking the detour and first extract a stack process only

to analyse it via counting, we take the direct path: given a first-order SPCF term we count

the number of recursive calls directly. We show the soundness of this approach: AST of the

extracted random walk implies AST of the SPCF term.

The problem with formally counting the number of recursive calls is that the returned value

of a prior call can influence not only what the next calls are but also how many calls are made.

As an example consider µϕx .iffx then fx else fx+ fx where the number of recursive calls is

either 2 or 3 depending on the outcome of the first.

Avoiding Recursion in Conditionals Lets fix a first-order fixpoint of the form µϕx .M

with no nested fixpoints. For simplicity we replace the fixpoint with a more concise version

µ . The term we analyse is thus bodyµϕx .M (r) , M [r/x, µ/ϕ], i.e., the body of the fixpoint

with a fixed argument and µ for all recursive calls.

The crux of the counting-based approach is now to disallow the outcome of recursive calls to

influence branching in the programs, i.e., recursive outcomes may not be used inside guards of

conditionals or score-constructs. Obviously, this cannot be characterised purely syntactically

as the property we seek is semantic in nature. We enforce this by a more involved simple type

system where we add a dedicated type R> for recursive outcomes that cannot be used within

guards. We define simple types in Fig. 6.1a. The idea of R> being more restrictive than R can
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α, β , R | R> | α→ β

(a)

α v α R v R>
α′ v α β v β′

α→ β v α′ → β′

(b)

x : α ∈ Γ
Γ ` x : α

Γ;x : α `M : β

Γ ` λx.M : α→ β Γ ` µ : R> → R> Γ ` r : R

Γ `M : α α v β
Γ `M : β Γ ` sample : R

Γ `M : R
Γ ` score(M) : R

Γ `M : α→ β Γ ` N : α

Γ `MN : β
Γ `M : R Γ ` N : α Γ ` P : α

Γ ` if(M,N,P ) : α

Γ `M1 : R · · · Γ `M|f | : R

Γ ` f(M1, · · · ,M|f |) : R

Γ `M1 : R> · · · Γ `M|f | : R>

Γ ` f(M1, · · · ,M|f |) : R>

(c)

Figure 6.1: Simple typing judgments that guarantee that recursive outcomes are never used
inside inside conditionals.

be formalized via a subtyping relation given in Fig. 6.1b. Typing judgments are of the form

Γ `M : α and given in Fig. 6.1c. The crucial step is the rule for conditionals combined with

the fixpoint rule. For conditionals we require that the term in the guard position has R and at

the same time the recursive abstraction µ has the more restrictive return type R>. Combined

with subtyping this gives a semantic guarantee that the recursive abstraction cannot be used

inside conditionals. Note that the type system works with the simplified fixpoint constructs,

µ . For now on we assume that the fixed µϕx .M satisfies ` bodyµϕx .M (r) : R> for some r9.

A Recursion Ignoring Reduction By not having to consider probabilistic outcomes in

conditionals we can ignore the concrete recursive outcome entirely. We extend the SPCF

syntax by a new value construct ? with Γ 
 ? : R, that can be seen as an unknown numeral.

Whenever we encounter a recursive abstraction µ applied to an argument we just substitute

in the dummy value ?. If we evaluate a primitive function and any argument is ?, the functions

value itself is ?. Apart from a term and a trace we annotate each configuration with a number

9We obviously have that bodyµϕx .M (r) is typeable for some r iff it is typeable for all r. We could have also

used the direct fixpoint rule:
Γ;ϕ : R> → R>;x : R `M : R>

Γ ` µϕx .M : R> → R>
and type µϕx .M directly
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〈(λx.M)V, s, n〉 ?→ 〈M [V/x], s, n〉 〈µ V, s, n〉 ?→ 〈?, s, n+ 1〉

r ≤ 0

〈if(r,N, P ), s, n〉 ?→ 〈N, s, n〉
r > 0

〈if(r,N, P ), s, n〉 ?→ 〈P, s, n〉
r ≥ 0

〈score(r), s, n〉 ?→ 〈r, s, n〉

〈f(r1, · · · , r|f |), s, n〉 ?→ 〈f(r1, · · · , r|f |), s, n〉 〈sample, r :: s, n〉 ?→ 〈r, s, n〉

〈f(V1, · · · , ?, · · · , V|f |), s, n〉 ?→ 〈?, s, n〉
〈R, s, n〉 ?→ 〈M, s′, n′〉

〈E[R], s, n〉 ?→ 〈E[M ], s′, n′〉

Figure 6.2: Small-step reduction rules for ?→.

that counts the number of recursive abstractions resolved that way. The reduction relation
?→ is given in Fig. 6.2. It operates on configurations 〈M, s, n〉 where M is a term, s a trace

and n a natural number that counts the number of recursive calls.

The simple type system (Fig. 6.1c) is crucial for the reduction, as terms of the from

if(?,N, P ) or score(?) cannot reduce any further. We can observe that if bodyµϕx .M (r)

is typeable in Fig. 6.1c such terms are never reachable. That is, if 〈bodyµϕx .M (r), s, n〉 ?→∗

〈N, s′, n′〉 then N is either a value or of the from E[R]10. To show this, we extend the system

in Fig. 6.1c by the axiom Γ ` ? : R>, show subject reduction and can conclude as terms

containing if(?,N, P ) or score(?) are not typeable.

Counting Recursive Calls For any term N typeable in the system in Fig. 6.1c we define:

T?N ;n , {s ∈ S | ∃V : 〈N, s, 0〉 ?→ 〈V, ε, n〉}

These are all traces on which exactly n calls are made. As the reduction relation is determin-

istic we get that {T?N ;n}n are pairwise disjoint. It is easy to see that T?N ;n is a measurable set

of traces (similar arguments as in [Borgström et al. 2016]).

Definition 6.13: Given a term µϕx .M we define the family {8µϕx .M | r8 : N→ R[0,1]}r∈R,

called the counting pattern of µϕx .M , by

8µϕx .M | r 8 (n) , µS
(
T?body

µ
ϕ
x .M

(r);n

)
10Note, that in our extended system we treat ? as a value and terms of the form f(V1, · · · , ?, · · · , V|f |) as a

redex.
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8µϕx .M | r 8 (n) gives the probability of making n calls on argument r.

Example 6.14: As an example consider the term M , x ⊕
(
ϕ(x) ⊕x ϕ(ϕ(x))

)
. We

get 8µϕx .M | r 8 (0) = 1
2 , 8µϕx .M | r 8 (1) = 1

2 · min(1,max(r, 0)), 8µϕx .M | r 8 (2) =
1
2 · (1−min(1,max(r, 0))) and 8µϕx .M | r 8 (n) = 0 for n > 2.

We can easily see that for any r we have
∑

n 8µϕx .M | r 8 (n) ≤ 1 by the same argument as in

[Mak et al. 2021, Lemma 7]. It is important to note, that even for terms that are not AST

the above sum may be 1, i.e., the sum does not represent the termination probability. E.g.,

the term µϕx .ϕ(x)⊕ϕ(ϕx) is clearly not AST but the above sum does equal 1. (The interested

reader is advised to check this herself). The above sum can be less than 1 because of failed

score-constructs. E.g. for the term µϕx .score(−1)⊕ x the sum equals 1
2 .

Remark: We can make the following informal observation that clarifies the meaning of

8µϕx .M | r 8 (n). If we assume that S : R×ΣStack(R) → R[0,1] is the step kernel that models

the recursive calls of µϕx .M in the style of Sec. 6.3 then the counting pattern extracted for

S agrees with 8µϕx .M | r8, i.e., pS,r = 8µϕx .M | r8.

Termination via Counting Patterns We can show that the extracted counting pattern

provides a sound way to reason about AST:

Theorem 7 (AST via Counting Pattern): If {8µϕx .M | r8}r∈R is uniform AST then

µϕx .M is AST on every argument.

This theorem allows us to e.g. formally justify the observations in Ex. 6.12 and show this

program to be AST on every input.

6.6.1 Correctness Proof

Proving Thm. 7 requires some care and takes up the remainder of this section. We begin by

giving a rough outline of the proof for orientation. The fundamental idea is to decompose the

set of terminating traces according to the number of recursive calls made (not only on the

first level). We formalize this decomposition by a special kind of tree structure called number

tree. We then show a direct correspondence between number trees and and terminating runs

of the random walk generated by {8µϕx .M | r8}r∈R. Henceforth fix a term µϕx .M .
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n

S1 · · · Sn
(a)

2

0 1

0

(b)

2

1 0

0

(c)

Figure 6.3: Example
number trees.

Number Trees We define a number tree by the following:

S , n . [S1, · · · ,Sn]

where n ∈ N. We can depict each number tree by viewing n as

the label of the node and S1, · · · ,Sn as the children as depicted in

Fig. 6.3a. Note that the simplest tree is given by 0.[]. Two (distinct)

example trees are given in Fig. 6.3b and Fig. 6.3c.

Summary Semantics We define a summary as an element�rr′ for

r, r′ ∈ R. With O we denote the set of all summaries and with S� ,
(O ∪ R[0,1])

∗ the set of summary traces. We can define a summary

semantics working on summary traces in Fig. 6.4. For every recursive

call, we substitute in a summary, i.e., an abbreviation for a trace,

on the traces. Note that this semantics closely corresponds to the

semantics in Fig. 6.2 used to count the recursive calls. The only

difference is that we do not blindly substitute in a dummy value ?

but predefine the outcome via a summary11. We set

T�r 7→r′ = {s ∈ S� | 〈bodyµϕx .M (r), s〉 �−→
∗
〈r′, ε〉}

as all summary traces on which the term on argument r evaluates to argument r′.

Number Trees as Traces The summary semantics explicitly lists recursive calls, as we

can view the summary �rr′ as a placeholder for a trace such that (µϕx .M)r evaluates to r′.

The summaries allow us to partition the set of terminating traces according to the number

of calls made on each level. We can specify the number of calls by a number tree. For a tree

n . [S1, · · · ,Sn] there should be n direct recursive calls and inside those calls the number of

calls is inductively specified by Si. We consider the following example for some intuition:

Example 6.15: Consider the term µϕx .ϕ(ϕx)⊕
(
0⊕ϕx

)
and the number tree in Fig. 6.3b.

All traces that correspond to this tree should make 2 recursive calls in the first level. In

the first of those calls, no further call is made and on the second a single one is made and

afterwards none. This corresponds to the following set of terminating traces:

{s ∈ S7 | s1 ∈ [0, 1
2 ], s2 ∈ (1

2 , 1], s3 ∈ [0, 1
2 ], s4 ∈ (1

2 , 1], s5 ∈ (1
2 , 1], s6 ∈ (1

2 , 1], s7 ∈ [0, 1
2 ]}

11Note that, unlike in ?→ we do not need to count the number of calls, as we can simply count the number
of summaries in a trace which equals the number of calls made.
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〈(λx.M)V, s〉 �−→ 〈M [V/x], s〉 〈(µ )r,�rr′ :: s〉 �−→ 〈r′, s〉 〈sample, r :: s〉 �−→ 〈r, s〉

r ≤ 0

〈if(r,N, P ), s〉 �−→ 〈N, s〉
r > 0

〈if(r,N, P ), s〉 �−→ 〈P, s〉

r ≥ 0

〈score(r), s〉 �−→ 〈r, s〉

〈f(r1, · · · , r|f |), s〉
�−→ 〈f(r1, · · · , r|f |), s〉

〈R, s〉 �−→ 〈M, s′〉

〈E[R], s〉 �−→ 〈E[M ], s′〉

Figure 6.4: Small-step reduction rules for
�−→.

Definition 6.16: For each number tree S we can define a family of sets of traces

{ASr 7→r′}r,r′∈R by induction on S as follows:

s1�
r1
r′1
s2 · · ·�rnr′nsn+1 ∈ T�r 7→r′

{
ṡri
r′i
∈ ASi

ri 7→r′i

}n
i=1

s1ṡ
r1
r′1
s2 · · · ṡrnr′nsn+1 ∈ An.[S1,··· ,Sn]

r 7→r′

Elements in An.[S1,··· ,Sn]
r 7→r′ are thus obtained by taking every summary trace with exactly n

summaries that takes r to r′. For the ith summary (the ith recursive call) we then substitute

in a trace from ASi
ri 7→r′i

that is recursively obtained from the ith child (Si). Every number

tree thus defines a specific set of traces. By induction it is easy to see that for distinct

trees the obtained sets of traces are disjoint. The interested reader is advised to match

this definition with Ex. 6.15. We define ASr 7→R ,
⋃
r′∈RASr 7→r′ as all terminating traces with

recursion according to S. It is easy to see that ASr 7→R is measurable.

Probability Distributions on Number Trees We can view a number tree as being

sampled from a step distribution p : N → R[0,1]. For every node we sample a number n

according to p, add n nodes and continue by sampling the child nodes. Every step distribution

p : N→ R[0,1] thus gives a natural probability to a number tree S as just the product over all

nodes in S. More generally we define:

Definition 6.17: For a family of step distributions {pk}k and a number tree S we define

P{pk}kinf (S) by induction as

P{pk}kinf (n . [S1, · · · ,Sn]) ,
(

inf
k
pk(n)

)
·
n∏
i=1

P{pk}kinf (Si)

where we follow the usual convention that
∏0
i=1 = 1. Note that if {pk}k consist of a single
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element P{pk}kinf (S) for a tree S is the product of the probability of every node in that tree.

Taking the infimum follows the general scheme as e.g. in the definition uniform AST (Definition

6.9). We show that if we take the family (8µϕx .M | r8)r∈R the probability of tree is a lower

bound on the measure of ASr 7→R.

Example 6.18: For Example 6.15 we get that the family (8µϕx .M | r8)r∈R comprises a

single element, namely the function p defined by p(2) = 1
2 , p(1) = 1

4 and p(0) = 1
4 . The

probability of the tree S in Fig. 6.3b, as defined above then equals 1
2

1
4

1
4

1
4 = 1

128 which is

less than or equal (in this case equal) to the measure of ASr 7→R.

Proposition 6.19 : For every number tree S and any r we have

P{8µ
ϕ
x .M |r′8}r′

inf (S) ≤ µS
(
ASr 7→R

)
Proof By induction on S with r universally quantified. Let S = n . [S1, · · · ,Sn]. We

first analyse ASr 7→R: by definition every s ∈ ASr 7→r′ has the from s = s1ṡ
r1
r′1
s2 · · · ṡrnr′nsn+1 for

some s1�
r1
r′1
s2 · · ·�rnr′nsn+1 ∈ T�r 7→r′ and ṡri

r′i
∈ ASi

ri 7→r′i
. We can observe that {s1 · · · sn+1 |

s1�
r1
r′1
s2 · · ·�rnr′nsn+1 ∈ T�r 7→r′ , r

′ ∈ R} = T?body
µ
ϕ
x .M

(r);n by comparing the relation ?→ and

�−→. If we concatenate two sets of traces the measure of the new set is the product of the

individual measures. As we know that n traces are substituted we can take the infimum

over all possible arguments which gives us a trivial lower bound on µS
(
ASr 7→R

)
:

µS
(
T?bodyµϕx .M

(r);n

)
· inf
r1,··· ,rn

n∏
i=1

µS
(
ASiri 7→R

)
≤ µS

(
ASr 7→R

)
(1)

By induction we get that P{8µ
ϕ
x .M |r′8}r′

inf (Si) ≤ µS
(
ASiṙ 7→R

)
for every i and every ṙ. Note that

the left hand side does not depend on ṙ so in particular

n∏
i=1

P{8µ
ϕ
x .M |r

′8}r′
inf (Si) ≤ inf

r1,··· ,rn

n∏
i=1

µS
(
ASiri 7→R

)
(2)

We can now put this all together and get:

P{8µ
ϕ
x .M |r

′8}r′
inf (S) = inf

r′
8µϕx .M | r′ 8 (n) ·

n∏
i=1

P{8µ
ϕ
x .M |r

′8}r′
inf (Si) def

≤ 8µϕx .M | r 8 (n) · inf
r1,··· ,rn

n∏
i=1

µS
(
ASiri 7→R

)
inf and (2)

= µS
(
T?bodyµϕx .M

(r);n

)
· inf
r1,··· ,rn

n∏
i=1

µS
(
ASiri 7→R

)
def of 8 µϕx .M | r′8

≤ µS
(
ASr 7→R

)
(1)
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as required.

We can thus lower bound the measure of ASr′ 7→R by means {8µϕx .M | r′8}r′ . Note that unlike

the measure of ASr′ 7→R we can compute P{8µ
ϕ
x .M |r′8}r′

inf (S) efficiently.

Number Trees as Terminating Runs It is easy to see that for every family of subprob-

ability mass functions on the natural numbers {pk}k,
∑
S P
{pk}k
inf (S) ≤ 1. What we can show

is the following:

Lemma 6.20 : If {pk}k is a family of step distributions and {pk}k is uniform AST then∑
S

P{pk}kinf (S) = 1

Proof We can establish a bijective correspondence between number trees and terminating

runs of the markov chain generated by (pk)k started from state 1. As an example the tree

Fig. 6.3b would denote the run 1, 2, 1, 1, 0, i.e., start at 1, then increase by 2− 1, then by

0− 1 then by 1− 1 and then by 0− 1 (where we traverse the tree in pre-order). The sum

in question then equals the probability of all terminating runs which by assumption is 1.

A detailed proof can be found in the appendix: C

We can now finally proof the theorem:

Restatement of Theorem 7 : If {8µϕx .M | r8}r∈R is uniform AST then µϕx .M is

AST on every argument.

Proof We obviously have T(µϕx .M)r,term ⊇
⊎
S ASr 7→R (in fact they are equal but we do not

require this for the proof). We can thus deduce:

µS
(
T(µϕx .M)r,term

)
≥ µS

(⊎
S
ASr 7→R

)
(1)
=
∑
S
µS
(
ASr 7→R

) (2)

≥
∑
S

P{8µ
ϕ
x .M |r′8}r′

inf (S)
(3)
= 1

where (1) follows from the fact that ASr 7→R is disjoint for distinct number trees, (2) from

Prop. 6.19 and (3) from Lem. 6.20.

6.7 ε-Recursion Avoiding Fixpoint Terms

Thm. 7 gives a sound method for checking AST of a first-order program. In this section, we

focus on a particular class of programs where we do not need to extract the entire counting

pattern but only focus on the probability of avoiding recursion, i.e., 8µϕx .M | r 8 (0). We

assume that no score-constructs in µϕx .M can fail12. We are interested in programs where

this probability is lower bounded by some ε, i.e., for every possible input the probability of

12This implies that
∑
n 8µϕx .M | r 8 (n) = 1.
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{x : [α]} ` x : α

Γ;x : a `M : α

Γ ` λx.M : a→ α

Γ `M : [αi]→ β {Γi ` N : αi}
]iΓi ] Γ `MN : β

Γ `M : R ∆ ` N : α
Γ ]∆ ` if(M,N,P ) : α

Γ `M : R ∆ ` P : α
Γ ]∆ ` if(M,N,P ) : α ∅ ` sample : R

Γ1 `M1 : R · · · Γ|f | `M|f | : R

Γ1 ] · · · ] Γ|f | ` f(M1, · · · ,M|f |) : R ∅ ` r : R
Γ `M : R

Γ ` score(M) : R

Figure 6.5: Non-idempotent Intersection Type System that counts the number of semantic
uses of a variable. Note that this system is not syntax-guided due to the two rules for
conditionals.

avoiding making any recursive call is at least ε:

Definition 6.21: A fixpoint term µϕx .M is called ε-Recursion Avoiding (ε-RA) if for

every r ∈ R, 8µϕx .M | r 8 (0) ≥ ε.

Now in general ε-RA for a positive ε does not imply AST, as e.g., µϕx .0 ⊕.1
(
ϕ(x) + ϕ(x)

)
is

clearly 0.1-RA but not AST. The concept of RA is nevertheless intriguing as checking RA is

easier than extracting the entire counting pattern. We can show that ε-RA does imply AST if

the ε is “big enough”, where the size of ε must naturally be related to the number of recursive

calls. A natural estimate is the maximal number of calls possible.

Counting System via Non-idempotent intersection Types To count the number of

occurrences we employ a non-idempotent intersection (NII) type system. Intersection types

are defined by the mutually recursive grammar α, β , R | a→ α and a , [α1, · · · , αn] where

[α1, · · · , αn] denotes a multiset. A typing context Γ is a partial map from variables to inter-

sections. The disjoint union of two contexts Γ,∆ denoted by Γ]∆ is the elementwise disjoint

union of multiset. For an overview on non-idempotent intersection types see [Bucciarelli et al.

2017]. Typing judgments are of the from Γ ` M : α and given by the rules in Fig. 6.5.

Due to the non-idempotent nature, for each type derivation we can read of the number of

semantic occurrences as the cardinality of the intersection type. E.g. µϕx .M is a first-order

fixpoint and {ϕ : a, x : b} ` M : R we get a path in which ϕ is used exactly |a|-many times.

Here |a| denote the cardinality of an intersection type. We can use the type system to define

the recursive rank of a fixpoint construct, i.e., the maximal number of possible uses of the

recursive abstraction.

Definition 6.22: Let µϕx .M be a first-order fixpoint term. The recursive rank of µϕx .M

is defined as max
{ϕ:a,x:b}`M :R

|a|.
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Via a subject reduction argument it is easy to see that if m is the recursive rank then 8µϕx .M |
r 8 (n) = ∅ for all n > m and all r, i.e., there are never more than m recursive calls made. We

can thus use Thm. 5 combined with Thm. 7 to get an easy corollary:

Corollary If µϕx .M is such that no score-constructs can fail, has recursive rank m (and

thus has no nested fixpoints) and is ε-RA for an ε > 0 that satisfies m(1 − ε) ≤ 1 then

µϕx .M is AST on every argument.

Special Case: Affine Recursion While the emphasis of our system is on non-affine re-

cursion, the reasoning is obviously still valid in the affine case. As in particular every affine

program µϕx .M has recursive rank at most 1 we get that if it is ε-RA for any positive ε it

is already AST. This is a trivial consequence from the previous corollary. This affine result

can be seen as analogous to a known fact for imperative languages discussed by McIver and

Morgan. They called it the zero-one-law for termination (c.f. [McIver and Morgan 2005, Sec-

tion 2.6]). Informally, it reads that if there is a lower bounded probability of leaving the loop

(in our case by ε) then the loop is left eventually with certainty. Our framework subsumes

this result as a trivial corollary. The idea of lower bounding the probability of termination at

each iteration has also been used to construct languages whose programs are guaranteed to be

AST. As an example [Lew et al. 2020] used stochastic-while loops, which are loops where at

each evaluation of the guard a biased (with a user defined bias in (0, 1)) coin can exit the loop

immediately. Lew et al. demonstrated that despite this restrictions many programs, including

complex neural networks, can be approximate with stochastic while loops. In this spirit, our

result can be used to design extensions of SPCF whose programs are guaranteed to be AST

by construction. Due to possible non-affineness the bias of leaving a fixpoint must be related

to the maximal number of recursive calls as outlined in the corollary. This is a static property

that can be checked very efficiently.

Interval-Based Reasoning and Recursion Avoidance The interval-based semantics

(Ch. 4) is well suited to derive lower bounds on the measure of various sets of traces. For

instance, we get that for a fixed δ the set of programs that is ε-RA for an ε > δ is recursive

enumerable (under the same mild assumptions as in Thm. 3). For some classes of primitive

functions checking ε-RA is even decidable (see the next chapter). This once again shows that

interval-based reasoning is useful for applications beyond direct computation of the termina-

tion probability as lower bounds on certain sets of traces are often needed to apply various

AST methods.



Chapter 7

A Proof System For Non-affine

Recursion

The aim of this section is to turn the theoretical method presented in the last chapter into

a practical proof system. While the framework gives an effective method to verify AST of

many programs, it exhibits one behavior that prohibits its automation. Thm. 7 relies on

the counting pattern {8µϕx .M | r8}r∈R which we extract from the program directly. This

family can, however, contain uncountably many different distributions making it impractical

for analysis. As a running example in this chapter we consider the following:

µϕx .
(
score(1

3)⊕ ϕx
)
⊕sig(x)

(
let p = sample in 0⊕p

(
ϕx⊕sig(x)+p ϕ(ϕx)

))
where sig(x) , 1

1+e−x is the sigmoid function which we use to squeeze the real line into [0, 1].

Checking if this program is AST is not easy as the analysis depends on a complex interplay

between the value of x and the probabilistic outcomes especially in the right branch where the

sampled value p influences the number of recursive call-sites depending on the value of sig(x).

In particular, note that the counting pattern 8µϕx .M | r8 for the above term is different for

every r ∈ R, i.e., depending on the input the distribution on the number of calls differs.

We show that we can ignore the actual parameter of the recursive function calls, and instead

employ environment strategies that resolve branching, giving us a sound and practical AST

method. As a rule of thumb, our system can verify all programs that exhibit an AST counting

pattern which is independent of the (exact values of the) actual parameters (of the recursive

function in question). Our system can, for example, handle the example above.

70
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for a fresh αi

sample ⇓ αi V ⇓ V

M ⇓ t1 N ⇓ t2 β(x)(y) ⇓ tx,y

MN ⇓
(
λλ x.

(
λλ y.

{
µ (tx,y) if x = µ

tx,y else

)†
t2

)†
t1

M1 ⇓ t1 · · · M|f | ⇓ t|f |

f(M1, · · · ,M|f |) ⇓
(
λλ x1. · · ·

(
λλ x|f |. f (x1, · · · , x|f |)

)†
t|f | · · ·

)†
t1

M ⇓ tM N ⇓ tN P ⇓ tP

if(M,N,P ) ⇓
(
λλ x. (x)(tN , tP )

)†
tM

M ⇓ tM

score(M) ⇓
(
λλ x. s (x)( x )

)†
tM

Figure 7.1: Big-step symbolic execution where symbolic terms denote execution trees.

7.1 Big-step Symbolic Execution

In the small-step symbolic execution (see Sec. 4.4), we fixed a conditional oracle κ ∈ {L,R}∗

beforehand and collected constraints, i.e., symbolic inequalities of the from V ./ r at each

conditional or score-construct. In our big-step system, we now represent every possible

conditional oracle κ in the form of a single binary tree where each branch is annotated with

the symbolic value that decides which branch to follow. As we are interested in the number

of recursive calls, we mark every such call as a dedicated node.

Symbolic Execution Trees We define (symbolic) executions trees by:

ETree 3 T , V | µ (T) | s (V )(T) | (V )(T1,T2)

where V ∈ Val is a symbolic value1. We choose a more space-economical way to present trees.

We occasionally depict execution trees as tree of degree 2 where (V )(T1,T2) represents a

binary branch. Note that an execution tree condenses all of the information we are interested

in. For branching, it records the symbolic value as the condition; for score, it records the

symbolic value that is scored, and finally every recursive call is recorded. To construct an

execution tree from a program it remains to fold2 execution trees:

1As we have done in Sec. 6.6, we extend symbolic values by a special symbol ?.
2Tree folding is standard in functional programming. In our case, fold traverses the tree and replaces every

leaf with a tree given the folded function.
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Figure 7.2: Symbolic execution trees for the running example and all possible strategies (c).

Definition 7.1: Given a function H : Val → ETree we can define the lifted tree fold

H† : ETree → ETree by induction as follows:

H†
(

V
)

= H(V)

H†
(
µ (T)

)
= µ (H†T)

H†
(
s (V)(T)

)
= s (V)(H†T)

H† ( (V)(T1,T2)) = (V)(H†T1, H
†T2)

We can now define a big-step semantics by giving a symbolic execution tree for each program,

denoted M ⇓ T. The big-step rules are given in Fig. 7.1 where β(x)(y) performs a β-step, i.e.,

β(λx.M)(V ) , M [V/x] and β(µ )(V ) , ?. Note that this system inherits the structure of a

standard big-step semantic (see e.g. [Borgström et al. 2016]). As we execute symbolically and

can not resolve branching, we operate on trees and fold each reduction step. For each resolved

conditional we introduce a binary branch (V )(T1,T2) at every conditional, a s (V )(T) for

every score construct, and a µ (T) for every recursive call. For every term M there exist a

M ⇓ T and T is unique up to reordering of the sample variables.
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Const( V , ε) , Rm[0,1]

Const( µ (T) , κ) , Const(T, κ)

Const( (V)(T1,T2),Lκ) , Const(T1, κ) ∩V−1(−∞, 0]

Const( (V)(T1,T2),Rκ) , Const(T2, κ) ∩V−1(0,∞)

Const( s (V)(T) , κ) , Const(T, κ) ∩V−1[0,∞)

Figure 7.3: Inductive definition of Const(T, κ) for κ ∈ PathsH(T).

Example 7.2: As an example consider our running example for this chapter. The term

we analyse in our big-step system is bodyµϕx .M (r) which in our case is:

(
score(1

3)⊕ µr
)
⊕sig(r)

(
let p = sample in 0⊕p

(
µr ⊕sig(r)+p µ (µr)

))
The tree T with bodyµϕx .M (r) ⇓ T is depicted in Fig. 7.2a. The interested reader is advised

to check the construction herself.

Correspondence We now show a correspondence between the big-step symbolic execution

and the reduction relation ?→, similar to the correspondence formalized in Prop. 4.9. For

Prop. 4.9 we fixed a conditional oracle κ and extracted a set of constraints of the from V ./ r.

Our big-step execution tree summarizes all such paths κ and every path that leads to a node

naturally denotes a set of constraints via the node it traverses. Assume that bodyµϕx .M (r) ⇓ T

and all symbolic values within T are within {α0, · · · , αm−1}.

Recall conditional oracles (in the following called paths) are sequences κ ∈ {L,R}∗. We

call a paths terminating if, by following its branching, a leaf is reached. In the example tree

in Fig. 7.2a, possible terminating paths include LR,RRR, · · · . With PathsH(T) we denote

the set of terminating paths. For any tree T and terminating path κ ∈ PathsH(T) we count

the numbers of recursive calls on that path, i.e., the number of times that a fixpoint node

( µ (·) ) is traversed. We denote this number with |µ |(T, κ) ∈ N. For a set C of natural

numbers we abbreviate PathsH(T, C) , {κ ∈ PathsH(T) | |µ |(T, κ) ∈ C}. Now each path

κ ∈ PathsH(T) denotes a measurable subset of Rm[0,1] in the natural way. We denote this

set with Const(T, κ) ⊆ Rm[0,1] and it is defined by induction in Fig. 7.3. For every T and κ,

Const(T, κ) ⊆ Rm[0,1] denotes the set of assignments for α0, · · · , αm−1 such that the branching

and score-constructs are evaluated according to κ. It is easy to see that Const(T, κ) is

measurable. We define P(T, κ) , λm
(
Const(T, κ)

)
. We can conclude the following proposition

that can be proved similar to Prop. 4.9:
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Proposition 7.3 : If r ∈ R and bodyµϕx .M (r) ⇓ T and n ∈ N then,∑
κ∈PathsH(T,{n})

P(T, κ) = µS
(
T?body

µ
ϕ
x .M

(r);n

)
This proposition states, that if we are interested in the number of recursive calls, say n. Then

the set of paths κ ∈ PathsH(T, {n}) are all paths on which n calls are made and the constraints

along those paths characterize exactly the traces on which n calls are made in the ?→ semantics

(Fig. 6.2). Note that not all traces in T?body
µ
ϕ
x .M

(r);n are of length at most m.

Remark: The symbolic execution tree thus offers an alternative way to compute the

counting pattern of µϕx .M . Namely, for every r ∈ R, if bodyµϕx .M (r) ⇓ T then we have

8µϕx .M | r 8 (n) =
∑

κ∈PathsH(T,{n}) P(T, κ). Depending on the set of primitive functions

this sum can be computed effectively.

7.2 Replacing Probabilistic Branching by Nondeterminisms

So far we have seen, that symbolic execution can be used to compute the counting pattern.

This has, however, not solved the fundamental issue that the counting pattern relies on the

concrete argument provided to the fixpoint. This section is devoted to change that. We show

that we can replace each probabilistic branching that depends on the concrete argument by a

non-deterministic choice (by using environment strategies) and thus lose the dependency on

the concrete argument. The approximation relies on the following observation:

Lemma 7.4 : Let p, q : N → R[0,1] be finite subprobability mass functions. If p is an

AST step distribution and for all n:
∑

m≤n p(m) ≤
∑

m≤n q(m), then q is an AST step

distribution.

Proof The proof hinges on the equivalence proved in Thm. 5. In particular, the combi-

natorial equation
∑

i∈N i · p(i) =
∑

i∈N
∑

j>i p(j) allows us to show that the expectation

of q is less or equal to the expectation of p (as required by Thm. 5). A full proof can be

found in the appendix: D.

We try to find a function p : N→ R[0,1] such that for every r,
∑

m≤n p(m) ≤
∑

m≤n 8µϕx .M |
r 8 (m) for every n. If p is then AST then each individual step distribution is AST. It is easy

to extend the above proof and show that in this case the family {8µϕx .M | r8}r∈R is uniform

AST.

Colouring Problematic Branching We can observe that if bodyµϕx .M (r) ⇓ Tr and

bodyµϕx .M (r′) ⇓ Tr′ for every r, r′ ∈ R then Tr and Tr′ agree structurally and in particu-

lar share the same paths. They can, however, differ in some of the symbolic values at nodes.
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Const?( V , ε) , Rm[0,1]

Const?( µ (T) , κ) , Const?(T, κ)

Const?( (V)(T1,T2),Lκ) , Const?(T1, κ)

Const?( (V)(T1,T2),Rκ) , Const?(T2, κ)

Const?( s (V)(T) , κ) , Const?(T, κ) ∩V−1[0,∞)

Const?( (V)(T1,T2),Lκ) , Const?(T1, κ) ∩V−1(−∞, 0]

Const?( (V)(T1,T2),Rκ) , Const?(T2, κ) ∩V−1(0,∞)

Figure 7.4: Inductive definition of Const?(T, κ) for κ ∈ PathsH(T).

In the example in Fig. 7.2a, we have surrounded those values by grey boxes. In the computa-

tion of P(Tr, κ), used e.g. in Prop. 7.3 the values that are different are obviously important,

i.e., if in general P(Tr, κ) 6= P(Tr′ , κ).

We begin by identifying the branching nodes in a tree that do depend on the concrete value

r. We extend executions trees with a new binary node (V)(T1,T2) that otherwise behaves

identical to (V)(T1,T2). In particular, Const extends naturally to such nodes and behaves

like (V)(T1,T2). We now replace every node of the from (V)(T1,T2) whose symbolic value

depends on r with (V)(T1,T2). For our example in Fig. 7.2 we have given the coloured tree

in Fig. 7.2b3.

The construction of Const does not treat red nodes any different than normal branching.

For every κ ∈ PathsH(T) we now define a set Const?(T, κ) ⊆ Rm[0,1] inductively in Fig. 7.4

which is similar to Const(T, κ) but ignores all red nodes. It is easy to see that Const(T, κ) ⊆
Const?(T, κ). Analogously to before we define P?(T, κ) , λm

(
Const?(T, κ)

)
.

Remark: By definition, Const? does not depend on the symbolic values at nodes

coloured in red. In particular, if bodyµϕx .M (r) ⇓ Tr and bodyµϕx .M (r′) ⇓ Tr′ and Tr

is coloured such that it agrees with Tr′ on all non-red nodes (see e.g. Fig. 7.2) then

Const?(Tr, κ) = Const?(Tr′ , κ) and in particular for an C ⊆ N:
∑

κ∈PathsH(Tr,C) P?(Tr, κ) =∑
κ∈PathsH(Tr′ ,C) P?(Tr′ , κ), i.e., P? is fully independent of the concrete choice of r.

As the value of P? does not depend on the concrete r we can see this as a first step towards

a system where we do not need to consider every possible input. As Const(T, κ) ⊆ Const?(T, κ)

we get
∑

m≤n 8µϕx .M | r8(m) =
∑

κ∈PathsH(Tr,{0,··· ,n}) P(Tr, κ) ≤
∑

κ∈PathsH(Tr,{0,··· ,n}) P
?(Tr, κ).

3To formally identify the nodes that should be coloured, we extend symbolic values by yet another symbol
? . We can then compute bodyµϕx .M (? ) ⇓ T?. Now all nodes labelled with a value containing ? are coloured
red. We can observe that if we replace each ? symbol with r (denoted by T?[r/? ]) we obtain the execution
tree for bodyµϕx .M (r), i.e., bodyµϕx .M (r) ⇓ T?[r/? ].
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While the right hand side is independent of the concrete r this inequality does not allow us

Lem. 7.4 as we require a lower bound on
∑

m≤n 8µϕx .M | r 8 (m).

Strategies We now show that we can replace each red node with a non-deterministic choice.

We introduce strategies, which can restrict execution trees by choosing one branch for each

red node. We define symbolic strategy trees by

S , V | µ (S) | s (V )(S) | (V )(S1,S2) | (V )(S,×) | (V )(×,S)

A strategy S is compatible with an execution tree T (written S ≺ T) if it matches the

structure. For each red node, a strategy can decide which branch to follow and neglect

the other. The concept of path and the definitions of Const? and P? extends naturally to

strategies. For example, all strategies for the tree in Fig. 7.2b are listed in Fig. 7.2c. If we

assume bodyµϕx .M (r) ⇓ T and all nodes that depend on r are coloured red, we can see that

P?(S, κ) for a strategy S ≺ T does not depend on the concrete choice of r.

We call an execution tree T sufficiently independent just if every sample variable that

occurs in a red node does not occur in the subtree rooted at that node. The tree in

Fig. 7.2b is sufficiently independent. The next theorem now shows, that despite the fact

that Const(T, κ) ⊆ Const?(T, κ) and therefore P(T, κ) ≤ P?(T, κ) we can always find a strat-

egy that gives lower bounds on
∑

κ∈PathsH(T,C) P(T, κ). Note that the next theorem does work

on arbitrary execution trees.

Proposition 7.5 (Strategies For Lower Bounds): If T is sufficiently independent

and C ⊆ N then there exists a strategy S ≺ T, s.t.,∑
κ∈PathsH(S,C)

P?(S, κ) ≤
∑

κ∈PathsH(T,C)

P(T, κ)

Proof For a measurable set A ⊆ Rm[0,1] we define PA(T, κ) , λm(Const(T, κ) ∩ A) and

similarly for P?A. Note that PRm
[0,1]

(T, p) = P(T, p). We generalize the statement by using

P?A and PA. The general statement can be proved by induction on T with A universally

quantified. The crucial observation is that sufficient independence of T gurantess that the

symbolic value in each red node is conditionally independent from its subtree. A full proof

can be found in the appendix: D

7.3 The Proof System

We can turn the observation above into a proof system. We first compute bodyµϕx .M (r) ⇓ Tr

for any r of our choosing and colour all nodes that depend on r in red. We assume that Tr
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is sufficiently independent. We define a distribution Pcum by the following:

Pcum(n) , min
S≺Tr

∑
κ∈PathsH(S,{0,··· ,n})

P?(S, κ)

The value Pcum(n) is the probability of making at most n calls taken as the minimum over

all of the (finitely many) strategies for Tr. Note that Pcum does not depend on our concrete

choice of r. We define Papprox(0) , Papprox(0) and Papprox(n) , Pcum(n) − Pcum(n − 1) for

n ≥ 14.

Example 7.6: Consider all strategies for the running example listed in Fig. 7.2c. We can

compute Pcum(0) = Pcum(1) = 1
2 , Pcum(n) = 1 for n ≥ 2. The reader is strongly advised

to reproduce this. Then Papprox(0) = Papprox(2) = 1
2 and Papprox(n) = 0 for all other n.

Theorem 8 (Sound Proof System): If Papprox is an AST step distribution, then

µϕx .M is AST on every argument.

Proof Choose any r ∈ R and any n ∈ N. Let bodyµϕx .M (r) ⇓ Tr. By Prop. 7.5 there exists

a strategy S ≺ Tr such that
∑

κ∈PathsH(S,{0,··· ,n})
P?(S, κ) ≤

∑
κ∈PathsH(Tr,{0,··· ,n})

P(Tr, κ).

Note that the argument used in the definition of Papprox is completely arbitrary and does

not matter. So, for convenience, we just assume it was r.∑
m≤n

Papprox(m) = Pcum(n) = min
S′≺Tr

∑
κ∈PathsH(S′,{0,··· ,n})

P?(S′, κ)

≤
∑

κ∈PathsH(S,{0,··· ,n})

P?(S, κ)

(1)

≤
∑

κ∈PathsH(Tr,{0,··· ,n})

P(Tr, κ)

(2)
=
∑
m≤n

µS
(
T?bodyµϕx .M

(r);m

) (3)
=
∑
m≤n

8µϕx .M | r 8 (m)

where (1) follows from the choice of S, (2) follows from Prop. 7.3 and (3) by definition

of 8µϕx .M | r8. Now by assumption Papprox is an AST step distribution, so by Lem. 7.4

we get that {8µϕx .M | r8}r∈R is uniform AST. By the theoretical insight proved in the last

chapter (Thm. 7) this implies that µϕx .M is AST on every input.

Using Thm. 8 and the values computed in Ex. 7.6 allow us to deduce that our running example

is AST on every argument. To the best of our knowledge, no existing method can show the

running example AST due to the complex interplay of non-affine recursion while our approach

4The observant reader might ask why we have not defined Papprox(n) directly by Papprox(n) =
minS≺Tr

∑
κ∈PathsH(S,{n}) P

?(S, κ). If we were to use this definition, Papprox may not be proper mass functions.
As an example consider Example 7.6 with this alternative definition.
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can do so and is furthermore easy to automate.

In this chapter, we showed how to compute the counting pattern via symbolic execution

and presented a technique that requires us to only check a single tree (by introducing strate-

gies). Our algorithm computes bodyµϕx .M (r) ⇓ Tr for any r of our choosing, checks sufficient

independence and afterwards extracts Papprox. We can then check AST for this distribution in

linear time by using the fundamental result from Thm. 5. Our system is sound and can verify

many interesting examples as we saw with the running example. As a good rule of thumb,

our system works if the counting pattern of a program is AST no matter how branching,

where the symbolic value depend on the concrete argument, is resolved. The side condition

of sufficiently independence means that every probabilistic outcome used together with the

argument may not be used for subsequent branching. In our experience, most interesting pro-

grams yield sufficiently independent execution trees. Note that our method can only prove

that a program is AST but never refute it.

Prototype Implementation The proof system as presented is easy to implement as all

operations are based on functional operations on a tree. We have designed a prototype

implementation in F#5. The challenging part for an implementation is to compute probability

associated with a path, which depends on the set of primitive functions. A simple class of

primitive functions is { + , c · }, i.e., addition and multiplication by a fixed constant c ∈ R
(subtraction can easily be encoded). Note that checking AST with these primitive functions

is already Π0
2-hard [Kaminski and Katoen 2015]. If the set of primitive functions is restricted

as such, every symbolic value V is a linear function in the sample variables. The probability

of a path is thus the Lebesgue measure/volume of a convex polytopes (a subset of Rd of the

from {~x | A~x ≤ b}). Computing volumes of convex polytopes is a long studied problem.

There does exist analytical expression by recursion on the dimension [Lasserre 1983] which is

well suited for automation. The computation has been implemented in the tool Vinci [Büeler

et al. 2000]. Our prototype implementation uses Vinci for volume computations and checks

AST of the obtained step distribution via Thm. 5. Due to the low dimension of the polytopes,

our tool is very efficient and provides an answer in less than a second.

5We only report on our implementation to emphasise that, unlike most existing approaches, our system is
easy to implement. The implementation itself should not be considered part of this project, which is also why
we did not provide any additional material such as source code.



Chapter 8

Conclusion

In this work, we have provided both theoretical insights into the complexity of AST and

presented a sound method to reason about AST for functional programs with non-affine

(first-order) recursion.

Our novel interval-based semantics enables sound and complete reasoning while only need-

ing to consider countably many traces. As an immediate consequence we obtained a precise

characterisation of the AST and PAST decision problem in the arithmetic hierarchy. Our re-

sults show, that despite the intrinsic continuous nature of SPCF reasoning about termination

is (under mild restrictions) not harder than in the discrete case. Internal-based reasoning is

also applicable for imperative continuous languages (as e.g. used in [Fioriti and Hermanns

2015]) establishing identical complexity results. Remarkably, our intersection type system

shows, that despite its continuous nature, a compositional system can characterises AST as

the least upper bound of finite derivations. Our type system also provides a direct general-

ization of the system by Breuvart and Lago to reason about PAST.

In the second part, we conducted a first study of termination in a setting with non-affine

recursion. Many of the widely used languages for probabilistic programming are functional,

which is in stark contrast to the fact that most proof systems focus on imperative languages.

For many applications, the ability to write programs with non-affine recursion, is a distinct and

useful feature of functional languages compared to typical loops in an imperative language.

While termination as a qualitative property does not depend on the number of recursive calls

(and thus non-affinity), we showed that for the quantitative notion of almost-sure termination

the number of calls matters and is intricate. Our counting-based framework is a first step

towards a better understanding of the quantitative nature of non-affine recursion. As our

proof system shows, our approach is easy to implement and can be used for actual AST

79
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analysis. We can verify a broad class of programs which can not be handled by existing

approaches. In the special case of possible recursion avoidance (Sec. 6.7), we have outlined

how the interval-based reasoning from the first part can be used to obtain lower bounds on

the recursion-avoidance probability. This again shows that the theoretical insights from the

first part are useful for practical AST proof systems.

8.1 Future Work

Our results give a comprehensive study of various aspects of AST. In this last section, we give

some directions for future work.

Relaxing Interval Preservation and Interval Separability Our interval-based seman-

tics hinges on the assumption that the primitive functions are interval preserving and interval

separable. While we have seen that this covers most functions a programmer would use, we

want to extend this class to as large a family of functions as possible. Interval preservation,

i.e., the requirement that the image of a box is an interval, was crucial to allow interval-based

reasoning for primitive functions. We can generalize interval preservation and require that

the image of every box is a finite union of intervals. This would add support for e.g. step-

functions such as d·e and b·c. To encompass such functions we need to relax the notion of

interval terms and allow finite (non-empty) sets of intervals as numerals. Our soundness,

completeness and complexity results extend easily. As discussed at the end of Ch. 4 it is also

interesting to investigate representation of infinite sets of real numbers different from intervals

and therefore extend to a broader class of primitive functions.

Verification in a Continuous Language Throughout this work we focussed on a partic-

ular kind of correctness property: almost-sure termination. Especially in the area of proba-

bilistic algorithm, one is usually interested in more expressive correctness properties, say as an

example “the return value is positive a.s.”. The interval-based semantics may provide a sound

and complete system to answer such questions1 and is particularly well suited for refutation

by e.g. providing a trace with non-zero probability on which a safety-property is violated.

An interesting direction for future work is to study the (continuous) probabilistic verification

problem extensively and identify a suitable class of specifications and the position of their

decision problems in the arithmetic hierarchy (using e.g. the interval-based semantics).

1Checking most probabilistic safety-specifications (such as a.s. termination with a positive value) inherits
the Π0

2-hardness of AST.
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Quantitative Notion of Termination In this work, we mostly focussed on almost-sure

termination, i.e., termination with maximal probability. An equally interesting question is to

check arbitrary lower bounds on the probability of termination. As an example consider the

term µϕx .0⊕ϕ(ϕ(ϕ(x))) which is known not be AST. It turns out that this program terminates

with probability
√

5−1
2 . In our counting-based framework, we only focus on AST of random

walks, but could also analyse lower bounds. E.g. the walk generated by the step distribution
1
2δ−1 + 1

2δ2 started in 1 terminates with probability
√

5−1
2 . We can extend our framework from

the second part to prove such non-maximal lower bounds.

Beyond First-Order Fixpoints We have focused on first-order recursion to demonstrate

the counting-based approach. It is interesting to investigate to what extend counting-based

methods are applicable to higher-order fixpoints. In our system, we have focussed on showing

that a first-order fixpoint terminates on every input. Due to the first-order nature such

a (closed fixpoint) can be freely embedded into any non-recursive program and the program

remains AST2. For higher-order fixpoints, AST on every input is often times not strong enough

of a property. As an example consider the term µϕx .M , µϕx .(λy.ϕ x y). Then (µϕx .M)0

is clearly AST as it evaluates to the value λy.(µϕx .M)0 y without any recursive call. But

(µϕx .M)0 1 diverges deterministically.

Pushdown System We have informally argued that first-order SPCF programs denote

(probabilistic) pushdown processes. Following this observation it is interesting to, on the

one hand, investigate properties of probabilistic pushdown systems in the continuous setting

(in the style of [Brázdil et al. 2013]) and, on the other hand, study the correspondence

between higher-order SPCF and pushdown systems. One idealised form to study higher-

order recursion, are higher-order recursion schemes. Recently, [Kobayashi et al. 2019] gave

a first attempt to formalize (discrete) higher-order recursion in a probabilistic setting as

probabilistic higher-order recursion schemes. In a non-probabilistic setting, it is known that

order-n higher order recursion schemes (or equivalently order-n simply-typed λ-terms with

general recursion) correspond to order-n collapsible pushdown automata3 [Hague et al. 2017]

(for expressing trees). In this work, we argued that first-order SPCF denotes a (first-order)

pushdown process. We conjecture that this correspondence extends to higher orders, i.e., that

SPCF terms with higher-order recursion correspond to higher-order (collapsible) probabilistic

pushdown systems, with identical termination behavior. This is particularly interesting for

2As an example, if we know that µϕx .M is AST on every input we can also deduce that (µϕx .M)0 + (µϕx .M)1
is AST.

3A collapsible pushdown automaton operates on order-n stacks (i.e., stacks of stacks of stacks etc. n times,
where each element in the stacks has a link to a stack of order less than n) with a special collapse operation
that reduces a stack to the prefix linked to by its first element.
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continuous languages and the resulting continuous pushdown systems.

Functional vs. Imperative Languages Most of the existing approaches on AST methods

(mostly based on ranking functions) work with imperative languages. A general direction of

research should be to check if and to what extend AST methods for imperative languages can

be used in a functional setting, a question that is still wide open. A particularly promising

idea is to use ranking functions directly on a pushdown process. This would allow us to reuse

some of the advanced results in the area of ranking functions (hitherto almost exclusively

stated for an imperative language) to the domain of functional programs. Especially the

powerful rule from [McIver et al. 2018] would allow for the verification of many interesting

functional programs. We believe, the method presented in the first part of this work to be

useful for most language with continuous distributions, as lower bounds on certain events

are required for most methods (both in functional and imperative languages). The reasoning

about non-affine recursion is also applicable for recursive imperative languages (such as the

one studied in [Olmedo et al. 2016]).
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Appendix A

Additional Proofs - Chapter 4

Restatement of Lemma 4.3 : If 〈M, ℘〉;∗ 〈N , ℘′〉 and M /M and s / ℘ then there

exists a N /N and s′ / ℘′ such that 〈M, s〉 →∗ 〈N, s′〉.

Proof We first observe the following obvious result: If M /M and Ni /Ni for i ∈ [n] then

M [Ni/xi]i∈[n] /M[Ni/xi]i∈[n] which can be proved by induction on M (or M). Call this

observation (1).

We now show the statement without the transitive reflexive closure. The transitive state-

ment the follows by an trivial induction. We do structural induction on M.

� IfM = (λx.P)V: then N = P[V/x] and as M /M, M = (λx.P )V for some P /P, V /V
and ℘′ = ℘. Define s′ , s and N , P [V/x]. Clearly 〈M, s〉 → 〈N, s′〉. Now s′ / ℘′ is

obvious and from (1) we also get N /N .

� If M = (µϕx .P)V: similar to the previous case.

� M = f
(
[a1, b1], · · · , [a|f |, b|f |]

)
. The N = f̂(a1, b1, · · · , a|f |, b|f |). As M /M we

get M = f(r1, · · · , r|f |) and ri ∈ [ai, bi]. Define s′ , s and N , f(r1, · · · , rn).

Clearly 〈M, s〉 → 〈N, s′〉. As f is interval preserving we also get that f(r1, · · · , r|f |) ∈
f̂(a1, b1, · · · , a|f |, b|f |) so N /N .

� M = if
(
[a, b],P,Q

)
. Assume b ≤ 0, the case where a > 0 is analogous. So N = P. As

M /M, M = if
(
r, P,Q

)
for some r ∈ [a, b] and P / P. So we can choose N = P .

� M = sample so ℘ = [a, b] :: ℘′ and N = [a, b]. Now M = sample and as s/℘, s = r :: s′

for r ∈ [a, b]. Now define N = r.

� M = score([a, b]): So M = score(r) and r ∈ [a, b]. So N = r.

87
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� M = E [R] for E 6= [·]: Then 〈R, ℘〉 → 〈M, ℘′〉. As M /M we have M = E[R]

for R / R. Now by induction on R we get a M with M /M and s′ / ℘′ such that

〈R, s〉 → 〈M, s′〉. Now E[M ]/E [M] as / is obviously closed under context closure. And

〈E[R], s〉 → 〈E[M ], s′〉 as required.

Lemma A.1 : LetM be any term not already a value, κ, κ′ ∈ D∗ and ℘ ∈ SI and n ∈ N.

If for every pair (M, s) with M /M and s / ℘

〈M, s, κ〉 co−→n 〈M(M,s), s(M,s), κ
′〉

(Note that M(M,s) and s(M,s) are uniquely determined). Then 〈M, ℘〉 ;n 〈M′, ℘′〉 for

some M′ and ℘′ such that for every pair (M, s), M(M,s) /M′ and s(M,s) / ℘
′.

Proof We show the result for n = 1. The case for n = 0 is trivial and for n > 1 follows

by easy induction using the case for n = 1. The proof goes by induction on M. We only

consider the case wereM is itself a redex. The case whereM = E [R] follow by induction

onR. The only interesting case is whereM is a conditional redex: So lets focus on the case

where M = if([a, b],N ,P): Now any M /M must have the from M = if(rM , NM , PM )

and there exist at least on such (as we work with closed, non, empty intervals). As any

such M can reduce via
co−→ by assumption we get that κ = L :: κ′ or κ = R :: κ′ as

otherwise no reduction can take place. W.l.o.g. assume κ = Lκ′. We now claim that

b ≤ 0. Assume for contradiction that b > 0. Then choose the term Ṁ / if(b,N, P ) where

N / N and P / P are arbitrary (they always exist). Now 〈Ṁ, s,L :: κ′〉 cannot make a

reduction step via
co−→ which contradicts the assumption. So b ≤ 0.

This means that M = if([a, b],N ,P) ; N . Now any M /M of the form M =

if(rM , NM , PM ) and reduces to NM . So M(M,s) = NM / N = M′ as required and

obviously s(M,s) = s / ℘ = ℘′.

Restatement of Lemma 4.7 : If ℘ ∈ SI, κ ∈ D∗ and L℘ M ⊆ T(κ)
M,term then ℘ ∈

TI
M2I,term

.

Proof We show the following stronger lemma which immediately implies the result as the

only term refining M2I is M itself: If M is any interval term, ℘ ∈ SI and κ ∈ D∗ and for

all M /M, L℘ M ⊆ T(κ)
M,term then ℘ ∈ TI

M,term.

We can proof this as follows: As for any M /M, L℘ M ⊆ T(κ)
M,term we get that every M /M

and s/℘, 〈M, s, κ〉 co−→n 〈V(M,s), ε, ε〉 for a fixed n (As soon as κ is fixed each reduction takes

the same number of steps). We can thus apply Lem. A.1 and get that 〈M, ℘〉 ;n 〈V, ε〉,
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so ℘ ∈ TI
M,term as required.

Restatement of Lemma 4.13 : If V is a symbolic value of type R with sample variables

among {α0, · · · , αm−1} and [a, b] ∈ I an interval then there exists a countable family of

boxes {Bi}i∈I (Bi ⊆ Rm[0,1]) such that
⋃
iBi b V−1([a, b]).

Proof By induction on the structure of V:

� V = r: Then choose B1 , Rm[0,1] if r ∈ [a, b] and B1 , ∅ otherwise.

� V = αj . Then choose B1 , Rj[0,1] × (R[0,1] ∩ [a, b])× Rm−j−1
[0,1] .

� V = f (V1, · · · ,V|f |). As f is by assumption interval-separable there exist count-

able boxes (Bi)i∈I s.t., ∪iBi b f−1([a, b]) for some countable set I. Each Bi is

a box and can thus be written as Bi = [a1
i , b

1
i ] × · · · × [a

|f |
i , b

|f |
i ]. Now define

Ci ,
⋂

1≤j≤|f |V
−1
j ([aji , b

j
i ]) ⊆ Rm[0,1]. These are all assignments such that each Vj

takes on a value in [aji , b
j
i ]. As the countable union of Lebesgue null sets is a null we

get
⋃
i∈I Ci b V−1([a, b]). Call this fact (1).

Now by induction for each 1 ≤ j ≤ |f | there exists a family of boxes (Bi,j
k )

k∈Iji
for some

countable index set Iji , such that
⋃
k∈Iji

Bi,j
k b V−1

j ([aji , b
j
i ]). Now

⋂
1≤j≤|f |

⋃
k∈Iji

Bi,j
k =⋃

(k1,··· ,k|f |)∈I1i ×···×I
|f |
i

Bi,1
k1
∩· · ·Bi,|f |

k|f |
by distributing the intersection over the union. We

can put this together and get the following by again using the fact that the countable

union of null sets is a null set:⋃
(k1,··· ,k|f|)∈I1i×···×I

|f|
i

Bi,1k1 ∩ · · ·B
i,|f |
k|f|

=
⋂

1≤j≤|f |

⋃
k∈Iji

Bi,jk b
⋂

1≤j≤|f |

V−1j ([aji , b
j
i ]) = Ci

Note that the index set I1
i × · · · × I

|f |
i is countable. Combined with (1) we get⋃

i∈I

⋃
(k1,··· ,k|f|)∈I1i×···×I

|f|
i

Bi,1k1 ∩ · · ·B
i,|f |
k|f|
b V−1([a, b])

Note that the set {(i, k1, · · · , k|f |) | i ∈ I, (k1, · · · , k|f |) ∈ I1
i ×· · ·×I

|f |
i } is also countable

as the countable product of countable sets. Also note that the finite intersection of boxes

in the equation above is again a box. We are thus done.
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Additional Proofs - Chapter 5

Subject Reduction

In this section, we show that the Intersection Type System (Fig. 5.3) enjoys subject reduction.

Restatement of Lemma 5.2 (Subject Reduction): If ` M :
⦃

(α, ℘, τ)
⦄

and M
is not a value, then either

� M has a deterministic redex so M→detM′ and ` M′ :
⦃

(α, ℘, τ − 1)
⦄

, or

� M has a probabilistic redex then ℘ = [a, b]℘′ and we have M→[a,b] M′ and ` M′ :
⦃

(α, ℘′, τ − 1)
⦄

We again begin with a substitution lemma:

Lemma B.1 (Substitution): If Γ; {xi : ai}i∈[n] ` M : A for distinct xi and for all

i ∈ [n] and B ∈ ai, Γ ` Ni : B then Γ ` M[Ni/xi]i∈[n] : A

Proof An easy induction on M.

We then split our initial lemma into two: as M = E [R] for a deterministic or probabilistic

redexR. Note that being a value does not necessary mean that a reduction step can take place.

It is however if a term is typeable with anything other than
⦃⦄

. E.g. a term if([−1, 1],N ,P)

is not typeable with anything other than
⦃⦄

. For deterministic subject reduction it is actually

more convenient to show the following stronger statement:

Lemma B.2 (Deterministic Subject Reduction): If ` M : A, A 6=
⦃⦄

and M
has a deterministic redex and then M→detM′ and ` M′ : A(↑ε,−1).
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Proof Induction on M→detM′. Case analysis on M.

� M = (λx.N )P →det N [P/x]: Then the last step must have been:

{x : b} ` N : B
(abs)

` λx.N :
⦃

(b→ B, ε, 0)
⦄

{` P : C | ∀C ∈ b}
(app)

` (λx.N )P : B(↑ε,1) = A

By substitution (Lem. B.1) we can type ` N [P/x] : B = A(↑ε,−1) as required.

� M = (µϕx .N )P →det N [P/x, (µϕx .N )/ϕ]: Then the last step must have been via (app)

and (fix) , similar to above. We conclude via (Lem. B.1).

� M = if([a, b],N ,P)→det N and b ≤ 0: Then the last step must have been:

` [a, b] :
⦃

([a, b], ε, 0)
⦄

` N : B([a,b],ε,0)
(if)

` if([a, b],N ,P) : B(↑ε,1)([a,b],ε,0)

So ` N : B([a,b],ε,0) = A(↑ε,−1).

� M = if([a, b],N ,P)→det P and a > 0. Similar to the previous case.

� M = if([a, b],N ,P) and a < 0 and b ≥ 0. Note possible as by assumption A 6=
⦃⦄

.

� M = f([a, b], [c, d]) →det f̂(a, b, c, d). Then the last step must have been via (f) and

(num) and A =
⦃

(f̂(a, b, c, d), ε, 1)
⦄

we can type ` f̂(a, b, c, d) :
⦃

(f̂(a, b, c, d), ε, 0)
⦄

via

(num) .

� M = score([a, b])→det [a, b] and a ≥ 0. Then the last step must have been via (score)

and (num) to A =
⦃

([a, b], ε, 1)
⦄

and we can type ` [a, b] :
⦃

([a, b], ε, 0)
⦄

via (num) as

required.

� M = score([a, b]) and a < 0. Not possible as by assumption A 6=
⦃⦄

.

� M = NP →det N ′P and N →det N ′. Then the last step must have been:

` N : B {` P : D | ∀(b→ C, ℘, τ) ∈ B,D ∈ b}
(app)

` NP :
⋃

(b→C,℘,τ)∈B
C(↑℘,τ+1)

By induction we get ` N ′ : B(↑ε,−1). We can conclude using (app) , by choosing the

same type derivations for each element in B(↑ε,−1) as in the original derivation..

� M = if(N ,P,Q) →det if(N ′,P,Q) and N →det N ′: Then the last step must have

been via (if) :
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` N : B
{` P : C([a,b],℘,τ) | ([a, b], ℘, τ) ∈ B, b ≤ 0}

{` Q : D([a,b],℘,τ) | ([a, b], ℘, τ) ∈ B, a > 0}
(if)

` if(N ,P,Q) :
⋃

([a,b],℘,τ)∈B|b≤0
C(↑℘,τ+1)
([a,b],℘,τ)

⋃ ⋃
([a,b],℘,τ)∈B|a>0

D(↑℘,τ+1)
([a,b],℘,τ)

By induction we get ` N ′ : B(↑ε,−1) and can again conclude via (if) by choosing the

same derivations.

� M = score(N )→det score(N ′): Then the last step must have been via (score) we can

apply induction on N and again conclude via (score) .

� M = f(N ,P) →det f(N ′,P) and N →det N ′: Then the last step must have been via

(f2) . Similar to the case before can apply induction, use the same derivations as in the

original one and conclude via (f2)

� M = f([a, b],N ) →det f([a, b],N ′) and N →det N ′: The last step must have been via

and (num) . We can apply induction and conclude back via (f2) .

Lemma B.3 (Probabilistic Subject Reduction): If ` M :
⦃

(α, ℘, τ)
⦄

and M has

a probabilistic redex then ℘ = [a, b]℘′ and we haveM→[a,b] M′ and ` M′ :
⦃

(α, ℘′, τ−1)
⦄

Proof Case analysis on M.

� M = sample. Then the last step is:

(sample)

` sample :
⦃

([a, b], [a, b], 1)
⦄

for some a, b. We get sample →[a,b] M′ , [a, b] and can obviously type: ` M′ :
⦃

([a, b], ε, 0)
⦄

using (num) .

� M = NP and N has a probabilistic redex. The last step must have been:

` N :
⦃

(b→
⦃

(α, ℘3, τ3)
⦄

, ℘1, τ1)
⦄

{` P : C | ∀C ∈ b}
(app)

` NP :
⦃

(α, ℘1℘3, τ1 + τ3 + 1)
⦄

By induction we get that ℘1 = [a, b]℘2, N →[a,b] N ′ and ` N :
⦃

(b →
⦃

(α, ℘3, τ3)
⦄

, ℘2, τ1 − 1)
⦄

. So ℘1℘3 = [a, b]℘2℘3. Now NP →[a,b] N ′P and we can

conclude ` N ′P :
⦃

(α, ℘2℘3, τ1 + τ3)
⦄

via (app) .

� All the other closre cases, i.e., M = if(N ,P,Q), M = f(N ,P), M = f([a, b],N ) and

M = score(N ) where N has a probabilistic redex follow in the same fashion as above.
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Pairwise Compatible

In this part, we show that each type derivation in our system gives pairwise compatible

traces. We first observe the following fact which states that if we have interval traces that are

terminating for some term and pairwise compatible, we can append arbitrary traces to each

and still be pairwise compatible.

Lemma B.4 : Let M be a closed interval term. Assume {℘i, | i ∈ [n]} ⊆ TI
M,term are

pairwise compatible. Let {℘′i | i ∈ [n]} ⊆ SI be arbitrary interval traces (neither necessary

pairwise compatible nor terminating for some term). Then {℘i℘′i | i ∈ [n]} is pairwise

compatible.

Proof Fix any two i 6= j ∈ [n]. By assumption ℘i and ℘j are compatible. In the first

case, we assume |℘i| = |℘j |. Then there exists a k ∈ |℘i| such that ℘i(k) and ℘j(k) are

almost disjoint. Now obviously no matter what trace we append to either of them they

remain compatible as the kth position does not change.

In the second case, we get w.l.o.g. |℘i| < |℘j |. Now we make use of the assumption that

both are terminating for the same term M . Define ℘̂ = ℘j [0, · · · , |℘i| − 1] i.e., the first

|℘i| positions of ℘j . We claim that ℘̂ and ℘i are compatible. If this were the case the

statement follows from the observation in the first case.

To show that ℘̂ and ℘i are compatible, we show that L ℘̂ M∩L℘i M = ∅ which is even stronger

than requiring compatibility (for compatibility this intersection may contain up to one

element). Assume for contradiction there exist a standard trace s in the intersection. In

particular, s / ℘i, so s is terminating for M (where M /M is any term). Now as s ∈ L ℘̂ M
and by definition of ℘̂ there exists a s′ 6= ε such that ss′ / ℘j , so ss′ is also terminating

for M . This is a clear contradiction as the extnsion of any terminating trace cannot be

terminating.

We can then show the desired result:

Restatement of Lemma 5.4 (Pairwise Compatibility): If ` M : A and A =
⦃

(αi, ℘i, τi) | i ∈ [n]
⦄

then {℘i}i are pairwise compatible.

Proof In the case of A =
⦃⦄

the statement is trivial, so we can assume that the first

step is not (⦃⦄). The order on which we do induction is rather strange. For all but one

case simple induction on M suffices. In the case of application, we do, however, need a

stronger inductive hypothesis. We define an order ≺ as follows

M is a subterm of N
M ≺ N

〈N , ℘〉;∗ 〈V, ε〉 for some ℘

VP ≺ NP
It is easy to see that ≺ is well founded. We now do induction on M w.r.t. ≺. We do a
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case analysis on M.

� If M = λx.N or M = µϕx .N or M = [a, b]: Trivial as A is a singleton

� If M = sample: By construction of the (sample) rule each of the ℘i are pairwise

compatible.

� If M = score(N ): So ` N : B for some B and each ℘i in A is also an interval trace

from B. The statement then follows by induction.

� If M = if(N ,P,Q): So the last step must have been:

` N : A
{` P : B([a,b],℘,τ) | ([a, b], ℘, τ) ∈ A, b ≤ 0}

{` Q : C([a,b],℘,τ) | ([a, b], ℘, τ) ∈ A, a > 0}
(if)

` if(N ,P,Q) :
⋃

([a,b],℘,τ)∈A|b≤0
B(↑℘,τ+1)
([a,b],℘,τ)

⋃ ⋃
([a,b],℘,τ)∈A|a>0

C(↑℘,τ+1)
([a,b],℘,τ)

For each ([a, b], ℘, τ) ∈ A with b ≤ 0, we have ` P : B([a,b],℘,τ). Now by induction on

P all interval traces in B([a,b],℘,τ) are pairwise compatible. We can thus conclude that

B(↑℘,τ+1)
([a,b],℘,τ) is also pairwise compatible as we append the same trace to each element.

With identical reasoning we also get that the traces in C([a,b],℘,τ) for a > 0 are pairwise

compatible. What remains now is to show that the interval traces in⋃
([a,b],℘,τ)∈A|b≤0

B(↑℘,τ+1)
([a,b],℘,τ)

⋃ ⋃
([a,b],℘,τ)∈A|a>0

C(↑℘,τ+1)
([a,b],℘,τ)

are pairwise compatible. Assume for contradiction they are not, so there are two traces

that are not compatible. By the preceding observation they cannot both come from

B(↑℘,τ+1)
([a,b],℘,τ) or C(↑℘,τ+1)

([a,b],℘,τ). They must thus come from two distinct such sets.

Now by induction the trace in A are also pairwise compatible and furthermore by

Lem. 5.3 each of them is terminating for N . We can thus apply Lem. B.4 and get that

two traces from distinct sets as above must be compatible.

� If M = f(N ,P). The last step must have been:

` N : A {` P : B([a,b],℘,τ)∈A | ([a, b], ℘, τ) ∈ A}
(f2)

` f(N ,P) :
⋃

([a,b],℘,τ)

⋃
([c,d],℘′,τ ′)∈B([a,b],℘,τ)

⦃

(f̂(a, b, c, d), ℘℘′, τ + τ ′ + 1)
⦄

By induction we get that each trace in B([a,b],℘,τ)∈A for ([a, b], ℘, τ) ∈ A is pairwise

compatible and thus also in
⋃

([c,d],℘′,τ ′)∈B([a,b],℘,τ)

⦃

(f̂(a, b, c, d), ℘℘′, τ + τ ′ + 1)
⦄

.

Now by induction the trace in A are pairwise compatible and by Lem. 5.3 also termi-

nating for N so we can, as in the previous case, use Lem. B.4 to conclude.
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� If M = NP: We get that the last step must have been:

` N : A {` P : C | ∀(b→ B, ℘, τ) ∈ A, C ∈ b}
(app)

` NP :
⋃

(b→B,℘,τ)∈A
B(↑℘,τ+1)

As ensured by the simple type system each type A is a function type. Lets write

A =
⦃

(bi → Bi, ℘′i, τ ′i) | i ∈ [m]
⦄

. By induction we get that the interval traces (℘′i,

i ∈ [m]) in A are pairwise compatible. By Lem. 5.3 each of them is terminating for N ,

i.e., ℘′i ∈ TI
N,term.

Fix any i ∈ [m]. As ℘′i ∈ TI
N ,term we get 〈N , ℘′i〉 ;∗ 〈Vi, ε〉 for some value Vi (this

must be a λ or µ-abstraction). By Subject Reduction (Lem. 5.2) we get ` Vi :
⦃

(bi →
Bi, ε, 0)

⦄

. Using (app) we can thus type ` ViP : B(↑ε,1)
i . By induction (note that

ViP ≺ NP) we get that the traces in B(↑ε,1)
i are pairwise compatible. So B(↑℘′i,τ ′i+1)

i is

also pairwise compatible.

As each ℘′i ∈ TI
N ,term we can also apply Lem. B.4 and get that every trace combina-

tion from B(↑℘′i,τ ′i+1)
i and B(↑℘′i,τ ′i+1)

i for i 6= j must be compatible. So the traces in⋃
i∈[m] B

(↑℘′i,τ ′i+1)
i =

⋃
(b→B,℘,τ)∈A B(↑℘,τ+1) are pairwise compatible as required.

Subject Expansion

In this section, we show that the set type system enjoys subject Expansion:

Restatement of Lemma 5.6 (Subject Expansion):

� If ` M : A and N →detM then ` N : A(↑ε,1)

� If ` Mi : Ai and N →[ai,bi] Mi where {[ai, bi]}i are almost disjoint then

` N :
⋃
i

(Ai)(↑[ai,bi],1)

We again by giving a reverse substitution lemma:

Lemma B.5 (Reverse Substitution): If ` M[Ni/xi]i∈[n] : A for distinct xi then

there exist a {ai}i∈[n], s.t., {xi : ai}i∈[n] ` M : A and for all i ∈ [n] and B ∈ ai, ` Ni : B

Proof Standard. By induction on M.

We then split the lemma into two part we can prove separately:
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Lemma B.6 (Deterministic Subject Expansion): If ` M : A and M′ →det M
then ` M′ : A(↑ε,1)

Proof We assume w.l.o.g. that A 6= ∅. Induction on ` M : A. Case analysis on M′.

� M′ = (λx.N )P →det N [P/x]: So ` N [P/x] : A. By Lem. B.5 we get an a, s.t.,

{x : a} ` N : A and for all B ∈ a, ` P : B. We can conclude ` λx.N :
⦃

(a→ A, ε, 1)
⦄

using (abs) and can the derive ` (λx.N )P : A(↑ε,1) via (app) .

� M′ = (µϕx .N )P →det N [P/x, (µϕx .N )/ϕ]. So ` N [P/x, (µϕx .N )/ϕ] : A. By Lem. B.5 we

get ax, aϕ such that {x : ax, ϕ : aϕ} ` N : A and for all B ∈ ax, ` P : B and all B ∈ aϕ,

` µϕx .N : B. We can thus type ` µϕx .N :
⦃

(ax → A, ε, 0)
⦄

using (fix) and conclude

` (µϕx .N )P : A(↑ε,1) via (app) .

� M′ = if([a, b],N ,P) →det N and b ≤ 0 and ` N : A. We can type ` [a, b] :
⦃

([a, b], ε, 0)
⦄

via (num) and as b ≤ 0 we can derive ` if([a, b],N ,P) : A(↑ε,1) us-

ing (if) .

� M′ = if(a, b,N ,P)→det P and a > 0. Similar as the case above.

� M′ = f([a, b], [c, d]) →det f̂(a, b, c, d): So ` f̂(a, b, c, d) : A, so we get that A =
⦃

(f̂(a, b, c, d), ε, 0)
⦄

as only (num) is applicable. We can type ` [a, b] :
⦃

([a, b], ε, 0)
⦄

via (num) and similar for [a, b] and can conclude using (f2)

� M′ = N ′P →det NP and N ′ →det N . As ` NP : A we get that the last step must

have been:

` N : B {` P : D | ∀(c→ C, ℘, τ) ∈ B,D ∈ c}
(app)

` NP :
⋃

(c→C,℘,τ)∈B
C(↑℘,τ+1) = A

By IH we get ` N ′ : B(↑ε,1) and conclude using (app) by choosing the same derivations

as in the original derivation.

� M′ = if(N ′,P,Q) →det if(N ,P,Q) and N ′ →det N . As ` if(N ,P,Q) we get that

the last step must have been via (if) . As in the previous case we can apply induction

choose the same derivations for P and Q and conclude back via (if) .

� M′ = f(N ′,P) →det f(N ,P) and N ′ →det P. The last step must have been via (f2)

and we can apply our induction hypothesis as we have before.

� M′ = f([a, b],N ′)→det f([a, b],N ) and N ′ →det N . Similar to the previous cases.

� M′ = score(N ′)→det score(N ) and N ′ →det N . Similar to the previous cases.
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Lemma B.7 (Probabilistic Subject Expansion): If ` Mi : Ai and M→[ai,bi] Mi

where {[ai, bi]}i are almost disjoint then

` M :
⋃
i

A(↑[ai,bi],1)
i

Proof We can assume that Ai 6=
⦃⦄

as this case is trivial. By induction on M.

� M = sample: ThenMi = [ai, bi] and as ` Mi : Ai we get that Ai =
⦃

([ai, bi], ε, 0)
⦄

as

the last step must be via (num) . As [ai, bi] are almost disjoint we can use the (sample)

-rule to type sampleas required.

� M = NP and N does a reduction step, i.e., N →[ai,bi] Ni and Mi = NiP. As

` NiP : Ai we get that the last step must have been:

` Ni : Bi {` P : D | ∀(c→ C, ℘, τ) ∈ Bi,D ∈ c}
(app)

` NiP :
⋃

(c→C,℘,τ)∈Bi
C(↑℘,τ+1) = Ai

By induction we get ` N :
⋃
i B

(↑[ai,bi],1)
i , B- Define B ,

⋃
i(Bi)(↑[ai,bi],1). We get {`

P : D | ∀(c→ C, ℘, τ) ∈ B,D ∈ c} as B is just the concatenation of all Bi, i.e., every type

in B is in at least on Bi. By using (app) we can thus type ` NP :
⋃

(c→C,℘,τ)∈B C(↑℘,τ+1).

The statement follows by observing that

⋃
(c→C,℘,τ)∈B

C(↑℘,τ+1) =
⋃
i

⋃
(c→C,℘,τ)∈Bi

C↑([ai,bi]℘,τ+1+1) =
⋃
i

A(↑[ai,bi],1)
i

as required

� M = if(N ,P,Q) and N does a reduction step, i.e., N →[ai,bi] Ni and Mi =

if(Ni,P,Q). The last step in each derivation must have been:

` Ni : Bi
{` P : C([a,b],℘,τ),i | ([a, b], ℘, τ) ∈ Bi, b ≤ 0}

{` Q : D([a,b],℘,τ),i | ([a, b], ℘, τ) ∈ Bi, a > 0}
(if)

` if(Ni,P,Q) :
⋃

([a,b],℘,τ)∈Bi|b≤0
C(↑℘,τ)([a,b],℘,τ),i ∪

⋃
([a,b],℘,τ)∈Bi|a>0

D(↑℘,τ),i
([a,b],℘,τ) = Ai

By induction we get ` N :
⋃
i B

(↑[ai,bi],1)
i , B. Now each element ([a, b], ℘, τ) ∈ B stems

from exactly one category i (from one Bi). So elements in B can be seen as having the

from ([a, b], ℘, τ), i ∈ B. (This is just needed to take care of the indices). Using (if) we

can type

`if(N ,P,Q) :
⋃

([a,b],℘,τ),i∈B|b≤0
C(↑℘,τ)([a,b],℘,τ),i ∪

⋃
([a,b],℘,τ),i∈B|a>0

D(↑℘,τ)
([a,b],℘,τ),i

=
⋃
i

( ⋃
([a,b],℘,τ)∈Bi|b≥0

C(↑℘,τ)([a,b],℘,τ),i ∪
⋃

([a,b],℘,τ)∈Bi|a<0

D(↑℘,τ)
([a,b],℘,τ),i

)
=
⋃
i

A(↑[ai,bi],1)
i
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as required.

� M = f(N ,P) and N does a reduction step, i.e., N →[ai,bi] Ni and Mi = f(Ni,P). As

` f(Ni,P) : Ai we get that the last step must have been:

` Ni : Bi {` P : C([a,b],℘,τ),i | ([a, b], ℘, τ) ∈ Bi}
(f2)

` f(Ni,P) :
⋃

([a,b],℘,τ)∈Bi

⋃
([c,d],℘′,τ ′)∈C([a,b],℘,τ),i

⦃

(f̂(a, b, c, d), ℘℘′, τ + τ ′ + 1)
⦄

By induction we get ` N :
⋃
i B

(↑[ai,bi],1)
i , B. We can now conclude using (f2) as in

the previous cases.

� M = f([a, b],N ) andN does a reduction step, i.e., N →[ai,bi] Ni andMi = f([a, b],Ni).
The last step must thus have been:

(num)
` [a, b] :

⦃

([a, b], ε, 0)
⦄

` Ni : B([a,b],ε,0),i
(f2)

` f([a, b],Ni) :
⋃

([c,d],℘,τ)∈B([a,b],ε,0),i

⦃

(f̂(a, b, c, d), ℘, τ + 1)
⦄

By induction we get ` N :
⋃
i B

(↑[ai,bi],1)
i , B. We can trivially conclude via (f2) and

(num) .

� M = score(N ) and N does a reduction step, i.e., N →[ai,bi] Ni and Mi = score(Ni).
The last step must have been via (score) . We can apply induction and trivially conclude

via (score) .



Appendix C

Additional Proofs - Chapter 6

Restatement of Theorem 5 (Conditions for AST): A finite step distribution p is

AST if and only if all of the following hold∑
i∈Z

p(i) = 1a) p 6= δ0b)
∑
i∈Z

i · p(i) ≤ 0c)

Proof First Direction: We begin with the (arguably more interesting direction) that

the three conditions together imply AST.

We first note that due to condition a) the error state, ⊥, is never reachable. We can thus

concentrate on paths consisting of natural numbers and can neglect the possibly of moving

to the error state. Instead of considering the random walk on the half line we, we consider

the more general wok on the integers, i.e., we remove the truncation at 0. That is the

markov chain M = (Z,P) where P is defined by P(x, y) = p(y− x). It is easy to see that

p is AST if and only if M eventually visits the non-positive numbers a.s.

We then begin by checking the third condition (c)) for equality of strict inequality:

� In the case of strict inequality, we have
∑
i∈Z

i · p(i) < 0:

Fix any starting state m as in the definition of AST. We define integer valued random

variables X0, X1, · · · by Xi = m+
∑i

k=1 Yi where Yi are independent random variables

that are distributed according to p. It is easy to see that by the construction of the

markov chain M we have Pn(m, y) = P(Xn = y), i.e., for the random variable Xi the

probability of Xi = y is the probability of being in state y after n steps. Here P is the

probability distribution on the underlying (not specified) measurable space on which

the Xis are defined.

With E(Xi) we denote the expectation of Xi and with Var(Xi) the variance defined

99
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in the standard way. With E(p) we denote the expectation of p. We obviously have

E(Xi) = m+ i ·E(p) and as each of the Yi are independent also Var(Xi) = i ·Var(p). By

assumption E(p) =
∑

i∈Z i · p(i) < 0. Let ε = −
∑

i∈Z i · p(i) > 0. So E(Xi) = m− i · ε.

All that remains now is to apply an appropriate concentration bound. Let N be such

that for every i > N we have E(Xi) < 0, which exists as E(Xi) = m + i · ε. For each

i > N we have:

P(Xi > 0) ≤ P
(
|Xi − E(Xi)| > −E(Xi)

) (1)

≤ Var(Xi)

(−E(Xi))2
=

i ·Var(p)

(m− ε · i)2
∝ i

i+i2

where (1) follows from Chebyshev’s inequality. If we let i → ∞ we thus get that

P(Xi > 0) converges to 0.

� In the case of equality, we have
∑
i∈Z

i · p(i) = 0:

First note that in this case the above reposing does not work. It does not even hold that

P(Xi > 0) tends to 0 as it has in the previous case. We again use the same construction

of the RV Xi as before. We will show that Xi does eventually become negative at

least once. From condition c) together with b) we get that there exists an i∗ < 0 with

p(i∗) > 0. From any state k we can now reach a non-positive number in dk/i∗e steps

with probability at least p(i∗)dk/i
∗e > 0 (just take the relative change i∗ so many times).

Our proof now hinges on a famous theorem proved by George Pólya that states that

any random walk on Z1 or Z2 with zero mean is recurrent (For a modern proof see

e.g. [Novak 2014]). As our random walk starts in m, i.e., X0 = m we thus get that the

process (Xi)i does return to m with probability 1. We can then use the strong markov

property that states that if we have any stopping time τ (in our case the first time

we revisit m) the process after τ is identical to the original one. We thus get that as

(Xi)i is recurrent, i.e., visits m again almost-surely, it also visits m infinity many times

a.s. As we have just shown, every time we visit m there is a (lower bounded) positive

probability (of p(i∗)dk/i
∗e > 0) of visiting a negative numbers. So we eventually visit a

negative number with certainty (see the zero-one law in [McIver and Morgan 2005] ).

Second Direction: We prove this by contraposition. It is easy to see that if
∑

i p(i) < 1

the walk is not AST as we have a positive probability of moving to the error state from

any state. Similar if p = δ0 we are obviously not terminating. Lastly if
∑

i∈Z i · p(i) > 0

we can follow similar reasoning as in the case of strictly negative expectation and show

that the expectation increases in each step.



C. Additional Proofs - Chapter 6 101

Restatement of Lemma 6.10 : If {pi}i∈I is a finite family of discrete step distribution

and each pi is AST then {pi}i∈I is uniform AST.

Proof Fix any m. Fix any ε > 0. By assumption limn→∞Pn
pi(m, 0) = 1 for every i. So

for any i there exist a Ni ∈ N such that for every n ≥ Ni, P
n
pi(m, 0) ≥ 1− ε (By definition

of the limit). Now define N =
∑

iNi which is finite as I is finite.

Now choose any n ≥ N . We claim infi1,··· ,in Ppi1
· · ·Ppin (m, 0) ≥ 1 − ε which would

immediately give us the result. Choose arbitrary indices i1, · · · , in. As n ≥ N there must

exists a i∗ ∈ I that occurs at least Ni∗-many times among i1, · · · , in by the pigeon hole

principle.

As 0 is an absorbing state we can see that PpiP(m, 0) ≥ P(m, 0) for any stochastic matrix

P (1). Note that multiplication is commutative, i.e., PpiPpj (m, 0) = PpjPpi(m, 0) (This

does not hold for general matrix multiplication but holds for Ppi as a random walk is

invariant of the current state). We can thus reorder the indices i1, · · · , in such that i∗ fills

the last Ni∗ positions. Together with (1) we thus get

inf
i1,··· ,in

Ppi1
· · ·Ppin (m, 0) ≥ P

Ni∗
pi∗ (m, 0) ≥ 1− ε

as required.

Restatement of Theorem 6 : If step kernel S : X × ΣStack(X) → R[0,1] has counting

pattern {pS,x : N → R[0,1]}x∈R and {pS,x : Z → R[0,1]}x∈R is uniform AST then the

pushdown process generated by S is AST.

Proof We claim the following for all n,m ∈ N:

inf
x1,··· ,xn∈X

(
PpS,x1

· · ·PpS,xn

)
(|ϕ|,m) ≤ κnS(ϕ,Stackm(X))

We can prove this statement via induction on n with m universally quantified. The base

case for n = 0 is easy as both sides are 1 iff m = |ϕ| and otherwise 0. In the inductive

step, we observe the following:
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κn+1
S (ϕ,Stackm(X)) =

∫
Stack(X)

κnS(ϕ, d x)κS(x, Stackm(X)) (1)

≥
∫
Stack≥1(X)

κnS(ϕ, d x)κS(x, Stackm(X))

=

∞∑
k=1

∫
Stackk(X)

κnS(ϕ, d x :: %)S(x, Stackm−|%|(X)) (2)

=

∞∑
k=1

∫
Stackk(X)

κnS(ϕ, d x :: %)pS,x(m− k + 1) (3)

≥
∞∑
k=1

∫
Stackk(X)

κnS(ϕ, d x :: %) inf
x′
pS,x′(m− k + 1)

=

∞∑
k=1

κnS(ϕ,Stackk(X)) · inf
x′
pS,x′(m− k + 1)

=

∞∑
k=1

inf
x1,··· ,xn∈X

(
PpS,x1

· · ·PpS,xn

)
(|ϕ|, k) · inf

x′
pS,x′(m− k + 1) (4)

=

∞∑
k=1

inf
x1,··· ,xn∈X

(
PpS,x1

· · ·PpS,xn

)
(|ϕ|, k) · inf

x′
PpS,x′ (k,m) (5)

=

∞∑
k=1

inf
x1,··· ,xn+1∈X

(
PpS,x1

· · ·PpS,xn+1

)
(|ϕ|,m)

where (1) is the definition of kernel composition, (2) follows from the definition of κS , (3)

from the definition of pS,x, (4) from the IH as we assume m to be universally quantified.

Finally (5) follows from the fact that PpS,x′ (k,m) = pS,x′(m − k) = pS,x′(m − k + 1) by

definition of P· and shifting.

For the special case of m = 0 we get

inf
x1,··· ,xn∈X

(
PpS,x1

· · ·PpS,xn

)
(|ϕ|, 0) ≤ κnS(ϕ, {[]})

Now by assumption {pS,x : Z→ R[0,1]}x∈R is uniform AST so if n→∞ the left hand side

tends to 1. So limn→∞ κ
n
S(ϕ, {ε}) = 1, i.e., the stack process is AST.

Restatement of Lemma 6.20 : If {pk}k is a family of step distributions and (pk)k is

uniformly AST then ∑
S

P{pk}kinf (S) = 1

Proof We define the following set of absolute runs, i.e., sequences of states:

RunsA , {U ∈ N∗ | U(i+ 1)− U(i) ≥ −1, U(0) = 1, U(|u| − 1) = 0,∀1 ≤ i < |U | − 1 : U(i) 6= 0}
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Think of elements in RunsA as terminating runs of the markov chain that start in state

1 and eventually reach state 0. The condition U(i + 1) − U(i) ≥ −1 is there to ensure

that in each step the value never decrease by more than 1 (Note that pk never assign

positive probability to values less than −1). We associate a probability, P(U) to elements

U ∈ RunsA by:

P(U) = inf
k0,··· ,k|U|−2

|U |−2∏
i=0

Ppki
(U(i), U(i+ 1))

which matches the construct for the canonical state space for Markov chains. What we

observe now is that

lim
n→∞

(
inf

k1,··· ,kn
Ppk1

· · ·Ppkn
(1, 0)

)
=

∑
U∈RunsA

P(U)

, i.e., the probability of eventually reaching 0 from 1 is the same as the sum over the

probability of each path that terminates starting in 1. By assumption (pk)k is uniformly

AST so the left hand side equals 1. Call this (1). Instead of analysis the absolute path

we can also consider the relative change in each step. We define

RunsR , {u ∈ (N ∪ {−1})∗ |
|u|−1∑
i=0

u(i) = −1 ∧ ∀m < |u| − 1

m∑
i=0

u(i) > −1}

Each element u ∈ RunsR gives the relative change in each step such that starting from

state 1 we eventual terminate. The sum of the relative change should thus be −1 but

the sum of every strict prefix is at least 0 (so that termination only occurs in the last

step). There exists a bijective correspondence between elements in RunsA and RunsR:

For each u ∈ RunsR, define H(u) ∈ RunsA as the sequence of length |u| + 1 defined by

H(u)(i) , 1 +
∑i−1

j=0 u(j). It is easy to verify that H(·) is a bijection.

Now lastly we observe that there is a bijection between the set of number trees and RunsR.

For each number tree S we inductively define a sequence of integers F(S) ∈ RunsR by

F(n . [S1, · · · ,Sn]) = (n− 1) :: F(S1) · · ·F(Sn)

It is an easy proof to show that F(·) forms a bijection.

We thus have the bijective situation depicted on the right.

It is now easy to see that for every number tree S,

P{pk}kinf (S) = P(H(F(S))) as P{pk}kinf gives probability of the

relative change {pk}k which is exactly the same as weight-

ing the transition directly as in the definition of P.

RunsA RunsR NTree

H(·)−1

H(·)

F(·)−1

F(·)

As H ◦ F is a bijection and by (1) we thus get
∑
S P
{pk}k
inf (S) = 1 as required.



Appendix D

Additional Proofs - Chapter 7

Restatement of Lemma 7.4 : Let p, q : N → R[0,1] be finite subprobability mass

functions. If p is an AST step distribution and for all n,∑
m≤n

p(m) ≤
∑
m≤n

q(m)

Then q is an AST step distribution.

Proof For convenience lets write p̂(i) ,
∑

j≤i p(j) similarly for q̂. By assumption we have

p̂(i) ≤ q̂(i) for every i. We now use Thm. 5: As p is an AST step distribution we have∑
i i ·p(i) = 1,

∑
i i ·p(i) ≤ 1 and p 6= δ1. We now show that q satisfies all those conditions

as well and can then use the other direction from Thm. 5.

As p is finite we can view p : {0, · · · , k} → R[0,1] for some k. As
∑

i i · p(i) = 1 we get

p̂(k) = 1 and thus by assumption
∑

i i ·q(i) = q̂(k) = 1 (1). We can hence also view q as a

function q : {0, · · · , k} → R[0,1]. As
∑

i i · p(i) ≤ 1 and p 6= δ1 we get that p̂(0) = p(0) > 0,

so q(0) is also positive and thus q 6= δ1 (2).

In the following, it remains to show that
∑

i i · q(i) ≤ 1. We use the combinatorial fact

that
∑

i∈N i · p(i) =
∑

i∈N
∑

j>i p(j) and show:

∑
i∈N

i · p(i) =
∑
i∈N

∑
j>i

p(j) =
∑
i

(
1−

∑
j≤i

p(j)
)

=

k∑
i=0

(
1− p̂(i)

)
= (k + 1)−

k∑
i=0

p̂(i)

104
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Analogously
∑

i∈N i · q(i) = (k + 1)−
∑k

i=0 q̂(i). As p̂(i) ≤ q̂(i) for all i we get:

∑
i

i · q(i) = (k + 1)−
k∑
i=0

q̂(i) ≤ (k + 1)−
k∑
i=0

p̂(i) =
∑
i

i · p(i) ≤ 1 (3)

We are done as (1), (2) and (3) imply that q is AST by Thm. 5.

Proof of Prop. 7.5

We need the following simple fact:

Lemma D.1 : If ȧ ≤ a and ḃ ≤ b and p ∈ R[0,1] then ȧ ≤ pa+(1−p)b or ḃ ≤ pa+(1−p)b.

Proof Assume for contradiction pa+(1−p)b < ȧ and pa+(1−p)b < ḃ then pa+(1−p)b <
pȧ+ (1− p)ḃ. But obviously also pȧ+ (1− p)ḃ ≤ pa+ (1− p)b, a contradiction.

And can then prove:

Restatement of Proposition 7.5 : If T is sufficiently independent and C ⊆ N then

there exists a strategy S ≺ T, s.t.,∑
κ∈PathsH(S,C)

P?(S, κ) ≤
∑

κ∈PathsH(T,C)

P(T, κ)

Proof We generalize the statement. For a measurable set A ⊆ Rm[0,1] we define PA(T, κ) ,

λm(Const(T, κ)∩A) and P?A(S, p) , λm(Const?(S, p)∩A). Note that PRm
[0,1]

(T, p) = P(T, p)

and P?Rm
[0,1]

(S, p) = P?(S, p).
We now show that the statement holds with PA instead of P and P?A instead of P? for any

measurable A ⊆ Rm[0,1] which obviously subsumes our initial obligation.

The proof goes by induction on T with A ⊆ Rm[0,1] universally quantified.

� If T = V then define S , V . It is easy to check that this strategy does satisfy the

condition.

� If T = µ (T′) . By induction there is a S′ ≺ T′ that satisfies the conditions. Define

S , µ (S′) which trivial satisfies the condition.

� If T = s (V)(T′) . Define A′ , V−1[0,∞)∩A which is obviously measurable. Now by

induction there is a S′ ≺ T′ such that∑
κ∈PathsH(S′,C)

P?A′(S′, κ) ≤
∑

κ∈PathsH(T′,C)

PA′(T′, κ)
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Define S , s (V)(S′) . Now for every κ ∈ PathsH(S) we have

P?A(S, κ) = λm
(
Const?(S, κ) ∩A

)
= λm

(
Const?(S′, κ) ∩V−1[0,∞) ∩A

)
= P?V−1[0,∞)∩A(S′, κ) = P?A′(S′, κ)

Analogously PA(T, κ) = PA′(T′, κ). So using the IH we get∑
κ∈PathsH(S,C)

P?A(S, κ) =
∑

κ∈PathsH(S′,C)

P?A′(S′, κ)

≤
∑

κ∈PathsH(T′,C)

PA′(T′, κ) =
∑

κ∈PathsH(T,C)

PA(T, κ)

� If T = (V)(T1,T2): We define the set A1 , V−1(−∞, 0]∩A and A2 , V−1(0,∞)∩A.

Both are measurable. By induction there are strategies S1,S2 such that∑
κ∈PathsH(Si,C)

P?Ai(Si, κ) ≤
∑

κ∈PathsH(Ti,C)

PAi(Ti, κ) (1)

for i ∈ {1, 2}. We define S , (V)(S1,S2) and claim that this fulfils the criterion. We

observe the following, for any κ ∈ PathsH(S1) we have:

P?A(S,Lκ) = λm
(
Const?(S,Lκ) ∩A

)
= λm

(
Const?(S1, κ) ∩V−1(−∞, 0] ∩A

)
= P?V−1(−∞,0]∩A(S1, κ) = P?A1

(S1, κ)

and analogously for every κ ∈ PathsH(S2), P?A(S,Rκ) = P?A2
(S2, κ). The same also

holds for P instead of P?. We can now check:∑
κ∈PathsH(S,C)

P?A(S, κ) =
∑

κ∈PathsH(S1,C)

P?A(S, Lκ) +
∑

κ∈PathsH(S2,C)

P?A(S, Rκ)

=
∑

κ∈PathsH(S1,C)

P?A1
(S1, κ) +

∑
κ∈PathsH(S2,C)

P?A2
(S2, κ)

And using the same reasoning we have∑
κ∈PathsH(T,C)

PA(T, κ) =
∑

κ∈PathsH(T1,C)

PA1(T1, κ) +
∑

κ∈PathsH(T2,C)

PA2(T2, κ)

We can now conclude using the inequalities we obtained via induction (1).

� If T = (f)(T1,T2): We can assume that λm(A) > 0 as otherwise the statement is

obvious as any strategy would work since both sides are equal to zero.
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Let κ ∈ PathsH(T1): We make use of the assumption of sufficient independence. As by

assumption V does not contain sample variables occurring in T1 (and thus A), we get

that V−1(−∞, 0] and Const(T1, κ) are conditionally independent w.r.t. to A λm. In

particular,

λm
(
V−1(−∞, 0] ∩ Const(T1, κ) | A

)
= λm

(
V−1(−∞, 0] | A

)
· λm

(
Const(T1, κ) | A

)
We can multiply both sides by λm(A) and derive

λm
(
V−1(−∞, 0] ∩ Const(T1, κ) ∩A

)
= λm

(
Const(T1, κ) ∩A

)
· λm

(
V−1(−∞, 0] | A

)
We can now derive:

PA(T,Lκ) = λm
(
Const(T,Lκ) ∩A

)
= λm

(
Const(T1, κ) ∩V−1(−∞, 0] ∩A

)
= λm(Const(T1, κ) ∩A) · λm(V−1(−∞, 0] | A)

= PA(T1, κ) · λm(V−1(−∞, 0] | A)

Analogously PA(T,Rκ) = PA(T2, κ) · µ(V−1(0,∞) | A) for κ ∈ PathsH(T2). Now:∑
κ∈PathsH(T,C)

PA(T, κ) =
∑

κ∈PathsH(T1,C)

P?A(T,Lκ) +
∑

κ∈PathsH(T2,C)

P?A(T,Rκ)

=
∑

κ∈PathsH(T1,C)

PA(T1, κ)λm(V−1(−∞, 0] | A) +
∑

κ∈PathsH(T2,C)

PA(T2, κ)λm(V−1(0,∞) | A)

By the IH there are strategies S1,S2 such that∑
κ∈PathsH(Si,C)

P?A(Si, κ) ≤
∑

κ∈PathsH(Ti,C)

PA(Ti, κ)

for i ∈ {1, 2}. Now as λm(V−1(−∞, 0] | A) + λm(V−1(0,∞) | A) = 1 we can apply

Lem. D.1. So there exists i∗ ∈ {1, 2} such that∑
κ∈PathsH(Si∗ ,C)

P?A(Si∗ , κ) ≤
∑

κ∈PathsH(T,C)

PA(T, κ)

In case where i∗ = 1, we define S = (V)(S1,×). We can observe that for all κ ∈
PathsH(S1) we have P?A(S1, κ) = P?A(S,Lκ) as Const? does not add any constraint. So

S does satisfy the desired property. In the case of i∗ = 2, define S = (V)(×,S2).
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