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Abstract

Model checking is an automatic approach to verification. For model checking the
system (model) is given as Kripke structure and the specification is written in a temporal
logic. Hyper2LTL is a new temporal logic that extends HyperLTL by the quantification
over sets of traces. It can express second-order hyperproperties, such as common
knowledge. Since model checking Hyper2LTL is in general undecidable, we restrict the
models to be acyclic and analyze the complexity in the size of the model. We show
that Hyper2LTL model checking is decidable on acyclic models. It is in PSPACE on
tree-shaped models and in EXPSPACE on acyclic models. Additionally, we show that
for a powerful fragment of Hyper2LTL, called Fixpoint Hyper2LTLfp, model checking
is P-complete on tree-shaped models and EXP-complete on acyclic models.
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1 Introduction

With digital technologies becoming more and more involved in critical situations, incor-
rect systems become more dangerous. One automatic approach to ensure the correctness
of a system is model checking, where a program and a specification are given and it is
automatically checked whether the program satisfies the specification. The program, in
this context usually called model, is given as a finite transition system. Such a transition
system contains all executions the system can make in the form of traces. A trace is a
sequence of steps that are annotated with conditions that hold in the corresponding
step. The specifications can be expressed in different temporal logics. Temporal logics
specify properties that the set of traces of a system has to satisfy. The model checking
problem of a temporal logic is to decide whether a system satisfies a specification given
in that temporal logic. The more expressive such a temporal logic is, the more complex
or even undecidable becomes its model checking problem.

Many properties that specify the correctness of a system only need to reason over
one execution. This includes statements like "nothing bad happens" or "the program
eventually makes progress" but also that the output of a system always satisfies some
condition.

The correctness of systems that maintain sensitive information often has to be ex-
pressed as hyperproperties to specify who can derive facts about this information. Hy-
perproperties relate several execution traces with each other and can therefore reason
about information flow. One interesting example of a hyperproperty is knowledge:

Example 1.0.1 (Knowledge). Let P be a program containing public and secret variables
and let A be an agent observing the public variables on one execution π of the program.
A knows φ if φ holds on all traces in P that A connot distinguish from π by looking at
public variables. △

Hyperproperties can also express other properties involving information flow, like
noninterference.

HyperLTL is a temporal logic that can express hyperproperties. It extends the tem-
poral logic LTL by the quantification over traces [Cla+14]. The complexity of the model
checking problem for HyperLTL is very well analyzed on finite models as well as on
acyclic and tree-shaped models [BF18].

While the complexity of model checking hyperproperties is well analyzed with Hy-
perLTL, it is not well analyzed for second-order hyperproperties. Second-order hyper-
properties are properties that relate different sets of traces. One interesting second-order
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1. Introduction

hyperproperty is common knowledge. A fact φ is common knowledge within a group
of agents if every agent knows φ, every agent knows that every agent knows φ, every
agent knows that every agent knows that every agent knows φ and so on, building an
infinite chain of knowledge. To express common knowledge, a temporal logic has to be
able to reason over arbitrary sets of traces, therefore it is a second-order hyperproperty
[BMP15]. Common knowledge is of particular interest if several distributed agents need
to be coordinated, for example, if they have to act simultaneously.

Hyper2LTL is a temporal logic that is able to express second-order hyperproperties.
It extends HyperLTL by second-order quantification, i.e. the quantification over sets of
traces. If the model is finite but not restricted further, the Hyper2LTL model checking
problem is undecidable [Beu+23].

An interesting fragment of Hyper2LTL is Fixpoint Hyper2LTLfp. The fragment re-
stricts the second-order quantification to sets that are defined by a given fixpoint for-
mula. This only allows quantification over exactly one set per second-order quantifier,
which makes the model checking problem less complex. In spite of this, Fixpoint
Hyper2LTLfp is still able to express many interesting second-order hyperproperties
including common knowledge. Unfortunately, its model checking problem is still un-
decidable. Beutner et al. present an approximate model checking algorithm for Fixpoint
Hyper2LTLfp on finite models [Beu+23]. We study in this thesis the Hyper2LTL model
checking problem as well as the Fixpoint Hyper2LTLfp model checking problem on
acyclic models.

Such acyclic models occur if the system’s structure is acyclic (e.g. it terminates)
or when monitoring a system. Monitoring a system means that the structure of the
system is not known and we can only observe traces that are in the system. For this,
all occurring traces are collected and composed into a model which is then the input
to a model checking algorithm. If the traces are ordered by common prefixes, then a
tree-shaped model is obtained, if the traces are ordered by common pre- and suffixes,
an acyclic model is obtained. Additionally, for monitoring, the behavior of the model
checkers’ runtime is only relevant in the size of the structure. This is because the model
grows with every program execution but the specification does not. Therefore, all
complexities given in this thesis are in the size of the model, except when mentioned
otherwise.

In this thesis, we do complexity analysis under the assumption that only the model
is part of the input and the formula is of constant size. The upper bounds are shown by
providing model checking algorithms. The lower bounds are shown by reducing from
other problems in the respective complexity class.

The complexity results of this thesis do not only provide model checking algorithms
but the given lower bounds also prove that there is no model checking algorithm that is
asymptotically faster. Additionally, we get a good idea of how expensive the analyzed
model checking problem is in comparison to other model checking problems.
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Tree-shaped Acyclic

Fixpoint Hyper2LTLfp P-complete (Thm. 4) EXP-complete (Thm. 14)

Hyper2LTL (∃∀)k Σ
p
k+1-complete (Thm. 18) ΣEXP

k+1 (Lem. 20)

Hyper2LTL (∀∃)k Π
p
k+1-complete (Thm. 18) ΠEXP

k+1 (Lem. 20)

Hyper2LTL PSPACE (Cor. 19) EXPSPACE (Cor. 21)

Figure 1.1: The complexity of Hyper2LTL model checking in the size of the Kripke
structure. (∃∀)k and (∀∃)k denote that the problem is restricted to formulas
with k second-order quantifier alternations.

A summary of the results from this thesis can be seen in Fig. 1.1. We show that
for Fixpoint Hyper2LTLfp the model checking problem is P-complete if the model
is restricted to be tree-shaped (Thm. 4) and EXP-complete if the model is restricted : Thm. 4, p. 21

to be acyclic (Thm. 14). The lower bound proofs reduce from Horn-satisfiability for : Thm. 14, p. 40

the P-completeness proof and from the Succinct Circuit Value Problem for the EXP-
completeness proof.

To analyze the complexity of the full logic, we distinguish the number of second-order
quantifier alternations in the given formula. We show that model checking Hyper2LTL
on tree-shaped structures is Σp

k+1-complete if the formula has k second-order quantifier
alternations and its outermost second-order quantifier is existential. For formulas where
the outermost second-order quantification is universal, the model checking problem is
Π
p
k+1-complete if the formula has k second-order quantifier alternations (Thm. 18). : Thm. 18, p. 50

When considering acyclic Kripke structures, we show that the problem is contained in
ΣEXP
k+1 orΠEXP

k+1 where k again denotes the number of second-order quantifier alternations.
The problem is in ΣEXP

k+1 if the outermost second-order quantifier in the given formula is
existential and in ΠEXP

k+1 otherwise (Lem. 20). : Lem. 20, p. 51

Finally, we show that MC[Fixpoint, Tree] as well as MC[Hyper2LTL, Tree] is PSPACE-
complete in the combined input consisting of Kripke structure and formula (Thm. 23, : Thm. 23, p. 52

Thm. 24). : Thm. 24, p. 52

The remainder of this thesis is structured as follows: First, we discuss related work in
Chapter 2. Then, we define LTL, HyperLTL, Hyper2LTL and its fragment in Chapter 3.
Further, we give formal definitions of the used complexity classes there. In Chapter 4
we analyze the complexity of the model checking problem for Fixpoint Hyper2LTLfp

and in Chapter 5 we continue with the analysis of the model checking problem for full
Hyper2LTL. We discuss the results and open questions in Chapter 6.

3





2 Related Work

The model checking problems of less complex logics are very well analyzed. For most
temporal logics there exist complexity analysis as well as model checking algorithms.

2.1 Complexities of Other Logics

There are already complexity analysis for logics that are subsumed by Hyper2LTL.
Bonakdarpour and Finkbeiner [BF18] analyzed the complexity of the model checking
problem for HyperLTL on trees and acyclic graphs. They showed that the complexity
of the model checking problem for HyperLTL shrinks significantly when the model is
restricted to be acyclic or tree-shaped. This motivates our work analyzing the complexity
of the model checking problem for Hyper2LTL to see if it becomes decidable on acyclic
structures.

LTLK,C and A-HLTL are two extensions of LTL whose model checking problems are
undecidable in general and which are subsumed by Hyper2LTL. LTLK,C extends LTL by
operators to express knowledge and common knowledge. Its model checking problem
is also undecidable in general [MS99]. However, model checking LTLK,C becomes
decidable as soon as the temporal operators are removed [MS99].

A-HLTL extends HyperLTL to express asynchronous hyperproperties. Just like
LTLK,C its model checking problem is undecidable in general but becomes decidable
when restricting the logic or model. Baumeister et al. [Bau+21] identify some of the
fragments by restricting the syntactic form of the formula and Hsu et al. [Hsu+23] show
that model checking A-HLTL is decidable on acyclic graphs. Because we focus on re-
stricting the given structure to be acyclic or tree-shaped especially the second result
hints to the fact that at least some of the model checking problems we analyze in this
thesis are decidable.

2.2 Model Checking Algorithms

In this thesis, we give several model checking algorithms. Most of them simply enu-
merate all possible quantifier instantiations which is sufficient to show upper bounds
but there are many model checking algorithms that use more elegant tactics. Many
of these algorithms are based on automata theory, for example, the usual LTL model
checking algorithm [BK08]. Another example is the Hyper2LTLfp model checking al-
gorithm that uses automata to maintain sets of traces [Beu+23]. A different approach
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2. Related Work

is to reduce the model checking problem to a problem for which algorithms already
exist. Baumeister et al. [Bau+21] for example reduce one of the analyzed problems to
HyperLTL model checking. Another approach to model checking are bounded model
checking algorithms [Hsu+23]. Bounded model checking algorithms only look at traces
with a bounded length and are not necessarily sound on general graphs, but are sound
on acyclic graphs.

2.3 Finite Traces

In acyclic and tree-shaped structures, all traces end in a self-loop such that LTL semantics
for finite traces would be applicable. There are many definitions for LTL semantics
for finite traces, many of which exist in a strong and a weak version. For example,
in monitoring, strong and weak semantics are often defined such that a trace is only
accepted if all possible continuations resp. one possible continuation satisfy the formula
[KV99]. Another example would be [Eis+03] which defines strong semantics such that
no formula is satisfied after the end of the finite prefix and weak semantics such that all
formulas hold after the prefix ends.

Using one of these semantics would require us to change the HyperLTL and
Hyper2LTL semantics. Since they are defined over Kripke structures instead of traces,
this change would raise other choices. Additionally, reasoning over all possible contin-
uations of a trace is more complex than reasoning over one infinite trace such that the
complexity of the model checking problem for Hyper2LTL would most likely change if
we use such finite LTL semantics.
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3 Preliminaries

3.1 Models

We start by defining Kripke structures, which are the given models.

Definition 3.1 (Kripke structure)
Let AP be a set of atomic propositions. A Kripke structure is a tuple (S, s0, δ, L) such

that

• S is a finite set of states;

• s0 ∈ S is the initial state;

• δ ⊆ S× S is the transition relation and

• L : S 7→ 2AP is a labeling function.

It is required that ∀s ∈ S.δ(s) ̸= ∅.

We call a Kripke structure acyclic if the underlying graph (S, δ) is acyclic. States that Def. Acyclic Kripke
structurehave no outgoing transition are allowed to have a self-loop.

We call a Kripke structure tree-shaped if and only if for every state s ̸= s0 there exists Def. Tree-shaped
Kripke structureexactly one state s ′ ̸= s such that (s ′, s) ∈ δ. s0 is not allowed to have any predecessors.

States that have no successor are allowed to have a self-loop.
Kripke structures contain all relevant traces, which are defined as follows:

Definition 3.2 (Trace)
Given a set of atomic propositions AP, a trace π ∈ (2AP)ω is an infinite word over the

alphabet 2AP.

Let π be a trace. We write π[i] for the set at position i+ 1 of π and we write π[i,∞] for
the suffix of π starting at position i+ 1.

In this thesis, we are only dealing with traces that end in a self-loop after finitely
many steps. In several reductions, we encode binary numbers on these traces. We say
that some trace t has binary number or bitstring b encoded with proposition p on them
iff p holds in the i-th step of t if and only if b has a 1 at position i. Given two traces
t and t ′ of equal length 1 encoding some number with proposition p then the formula
(pt ↔ pt ′) is satisfied if and only if t and t ′ encode the same number.

1e.g. they end in a self-loop after equally many steps
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3. Preliminaries

3.2 HyperLTL

The syntax of HyperLTL [Cla+14] is as follows:

φ ::= ∀π.φ | ∃π.φ | ψ

ψ ::= aπ | ¬ψ | ψ∨ψ | ψUψ | ψ a ∈ AP

where AP is a set of atomic propositions and π ∈ V where V is a set of trace variables.
The semantics of HyperLTL are defined over the relation |=T . T is a set of traces,

usually given as Kripke structure. |=T relates trace assignments to HyperLTL formulas.
A trace assignment is a function Π : V ⇀ T . We write Π[i,∞] for the assignment
Π ′(π) = Π(π)[i,∞] and Π[π 7→ t] for the assignment that is equal to Π but maps π to t.

Π |=T aπ iff a ∈ Π(π)[0]

Π |=T ¬ψ iff not Π |=T ψ

Π |=T ψ1 ∨ψ2 iff Π |=T ψ1 or Π |=T ψ2

Π |=T ψ iff Π[1,∞] |=T ψ

Π |=T ψ1 Uψ2 iff there exists i ⩾ 0 : Π[i,∞] |=T ψ2

and for all 0 ⩽ j < i holds Π[j,∞] |=T ψ1

Π |=T ∀π.φ iff for all t ∈ T : Π[π 7→ t] |=T φ

Π |=T ∃π.φ iff there exists t ∈ T : Π[π 7→ t] |=T φ

Additionally, we define the usual derived notations. Apart from the Boolean operators,
this includes finally / eventually , globally , equality between traces and exists
exactly one ∃!.

8



3.3. Hyper2LTL

true ≡ a∨ ¬a for some a ∈ AP

false ≡ ¬true

ψ1 ∧ψ2 ≡ ¬(¬ψ1 ∨ ¬ψ2)

ψ1 → ψ2 ≡ ¬ψ2 ∨ψ1

ψ1 ↔ ψ2 ≡ (ψ1 → ψ2)∧ (ψ2 → ψ1)

ψ ≡ trueUψ

ψ ≡ ¬ ¬ψ

π =AP π
′ ≡

∧
a∈AP

(aπ ↔ aπ ′)

∃!π.φ(π) ≡ ∃π.∀π ′.φ(π)∧ (φ(π ′) → π =AP π
′)

If K is a Kripke structure and Traces(K) denotes all traces in K, then we usually write
K |= φ instead of [] |=Traces(K) φ.

3.3 Hyper2LTL

Hyper2LTL was introduced by [Beu+23] and extends HyperLTL by second-order quan-
tification over sets of traces. Its syntax introduces two new quantifiers over sets and the
first-order quantifiers specify a set the traces come from:

φ ::= ∀X.φ | ∃X.φ | ∀π ∈ X.φ | ∃π ∈ X.φ | ψ π ∈ V, X ∈ V

ψ ::= aπ | ¬ψ | ψ∨ψ | ψUψ | ψ a ∈ AP

In addition to the set of trace variables V we have a set of second-order variables V.

The |= relation for Hyper2LTL relates pairs consisting of a trace assignment and a
second-order assignment to Hyper2LTL formulas. A second-order assignment is a
partial function ∆ : V ⇀ 2T . The semantics of Hyper2LTL are then defined as follows:

9



3. Preliminaries

Π,∆ |= ψ iff Π |=T ψ

Π,∆ |= ∀π ∈ X.φ iff for all t ∈ ∆(X) : Π[π 7→ t], ∆ |= φ

Π,∆ |= ∃π ∈ X.φ iff there exists t ∈ ∆(x) : Π[π 7→ t], ∆ |= φ

Π,∆ |= ∀X.φ iff for all A ⊆ T : Π,∆[X 7→ A] |= φ

Π,∆ |= ∃X.φ iff there exists A ⊆ T : Π,∆[X 7→ A] |= φ

We say that a Kripke structureK containing traces Traces(K) satisfies Hyper2LTL formula
φ if and only if ∅, [G 7→ Traces(K)] |= φ. In this case, we instead write K |= φ.

We define the same syntactic sugar as for HyperLTL on Hyper2LTL. Further, we
define the following syntactic sugar for Hyper2LTL:

π ▷ X ≡ ∃π ′ ∈ X. (π ′ =AP π)

π ▷ X expresses that trace π is contained in set X. This syntactic sugar contains a first-
order quantifier but as long as ▷ is not used under temporal operators, the formula can
be transformed into valid Hyper2LTL syntax.

At several points in this thesis, we case distinct over the number of second-order
quantifier alternations, which are defined as follows:

Definition 3.3 (Second-Order Quantifier Alternations)
The number of second-order quantifier alternations of a Hyper2LTL formulaφ, is the

number of times φ changes from universal to existential second-order quantification or
vice versa. All first-order quantifications are ignored.

Example 3.3.1. The formula ∃A.∀π ∈ A.∃B.∀C.∃D. . . . has two second-order quantifier
alternations. One second-order quantifier alternation from existential to universal and
one second-order quantifier alternation back to existential quantification. △

The semantics we use differ from the original Hyper2LTL semantics introduced in
[Beu+23]. They use a second special second-order variable U to represent the set of all
possible traces, even those not contained in the given Kripke structure. Because we
analyze the model checking problem for restricted models, semantics that can argue
over all possible traces are not suited for our approach.

3.4 Fixpoint Hyper2LTLfp
The fragment of Hyper2LTL we are analyzing is Fixpoint Hyper2LTLfp. It is introduced
with Hyper2LTL as a powerful fragment that is less complex to model check [Beu+23].
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3.5. Complexity Classes

Fixpoint Hyper2LTLfp restricts the second-order quantification to the quantification
over exactly one set. This set is uniquely specified by a Fixpoint Hyper2LTLfp formula
that calculates a fixpoint. The syntax of Fixpoint Hyper2LTLfp is defined as follows:

φ ::= (X, χ,φfp).φ | ∀π ∈ X.φ | ∃π ∈ X.φ | ψ χ ∈ {⋎,⋏}

ψ ::= aπ | ¬ψ | ψ∨ψ | ψUψ | ψ a ∈ AP

If χ = ⋎, φfp has to be a conjunction of formulas of the form

∀π1 ∈ X1. . . . ∀πn ∈ Xn.ψstep → πM ▷ X

where X1, . . . , Xn are previously quantified sets or X and 1 ⩽M ⩽ n. The semantics of
the restricted second-order quantification are:

Π,∆ |= (X, χ,φfp).φ iff there exists A ∈ sol(Π,∆, (X, χ,φfp) : Π,∆[X 7→ A] |= φ

The sol function returns the smallest sets satisfying φfp:

sol(Π,∆, (X,⋎, φfp)) := {A ⊆ T | Π,∆[X 7→ A] |= φfp ∧ ∀A ′ ⊊ A.Π,∆[X 7→ A] ̸|= φfp}

Note that the smallest does not refer to the sets with the least elements, but to the sets
for which no subset satisfies the given condition.

3.5 Complexity Classes

A complexity class is a set of problems (or languages) that can be decided by the
same kind of Turing machine. The fact that some Turing machine M decides some
language L means in this context that M accepts exactly all words in L. We use the
usual definitions of complexity classes in this thesis. In particular, this includes P, EXP,
PSPACE, EXPSPACE, Σp

k, Πp
k, ΣEXP

k and ΠEXP
k .

Definition 3.4 (P)
The complexity class P contains a problem L if there is a polynomial p and a deter-

ministic Turing machine M such that the following conditions hold:

• M decides L.

• For an input of size n, M terminates after at most p(n) steps.

The complexity classes EXP as well as PSPACE are defined in a very similar way:

11



3. Preliminaries

Definition 3.5 (EXP)
The complexity class EXP contains a problem L if there is a polynomial p and a

deterministic Turing machine M such that the following conditions hold:

• M decides L.

• For an input of size n, M terminates after at most O(2p(n)) steps.

Definition 3.6 (PSPACE)
The complexity class PSPACE contains a problem L if there is a polynomial p and a

deterministic Turing machine M such that the following conditions hold:

• M decides L.

• For an input of size n, M does not require more than p(n) space.

The exponential counterpart of PSPACE is EXPSPACE and it is defined as follows:

Definition 3.7 (EXPSPACE)
The complexity class EXPSPACE contains a problem L if there is a polynomial p and

a deterministic Turing machine M such that the following conditions hold:

• M decides L.

• For an input of size n, M does not require more than O(2p(n)) space.

There are several equivalent definitions for the polynomial hierarchy consisting of
the complexity classes Σp

k and Πp
k. We will use the definition over alternating Turing

machines (ATM) [AB09].

Definition 3.8 (Σp
k)

Complexity class Σp
k contains a problem L if there is a polynomial p and an alternating

Turing machine M such that the following conditions hold:

• M decides L.

• For an input of size n, M terminates after at most p(n) steps.

• Every possible calculation of M alternates at most k − 1 times between universal
and existential states.

• The initial state of M is existential.

Π
p
k is then defined as co-Σp

k. Similarly, there exists an exponential hierarchy:

12



3.5. Complexity Classes

Definition 3.9 (ΣEXP
k )

Complexity class ΣEXP
k contains a problem L if there is a polynomial p and an alter-

nating Turing machine M such that the following conditions hold:

• M decides L.

• For an input of size n, M terminates after at most O(2p(n)) steps.

• Every possible calculation of M alternates at most k − 1 times between universal
and existential states.

• The initial state of M is existential.

Again, we define ΠEXP
k as co-ΣEXP

k .
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4 The Complexity of MC[Fixpoint]

In this chapter, we first give the formal problem statement. Then we show that the
complexity of model checking Fixpoint Hyper2LTLfp on tree-shaped structures is P-
complete (Sect. 4.2) and EXP-complete on acyclic structures (Sect. 4.3).

4.1 Problem Statement

Definition 4.1 (Hyper2LTL Model Checking)
Given Kripke structure K and Hyper2LTL formula φ, decide whether K |= φ holds.

This model checking problem was already shown to be undecidable [Beu+23]. The
four model checking problems analyzed in this thesis impose further restrictions on K
and φ:

• MC[Fixpoint, Tree] is the model checking problem where K is tree-shaped and φ
is a valid Fixpoint Hyper2LTLfp formula

• MC[Fixpoint, Acyclic] is the model checking problem where K is acyclic and φ is
a Fixpoint Hyper2LTLfp formula

• MC[Hyper2LTL, Tree] is the model checking problem where K is tree-shaped and
φ is not further restricted

• MC[Hyper2LTL, Acyclic] is the model checking problem where K is acyclic and
φ is not further restricted

If not specified otherwise, we assume in this thesis that only K is part of the input.
This means that the complexities are given in the size of the model and not in the size
of the formula.

4.2 P-completeness of MC[Fixpoint, Tree]

To prove that MC[Fixpoint, Tree] is P-complete, we will first show that it is contained
in P and then we give a reduction in logarithmic space from the Horn-satisfiability
problem to show that it is P-hard.
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Lemma 1. MC[Fixpoint, Tree] is contained in P.

Proof. For every quantifier, we iterate over every possible instantiation and check if the
inner formula holds for the current instantiation. We save instantiations of second-order
quantifiers i.e. sets of traces by marking the corresponding leaves. We prove that this
algorithm has a runtime that is polynomial in the size of the given structure by structural
induction over Hyper2LTLfp formulas.

(X, χ,φfp).φ Second-order quantifiers are restricted to sets that can be represented as
a fixpoint. We can find this fixpoint in polynomial time because the set can only
contain polynomial many traces such that we only have to do polynomially many
fixpoint iterations. Each of these iterations can be done and checked in polynomial
time by induction hypothesis.

∀π ∈ X.φ, ∃π ∈ X.φ First-order quantifiers can be checked in polynomial time because
φ can be checked in polynomial time and the number of possible instantiations of
π is polynomial in the size of the Kripke structure. This is because X is fixed and
can only contain traces from the Kripke structure, which is a tree.

ψ ψ is a Hyper-LTL formula and can be checked in polynomial time [BF18].

4.2.1 P-hardness of MC[Fixpoint, Tree]

To show that MC[Fixpoint, Tree] is P-hard we reduce the Horn satisfiability problem
which is P-hard [Pap94], to MC[Fixpoint, Tree]. This means, that we built a tree K and a
Fixpoint Hyper2LTLfp formula φ from a given Horn-formula h such that K |= φ if and
only if h is true.

Definition 4.2 (Horn-satisfiability)
Given a Boolean formula h consisting of the conjunction of nHorn clauses of the form

(¬l1 ∨ ¬l2 ∨ l3), where l1, l2, l3 are from a set of numbered literals {x1, . . . , xk},⊤ or ⊥.
The Horn-satisfiability problem is to find an assignment for the literals x1, . . . , xk such
that h is satisfied.

For simplicity, we add literals xk+1 and xk+2 as literals representing ⊤ and ⊥ and
restrict the valid assignments such that xk+1 has to be assigned to true and xk+2 has to
be assigned to false.

Intuitively, we build a tree that has one branch for each literal that represents a
positive assignment to this literal and one branch that represents a negative assignment
to this literal. Additionally, there is one branch for every clause. On every branch, the
number of the corresponding literal(s) is binary encoded using the atomic propositions
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{}start

{pos, a}{}{}{neg1}{pos} {neg1} {} {a}
{neg1,

neg2, c}
{neg1, c}

{pos}{neg1}{pos}{}{} {neg1} {} {}
{neg2
pos} {neg2}

{}{}{}{}{} {} {pos} {neg1} {} {pos}

Figure 4.1: Kripke structure built for the Horn-formula (¬x1 ∨¬⊤∨ x2)∧ (¬x1 ∨¬x2 ∨

⊥). The two rightmost branches represent the clauses, the other branches
represent positive resp. negative values for x1, x2,⊤,⊥ (from left to right).

pos, neg1,neg2. The tree built for Horn-formula (¬x1 ∨ ¬⊤ ∨ x2) ∧ (¬x1 ∨ ¬x2 ∨⊥) can
be seen in Fig. 4.1.

The Fixpoint Hyper2LTLfp formula then constructs a set A, which represents the
assignment. A contains, for every literal, the positive trace if true is assigned to the
literal and the negative trace if false is assigned to this literal. A is constructed iteratively
by adding an assignment trace to A only if there is a clause that can not be satisfied if
that literal would be assigned to the other value. To make sure that xk+1 is assigned to
true and xk+2 is assigned to false, we mark the respective traces and add them to A.

We now give the formal reduction. To reduce the Horn satisfiability problem to
MC[Fixpoint, Tree] we build a Kripke structure K = (S, s0, δ, L) whose graph is a rooted
tree. The state-space S consists of the initial state s0 and 2 · ⌈log2(k + 3)⌉ states for each
literal (including ⊤,⊥) and ⌈log2(k+3)⌉ states for each clause in h. The states for a literal
xi with i ∈ [1, k] are called si,1, si,2, . . . and s ′i,1, s ′i,2, . . . . The states for the i-th clause of
h are called ti,1, ti,2, . . . .
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4. The Complexity of MC[Fixpoint]

The transition function δ connects s0 to the states si,1, s ′i,1 for all i ∈ [1, k] and tj,1 for
all j ∈ [1, n]. The states si,m, s ′i,m, ti,m are connected as branches with self-loops at the
end. The function δ then looks as follows:

δ(s0) = {si,1 | i ∈ [1, k]} ∪ {s ′i,1 | i ∈ [1, k]} ∪ {tj,1 | j ∈ [1, n]}

δ(si,m) =

{si,m+1} if m < ⌈log2(k+ 3)⌉

{si,m} else

δ(s ′i,m) =

{s ′i,m+1} if m < ⌈log2(k+ 3)⌉

{s ′i,m} else

δ(ti,m) =

{ti,m+1} if m < ⌈log2(k+ 3)⌉

{ti,m} else

The set of atomic propositions consists of pos,neg1,neg2, c, a. Only the states
t1,1, . . . , tn,1 are labeled with c and only the states sk+1,1 and s ′k+2,1 are labeled
with a to mark the branches representing ⊤ and ⊥.

pos,neg1,neg2 only occur on states si,m, s ′i,m and ti,m. The traces containing states
si,m are labeled with pos such that they have i binary encoded on them. Similarly, the
traces consisting of states s ′i,m are labeled with neg1 such that they have i binary encoded
on them. A trace consisting of the states ti,m representing the i-th clause (¬xa,¬xb, xc)

has a binary encoded with neg1, b binary encoded with neg2 and c binary encoded with
pos on it. An example of the finished structure can be seen in Fig. 4.1.

This results in a Kripke structure in the form of a tree. For each literal xi, we have
two branches representing a positive or negative assignment to xi. The branches have
the number i binary encoded on the states of the branch using the propositions pos
and neg1. Similarly, there is a branch for each clause in h. These branches have the
number of the one positive and two negative literals encoded on their states using
the propositions pos,neg1,neg2. To distinguish branches representing clauses from the
branches representing literals, they are labeled with c. Additionally, the branches
representing a positive assignment for ⊤ and a negative assignment for ⊥ are marked
with a to hint that there is no valid assignment without these two traces.
Note that the size of the structure is polynomial in the size of h. The formula φ, for
which we check whether or not it is satisfied by K, looks like this:

(A,⋎, φfp ∧φ ′
fp).∀π ∈ A.∀π ′ ∈ A.¬□(posπ ↔ neg1,π ′)
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Where φfp is

∀π ∈ G.∀α ∈ A.∀α ′ ∈ A.∀β ∈ G.⃝ cπ ∧ ¬⃝ cβ ∧ π ̸=AP α ̸=AP α
′ ̸=AP β (1)

∧(□(posα ↔ neg1,π)∧□(posα ′ ↔ neg2,π)∧□(posβ ↔ posπ) (2)

∨□(posα ↔ neg1,π)∧□(neg1,α ′ ↔ posπ)∧□(neg1,β ↔ neg2,π) (3)

∨□(posα ↔ neg2,π)∧□(neg1,α ′ ↔ posπ)∧□(neg1,β ↔ neg1,π)) (4)

→β ▷A (5)

and φ ′
fp is

∀π ∈ G.⃝ aπ → π ▷A

φ quantifies over the smallest set A, which will represent the current assignment for
the Horn satisfiability problem and checks that there is no literal for which the positive
as well as the negative trace is in A. φfp makes sure that a trace β is only added to A
(line 5) if there exist assignment traces α,α ′ which are already in A and clause trace π,
which are all different (line 1) and satisfy the condition in lines 2 to 4. The condition in
lines 2 to 4 is satisfied exactly if α and α ′ represent an assignment to two of the literals in
the clause represented by π such that this clause can only be satisfied if the third literal
is represented by β and has to be assigned as β represents.

This is the case only if α and α ′ represent a positive assignment to both negative
literals and β represents a positive assignment to the positive literal (l. 2) or α repre-
sents a positive assignment to one of the negative literals and α ′ represents a negative
assignment to the positive literal and β represents a negative assignment to the other
negative literal (l. 3-4).

Next, we show that this reduction is correct.

Lemma 2. K |= φ if and only if the given Horn formula is satisfiable.

Proof. We start by proving that the Horn formula is satisfiable if K |= φ. If the answer to
the model checking problem is positive, then we can construct a satisfying assignment
from the set A. If the trace that represents the positive form of a literal is in A, then we
assign this literal to true, if the trace representing a negative form of a literal is in A,
then we assign this literal to false. If there is neither the positive nor the negative trace
for a literal in A, we assign this literal to false and if the positive as well as the negative
trace is contained in A, then the answer to the model checking problem is not positive.

We prove that this assignment is satisfying by using proof by contradiction. If the
assignment would not be satisfying, then there is a clause c, which is not satisfied. We
distinguish two cases:
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• If there are two or three literals in c for which neither the trace representing
positive assignment nor the trace representing negative assignment is contained
in A, then there are at least two literals in c assigned to false, which satisfies c.

• If there is one or no literal in c for which neither the positive nor the negative trace
is contained in A, then A does contain traces α and α ′ for two of the literals in c,
which do not satisfy c. φfp then enforces that the trace satisfying the remaining
literal in c is an element ofA. This leads to an assignment that satisfies c if only one
of the traces for the literal is contained in A or it leads to a resulting set A which
contains the positive as well as the negative trace for the remaining literal, which
would then contradict the assumption that the answer to the model checking
problem is positive.

It remains to show that K ̸|= φ implies that the given Horn formula is unsatisfiable.
We first prove that if a trace representing the assignment of one literal to true is inA, then
there is no assignment satisfying the Horn formula, where this literal is assigned to false
and vice versa. More intuitively, we only add assignment traces whose assignment must
be necessarily correct. We do natural induction over the number of fixpoint iterations.

Base Case: φ ′
fp enforces that at least the traces assigning⊤ to true and⊥ to false are part

ofA. Per definition of the Horn-satisfiability problem, there is no valid assignment
that assigns ⊤ to false or ⊥ to true. Because A is empty in the beginning φfp does
not add any traces in the first fixpoint iteration.

Induction Case: For every trace β that is in A, there have to exist three traces: π ∈ G
representing a horn clause c andα,α ′ ∈ A representing two assignments to literals.
All four traces satisfy φfp. If this would not be the case, then β does not have
to be included in A and A would not be the smallest set satisfying φfp ∧ φ ′

fp.
The traces satisfy φfp exactly iff α and α ′ represent an assignment for two of the
literals in c in such a way, that c can only be satisfied if the third literal is assigned
according to β. By the induction hypothesis, we know that there does not exist a
valid assignment satisfying the Horn formula, which conflicts with α or α ′. That
means that there is also no satisfying assignment conflicting β.

The answer to the model checking problem is only negative if there exist two traces in
A which represent the assignment of the same literal to true and to false. We can now
conclude that in this case, there is no satisfying assignment to the Horn formula which
does not assign true as well as false to the same literal, which would result in an invalid
assignment.

Lemma 3. The given reduction needs space that is logarithmic in the size of h.

Proof. To show that this reduction only needs space which is logarithmic to the size of
h let k be the highest number of a literal in the Horn formula and let n be the number of
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clauses in the Horn formula. The Kripke structure has n + 4 + 2k many branches with
a depth of ⌈log2(k+ 3)⌉. These branches can be built sequentially by only remembering
in which branch we are and at what depth. This needs only ⌈log2(n + 4 + 2k)⌉ or
⌈log2(⌈log2(k + 3)⌉)⌉ space respectively. With the first counter we can compute the
corresponding literal or find the corresponding clause in the input and with the second
counter we decide if the binary representation of the relevant literal(s) has a 1 at this
position and if the current node has to be a leaf.

Theorem 4. MC[Fixpoint, Tree] is P-complete

Proof. By Lem. 2 and Lem. 3 follows that MC[Fixpoint, Tree] is P-hard. By this and
Lem. 1 follows that MC[Fixpoint, Tree] is P-complete.
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4.3 EXP-completeness of MC[Fixpoint, Acyclic]

Lemma 5. MC[Fixpoint, Acyclic] is contained in EXP

Proof. We reduce MC[Fixpoint, Acyclic] to MC[Fixpoint, Tree]. An acyclic model can
not have more than 2p(n) traces, where p(n) is some polynomial in the number of states
of the model. We can iterate over all traces in a manner similar to depth-first search.

Let K be the given acyclic Kripke structure with n states and t ⩽ 2p(n) traces and
let φ be the given Fixpoint Hyper2LTLfp formula. We construct a tree-shaped Kripke
structure T which contains all traces in K by iterating over all traces in K and adding
for each trace in K a new branch with equally labeled states to T . This can be done in
exponential time because t is exponential in n and adding a trace to T does not take
longer than the length of the trace which is bound by n. If |T | is the number of states of
T , then |T | ⩽ n · t ⩽ n · 2p(n) holds.

Because the sets of traces in K and T are equal K ⊨ φ holds exactly if T ⊨ φ holds.
Therefore we can use the algorithm from Lem. 1 whose runtime is less or equal to some: Lem. 1, p. 16

polynomial p ′ in the size of the given structure. If we run this algorithm on T its runtime
can be expressed as p ′(|T |) ⩽ p ′(2p(n)) which implies the existence of a polynomial p ′′

such that p ′(2p(n)) ⩽ 2p
′′(n).

Because the construction of T can be done in exponential time and the runtime of the
MC[Fixpoint, Tree] algorithm is exponential on T , MC[Fixpoint, Acyclic] can be solved
in exponential time.

4.3.1 EXP-hardness of MC[Fixpoint, Acyclic]

To prove that MC[Fixpoint, Acyclic] is EXP-hard, we give a polynomial-time many-one
reduction from Succinct Circuit Value.

We use very similar definitions as [Pap94].

Definition 4.3 (Boolean Circuit)
A Boolean circuit is a directed acyclic Graph C = (V, E). The nodes are called gates

and every gate u is annotated with a sort sort(u) which is TRUE, FALSE, AND, OR, NOT
or INPUT. If a gate is of sort TRUE, FALSE or INPUT, it has an indegree of 0. Gates
of sort NOT have indegree 1 and gates of sort AND or OR have an indegree of 2. The
gates with outdegree 0 are called output gates. Input gates as well as output gates are
numbered.

The semantics of Boolean circuits for some input are defined by a function T that
maps gates to Boolean values. An input to a circuit is a bitstring that assigns one of its
bits to each input gate. The value of T(u) for u ∈ V is defined inductively.

• If u is an input gate, then T(u) is the value of the corresponding input bit.

• If u is of sort TRUE or FALSE, then T(u) = ⊤ resp. T(u) = ⊥.
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• If u is of sort NOT, then there exists exactly one gate v such that (v, u) ∈ E. T(u) is
then ¬T(v).

• If u is of sort OR, then there are exactly two gates v, v ′ such that (v, u), (v ′, u) ∈ E.
T(u) is defined as T(v)∨ T(v ′).

• If u is of sort AND, then there are exactly two gates v, v ′ such that (v, u), (v ′, u) ∈ E.
T(u) is defindes as T(v)∧ T(v ′).

We say an edge (u, v) carries a positive value if T(u) = ⊤ and we say that (u, v) carries
a negative value otherwise. The output of a Boolean circuit is the bitstring of the values
assigned to the output gates by T.

Definition 4.4 (Succinct Representation)
We say that a Boolean circuit CS succinctly represents a Boolean circuit C if and only if

CS represents C as follows: The gates of C are numbered from 1 tom. The neighbors of
a gate u are all gates v such that (u, v) ∈ E or (v, u) ∈ E. The neighbors of gate u are also
numbered such that the first up to two neighbors are the predecessors of u and the rest
are its successors.

Let k = ⌈log2(m)⌉ which implies 2k ⩾ m. CS has 2k input gates and k+3 output gates.
Let the input to CS be of the form i ∗ j1 where i and j both consist of k bits. Let q ∗ r

be the corresponding output where q consists of k bits and r consists of three bits. Let
u ∈ V be the gate with number i and let v ∈ V be the gate with number q. The encoding
is such that the j-th neighbor of u is gate v and r encodes the kind of u. If u has no j-th
neighbor, then the neighbor is some fictitious gate with the number 0.

sort(u) for a gate u is encoded in r as follows: TRUE → 001,FALSE → 010,AND →
011,OR → 100,NOT → 101

Definition 4.5 (Succinct Circuit Value)
Given a Boolean circuit CS which succinctly represents a Boolean circuit C, decide

whether T is true for the only output gate of C.

We denote the set of all gates in CS and C as V(CS) resp. V(C) and we denote the set
of all edges in CS and C as E(CS) resp. E(C). Additionally, we denote the number of
input gates of CS as |e| and the number of gates it has as n.

Note that every input-output pair of CS represents an edge in C.
To reduce Succinct Circuit Value to MC[Fixpoint, Acyclic] we build a Kripke structure

K from the given circuit CS and a Fixpoint Hyper2LTLfp formula φ such that K |= φ if
and only if the Succinct Circuit Value Problem is true for CS. The reduction consists of

1where ∗ is the concatenation of two bitstrings
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three phases. The first two phases collect the output of CS for every input and the last
phase solves the Circuit Value problem on C.

Intuitively, in phase A some set X is built such that X contains traces that encode the
values for all edges in CS for all possible inputs. Therefore all traces have a bitstring
representing the input of CS and two gate IDs on them; one for the gate they are coming
from and one for the gate they are going to. Additionally, the type of gate the edge is
going to is marked on the trace and whether the trace encodes a positive or negative
value on the edge. For every edge in CS and every input e, X contains the positive trace
if the edge carries a positive value under input e and the negative trace otherwise.

In phase B, we build a set Y that contains for each input one trace encoding the input
and the corresponding output of CS. For this, every trace in phase B has two bitstrings
on them; one representing an input to CS and one representing the corresponding
output of CS. We build the set Y from set Y ′. Y ′ contains traces where the encoded
output ends before the trace has reached its self-loop. We call these traces with a partial
output incomplete. The fixpoint iteration for Y ′ adds, with every iteration traces that
have one bit more output than the previous iteration. In the last step of the iteration,
the traces are long enough to encode a complete input-output pair. We can compute set
Y by taking all traces from Y ′ that are not incomplete.

In phase C, all information about the Boolean circuit C is available in set Y. In
this phase, all traces are traces from Y which additionally have a mark whether they
represent a positive or negative value. We construct set Z such that for each trace in Y
the positive trace is included in Z if and only if the represented edge is positive in C. If
the represented edge is negative in C, then we add the negative trace to Z. As the last
step, we check whether Z contains a trace representing the output edge. The answer to
the Succinct Circuit Value Problem is true if and only if this trace is in Z.

We now describe the reduction formally. Given a circuit CS, we build a Kripke
structure K from CS. The formula φ is independent of CS.

Phase A

In phase A we construct a Kripke structure representing all edges in CS. For this, we
first modify CS. First, we eliminate all binary gates that have two inputs coming from
the same gate. It follows, that there are no two edges (u, v), (s, t) ∈ E(CS) with u = s and
v = t. Then, we replace the TRUE and FALSE gates in CS by circuits representing p∧¬p

resp. p ∨ ¬p, where p is some input gate. We reorder the input gates specifying the
neighbor number, such that they are reversed. This shortens the construction in phase
C. Further, we add to every gate that produces an output of CS an output edge going
to a special gate of sort OUTPUT which we call output gate. Additionally, we give every
gate u in CS a unique ID greater than zero denoted by ID(u). The IDs are distributed
such that for every (u, v) ∈ E(CS) holds ID(u) < ID(v). Finally, we calculate l ∈ N such
that traces of length l are long enough to encode one ID of a gate in CS as well as inputs
and outputs of CS e.g. l = max(⌈log2(n)⌉, |e|, o) if CS has o output gates.
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(a) The positive substructure
for an edge between gates
u and v with ID(u) =

2, ID(v) = 3 and v being a
NOT gate. Every state is
additionally labeled with
pos.
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(b) The positive substructure
for an edge between gates
u and v with ID(u) =

1, ID(v) = 2 and v being
an OR gate. Gate u takes
the second input bit. Ev-
ery state is additionally
labeled with pos.
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(c) The negative substruc-
ture for an edge be-
tween gates u and v with
ID(u) = 1, ID(v) = 2.
Gate v is the third output
bit. Every state is addi-
tionally labeled with neg.

Figure 4.2: Substructures for phase A with l = |e| = 3.

In the case where |e| < lwe add l− |e| dummy input gates toCS which are not connected
to any other gate. Similarly, if o < lwe add l− o dummy output gates to CS which always
output false. ID(u) is undefined if u is a dummy input gate or dummy output gate. We
call every input where the inputs to the dummy input gates are false valid. Def. valid input

For every edge, we build two substructures connected to the initial state in K. These
substructures consist of l layers with two states per layer. The purpose of the structures
is to represent a positive resp. negative value on the edge.

Let au,v,i,j,pos be the j-th state in the i-th layer of one of the substructures representing
the edge (u, v) ∈ E(CS) and let au,v,i,j,neg be the same state in the other substructure for
(u, v). Note that i ∈ {1, . . . , l} and j ∈ {1, 2}. In every substructure the two states of one
layer are fully connected to the states of the next layer and the states of the last layer have
self-loops attached. There are no other transitions in this substructure (see Fig. 4.2a).
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All states au,v,i,j,pos are labeled with pos. All states au,v,i,j,neg are labeled with neg.
Additionally states au,v,1,j,pos and au,v,1,j,neg are labeled with atomic proposition a to
represent that they are part of phase A. We label the states au,v,i,j,pos and au,v,i,j,neg with
the atomic proposition fromid if and only if the i-th bit of ID(u) is 1 and equally with
atomic proposition toid for ID(v). This encodes u and v on each substructure.

We use atomic propositions output, and, or,not to encode sort(v). States au,v,1,j,pos and
au,v,1,j,neg are labeled with one of these propositions.

States au,v,i,2,pos and au,v,i,2,neg with i ⩽ |e| are labeled with inp. An example of how
a completely labeled structure looks like can be seen in Fig. 4.2a.

If u is the input gate which takes the m-th input, then holds that states au,v,1,j,pos
and au,v,1,j,neg are labeled with input. Additionally, there are no states au,v,m,1,pos and
au,v,m,2,neg.

For the edges going to the m-th output gate the states au,v,m,j,pos and au,v,m,j,pos are
labeled with atomic proposition bit. Example substructures for edges leaving input
gates and entering output gates can be seen in Fig. 4.2b and Fig. 4.2c.

For every dummy output gate responsible for the m-th output of CS we build one
substructure. This substructure looks exactly like a negative substructure for a normal
output gate but there are no gate IDs encoded on this substructure. These substructures
are additionally labeled with atomic proposition dummy in the first states.

To summarize which traces are now part of K and labeled with a somewhere: For
each edge (u, v) ∈ E(CS) and each valid input e we have one trace labeled with pos and
one trace labeled with neg. Both of these traces have the IDs of u and v as well as e and
the type of gate v encoded on them. Positive traces representing an edge leaving the
m-th input gate only exist if the m-th bit of e is a 1. The corresponding negative traces
only exist if the m-th bit of e is a 0. For each edge going to the m-th output gate the
traces representing that edge are labeled with bit in their m + 1-st state. There are for
every valid input e and every dummy output gate - responsible for the m-th output -
traces encoding e, labeled with bit at the m + 1-st step and labeled with neg. These are
the only traces labeled with atomic proposition dummy.

Set X should contain a trace representing edge (u, v) labeled with pos and input e if
and only if the value of edge (u, v) is positive for input e. Similarly, the corresponding
neg trace should be contained in X if and only if the value of edge (u, v) is negative for
input e. The fixpoint formula describing X has different parts for each sort of gate, such
that φ looks as follows:

φ = (X,⋎, φinput ∧φand ∧φor ∧φnot).φB

Because AND and OR gates behave similarly to each other, φand also adds negative
traces for OR gates and φor also adds negative traces for AND gates. We start by
describing φinput:

φinput = ∀π ∈ G. aπ ∧ inputπ → π ▷ X
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φinput adds all traces representing edges leaving output gates to X.

φand =(∀π1 ∈ G.∀π2, π3 ∈ X. (π2 ̸=AP π3)

∧ aπ1
∧ aπ2

∧ aπ3

∧ ((inpπ1
↔ inpπ2

)∧ (inpπ2
↔ inpπ3

))

∧ ((toidπ2
↔ toidπ3

)∧ (toidπ3
↔ fromidπ1

))

∧ (( andπ2
∧ posπ1

∧ posπ2
∧ posπ3

)

∨ ( orπ2
∧ negπ1

∧ negπ2
∧ negπ3

))

→ π1 ▷ X)

We quantify over three traces: π2 and π3 are two different traces already in X and π1
is the trace we add if the step formula is satisfied. To make sure that we are only talking
about traces relevant in phase A, we check whether all three traces are labeled with a.
Additionally, all three traces should encode the same input for CS and π2 and π3 should
point to the gate where π1 is coming from. We add π1 to set X if, additionally, all three
traces represent positive values on the edges and the gate π2 is going to is an AND gate.
Alternatively, we add π1 to X if all three traces represent negative values on their edges
and π2 is going to an OR gate.

φor =(∀π1 ∈ G.∀π2 ∈ X.

aπ1
∧ aπ2

∧ (inpπ1
↔ inpπ2

)

∧ (toidπ2
↔ fromidπ1

)

∧ (( orπ2
∧ posπ1

∧ posπ2
)

∨ ( andπ2
∧ negπ1

∧ negπ2
))

→ π1 ▷ X)

φor adds positive traces for outgoing edges for OR gates with at least one positive
input and negative edges for AND gates with at least one negative input. First, we check
again whether both traces are from the substructures from phase A, have the same input
encoded and whether π2 is an input to the gate for which π1 is an output. Then we add
π1 to X if it represents a positive output to an OR gate with one positive input or if π1
represents a negative output for an AND gate with one negative input.

Similarly, for NOT gates we add π1 if it represents the opposite value of π2:
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x1 x2

∧ ¬

o1 o2

x1 x2 d1

∧ ¬

o1 o2 d2

Figure 4.3: The circuit considered in Example 4.3.1

φnot =(∀π1 ∈ G.∀π2 ∈ X.

aπ1
∧ aπ2

∧ (inpπ1
↔ inpπ2

)

∧ (toidπ2
↔ fromidπ1

)

∧ (( notπ2
∧ posπ1

∧ negπ2
)

∨ ( notπ2
∧ negπ1

∧ posπ2
))

→ π1 ▷ X)

Example 4.3.1. Consider the case where CS is the circuit of Fig. 4.3 on the left. A valid
distribution of IDs is from the top-left to the bottom-right with IDs one to six. Because
there are six states we have to choose l = 3. The resulting circuit, after adding dummy
gates d1 and d2 is depicted in Fig. 4.3 on the right. We call the states in this example by
the symbol they are labeled with such that we have the states x1, x2,∧,¬, o1, o2, d1 and
d2 and ID(x1) = 1, ID(x2) = 2, ID(∧) = 3, ID(¬) = 4, ID(o1) = 5, ID(o2) = 6.
CS has three input gates, three output gates and four valid inputs. The construction

of K and φinput enforces that X contains the following traces:

• t1, t2, t3: Three negative traces encoding input 000 and representing edges (x1,∧),
(x2,∧) and (x2,¬).

• t4: One negative trace encoding input 010 and representing edge (x1,∧).

• t5, t6: Two positive traces encoding input 010 and representing edges (x2,∧) and
(x2,¬).

• t7: One positive trace encoding input 100 and representing edge (x1,∧).

• t8, t9: Two negative traces encoding input 100 and representing edges (x2,∧) and
(x2,¬).
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• t10, t11, t12: Three positive traces encoding input 110 and representing edges
(x1,∧), (x2,∧) and (x2,¬).

Once t1 − t12 are contained in X, φand enforces that more traces are added to X:

• t13: One positive trace encoding input 110 and edge (∧, o1) by instantiating π2
with t10 and π3 with t11.

Similarly, φor is only satisfied if the following traces are also contained in X:

• t14: One negative trace encoding input 000 and edge (∧, o1) by instantiating π2
with t1 or t2.

• t15: One negative trace encoding input 010 and edge (∧, o1) by instantiating π2
with t4.

• t16: One negative trace encoding input 100 and edge (∧, o1) by instantiating π2
with t8.

Lastly, φnot requires the following traces in X to be satisfied:

• t17: One positive trace encoding input 000 and edge (¬, o2) by instantiating π2
with t3.

• t18: One negative trace encoding input 010 and edge (¬, o2) by instantiating π2
with t6.

• t19: One positive trace encoding input 100 and edge (¬, o2) by instantiating π2
with t9.

• t20: One negative trace encoding input 110 and edge (¬, o2) by instantiating π2
with t12.

By the construction of the substructures, the traces t13, t14, t15 and t16 are labeled
with bit in the second step and t17, t18, t19 and t20 are labeled with bit in the third
step. t13 to t16 represent the value of the first output bit for every input and t17 to t20
represent the value of the second output bit for every input. Because the input and
output of CS is entirely represented by these traces and the traces labeled with dummy,
they are the only traces relevant for phase B. △

Lemma 6. The structure built in phase A can be built in time polynomial in the size of CS.

Proof. Because CS is explicitly given as input we can do all the preprocessing of CS in
polynomial time in the size of the input. The IDs can be distributed by calculating a
topological order on the gates of CS and we add at most l dummy gates. The substruc-
tures can be built by iterating over every edge and building both relevant substructures
because the form of the substructure only depends on the two gates the edge connects.
Additionally, l and the number of edges in CS are polynomial in the size of the input
such that there are only polynomially many states and transitions in the structure.
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Lemma 7. For all gates u, v ∈ V(CS), all inputs e to CS and all atomic propositions d ∈
{pos,neg} holds that a trace π encoding ID(u), ID(v), e and d is an element of X if and only if

1. (u, v) ∈ E(CS)

2. e is a valid input

3. for input e this edge carries a positive value if d = pos and a negative value if d = neg

Proof. All formulas adding traces to X only add traces that are labeled with a and
therefore come from the substructures described in phase A. We say that a trace π
represents edge (u, v) if π has ID(u) encoded with fromid and ID(v) encoded with toid.

Because these substructures only contain traces encoding edges of CS there can not
be a trace representing an edge that does not exist in CS.

Additionally, only the first |e| layers are labeled with inp such that e can not have
positive inputs for dummy input gates. Therefore, every encoded input is valid.

Further, we observe that sort(u) can be found as follows: Let π represent edge (u, v) ∈
E(CS) and π2 represent edge (w,u) ∈ E(CS). π2 is labeled with the atomic proposition
representing sort(u).

We do complete induction over ID(u) to show that π is contained in X if and only if π
represents the correct value. We distinguish between the different types of u.

u is an input gate: By construction of the substructures only traces where u is an input
gate are labeled with input. We show that adding all traces labeled with input to
X adds π to X if and only if π represents the correct value for the edge (u, v). Let
m ∈ N such that u takes the m-th input bit of CS. If d is positive, then π should
be added if and only if the m-th bit of e is 1. This is the case because in the
only substructure containing traces that encode u, v and pos the state au,v,m,1,pos
is missing and π has to visit au,v,m,2,pos which represents 1 as the m-th bit of e.
The situation is analogous if d is negative.

u is an AND gate: If u is an AND gate, then there are gates s, s ′ ∈ V(CS)with s ̸= s ′ such
that (s, u), (s ′, u) ∈ E(CS). By the distribution of the IDs, we know ID(s), ID(s ′) <

ID(u). Thus by induction hypothesis, we know that for every valid input e there
are traces π2, π3 representing (s, u) and (s ′, u) in X that represent the correct value
of the edges for input e. If d is positive then π should be included in X if and only
if π2 and π3 also represent a positive value. Only φand adds traces starting in an
AND gate and representing a positive value. φand adds π if and only if π, π2 and
π3 are positive. If d is negative then π should be included in X if and only if π2
or π3 is negative. φor is the only formula adding traces where d is negative and u
is an AND gate. φor adds π if it can find a negative trace for the same input and
entering u. This is the case if and only if π2 or π3 is negative.
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u is an OR gate: It holds that p∨q ≡ ¬(¬p∧¬q). Every formula adding traces leaving
AND gates also adds traces leaving OR gates but with swapped pos and neg on
π, π2, π3. Therefore, this case is analogous to the case where u is an AND gate.

u is a NOT gate: If u is a NOT gate, then there exists exactly one gate s ∈ V(CS) such
that (s, u) ∈ E(CS). We know that ID(s) < ID(u) by the distribution of the IDs. We
know by induction hypothesis that for every valid input e there is a trace π2 ∈ X
that represents (s, u). If d is positive, then π should be added if and only if π2
represents a negative value and if d is negative, then π should be added if and
only if π2 is negative. φnot does exactly this.

Phase B

In phase B we collect one trace per input-output pair of CS in set Y. In X the output of
CS for every input is distributed over several traces (one trace per output gate) and we
would like to collect them on one trace in a binary representation.

We build two substructures for this process. Similar to phase A both structures
consist of l layers. One structure which has four states per layer, named bi,j with
i ∈ {1, ..., l}, j ∈ {1, 2, 3, 4}. The other structure has two states per layer, which are named
b ′
i,j with i ∈ {1, ..., l}, j ∈ {1, 2}.
As in phase A, states b1,j and b ′

1,j are labeled with b and the initial state of K is con-
nected to them. States bi,1, bi,2 and b ′

i,1 with i ⩽ |e| are labeled with atomic proposition
inp and states bi,1 and bi,3 are labeled with outp. Additionally, all states b ′

i,j are labeled
with atomic proposition incomplete and states bl,j are labeled with end. An example of
a substructure for phase B is given in Fig. 4.4. : Fig. 4.4, p. 41

As in phase A, every state is connected to all states in the next layer of their substructure
and the states of the last layer of both structures are equipped with self-loops. In contrast
to phase A, all states bi,j with i ∈ {1, ..., l−1} have a transition to states b ′

i+1,1 and b ′
i+1,2.

To summarize all traces in the substructure we built for phase B: All traces have a
bitstring of length l with proposition inp encoded on them. Additionally, they have
bitstrings of different lengths encoded with outp until they reach a state labeled with
incomplete. Traces whose outp bitstring is of length l never visit a state labeled with
incomplete but visit a state labeled with end.
φB first computes the intermediate set Y ′ which contains auxiliary traces as well as

the traces we are interested in. Y then consists only of traces from Y ′ which do not visit
the incomplete state. Therefore, φB looks like this:

φB = (Y ′,⋎, φ ′
B ∧φ ′′

B).(Y,⋎, ∀π ∈ Y ′. ¬incomplete → π ▷ Y).φC

Y ′ contains for every input e and every prefix e ′ of the correspondig output one trace
π. π has e encoded with inp and e ′ encoded with outp.
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φ ′
B = ∀π ∈ G. b∧ incomplete → π ▷ Y ′

φ ′
B adds all traces to Y ′ which immediately visit a state labeled with incomplete.

φ ′′
B =∀π1 ∈ G.∀π2 ∈ Y ′.∀π3 ∈ G.∀π4 ∈ X. bπ1

∧ (π3 =AP π4 ∨ dummyπ3
)

∧ ((inpπ1
↔ inpπ2

)∧ (inpπ2
↔ inpπ3

))

∧ (outpπ1
↔ outpπ2

) U incompleteπ2

∧ (¬incompleteπ2
∧ incompleteπ2

∧ (¬incompleteπ1
∧ (endπ1

∨ incompleteπ1
)

∧ bitπ3
∧ (outpπ1

↔ posπ3
)))

→ π1 ▷ Y ′

φ ′′
B adds traces to Y ′ which have one more output bit encoded on them than the traces

added in the previous iteration. We quantify over traces π1, π2, π3 and π4: π3 is either
a trace representing a dummy output or π3 is equal to π4 and therefore π3 ∈ X. π2 is in
Y ′ from some previous iteration and π1 is a trace from the structure relevant for phase
B. The only purpose of π4 is to allow π3 to be either from set X or a dummy trace. We
first check whether all three traces have the same input encoded on them and whether
π1 and π2 have the same output encoded until π2 enters the incomplete states. Then
we check the situation in the step where π2 first enters the incomplete labeled states.
π1 should continue by one step and then either be incomplete or in a self-loop. If π1
encodesm output bits, then π3 should represent the edge inCS going to them-th output
gate. π1 should set the output bit if and only if π3 represents a positive output.

Example 4.3.2. We follow Example 4.3.1. To demonstrate how phase B works we focus: Ex. 4.3.1, p. 28

on traces that specify the behavior of CS for the input 100. The output of CS for input
100 is 010. Therefore Y ′ should contain the following trace:

{}{inp}{outp}{end} . . .

φ ′
B is only satisfied if every trace that immediately visits an incomplete state is con-

tained in Y ′. This also leads to the fact that Y ′ contains a trace t ′1:

t ′1 = {}{inp, incomplete}{incomplete}{incomplete} . . .
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Once t ′1 is an element of Y ′ we can instantiate φ ′′
B as follows:

π1 = t ′2 = {} {inp} {incomplete} {incomplete} . . .

π2 = t ′1 = {} {inp, incomplete} {incomplete} {incomplete} . . .

π3, π4 = t16 = {} {neg, bit, toid, inp, output} {neg, fromid} {neg, fromid, toid} . . .

This is the only instantiation, where π3 =AP π4, all four traces encode input 100, π1 and
π2 agree on the output until π2 visits an incomplete state (which it does immediately)
and π1 continues π2 according to π3. That means that at the point where π2 visits a
state not labeled with incomplete and visits states labeled with incomplete in the next
steps (which is for this instantiation of π2 directly at the beginning of the trace) hold the
following conditions:

• π1 does not visit an incomplete state in the next step. This is satisfied because the
second state of t ′2 is only labeled with inp.

• π1 visits an incomplete state in two steps or a state labeled with end in the next
step. This is satisfied because the third state of t ′2 is labeled with incomplete.

• π3 is labeled with bit in the next step. This satisfied because t16 represents an edge
to the first output gate and is therefore labeled with bit in its second state.

• π1 is labeled with outp in the next state if and only if π3 is somewhere labeled
with pos. This is satisfied because t ′2 is not labeled with outp anywhere and t16 is
a negative trace.

The next fixpoint iteration works very similarly.

π1 = t ′3 = {} {inp} {outp} {incomplete} . . .

π2 = t ′2 = {} {inp} {incomplete} {incomplete} . . .

π3, π4 = t19 = {} {pos, inp, fromid, output} {pos, toid, fromid, bit} {pos} . . .

For the last iteration, two things change. First, there is no trace in X for which bit
holds in the third state after the initial state. Therefore π3 is instantiated with a trace
for a dummy output gate. Second, because l = 3 the trace t ′4 which is added now to Y ′
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is not incomplete but ends in a state labeled with end. The instantiation now looks as
follows:

π1 = t ′4 = {} {inp} {outp} {end} . . .

π2 = t ′3 = {} {inp} {outp} {incomplete} . . .

π3 = {} {neg, inp, output, dummy} {neg} {neg, bit} . . .

We can pick an arbitrary trace for π4.
Because t ′4 is not labeled with incomplete anywhere it is part of Y. With t ′4 there is a

trace in Y that for input 100 encodes the correct corresponding output 010. △

Lemma 8. The structure built in phase B can be built in time polynomial in the size of CS.

Proof. The structure built in phase B only depends on l. Because l is linear in the size of
CS and the substructure consists of (2+ 4) · l states it can be built in polynomial time in
the size of CS.

Lemma 9. Let π be a trace labeled with b, encoding bitsequence e with inp and let o be the
bitsequence of length m encoded on π with outp before π visits a state labeled with incomplete.
Then holds that π ∈ Y ′ if and only if o is a prefix of the output of CS with e as an input.

Proof. First, we observe that every trace that is in Y ′ has to be from the substructures
described in phase B because φ ′

B as well as φ ′′
B check whether a trace is marked with b

before adding it to Y ′. We prove the claim by induction over m.

Case m = 0: If o consists of zero bits, it is a prefix for every bit sequence. Therefore
every trace encoding an input and zero bits of an output should be in Y ′. Y ′

contains all these traces because otherwise, it would not satisfy φ ′
B.

Case 0 < m ⩽ l: We show that every trace π encoding input e and output o of lengthm
is included in Y ′ if and only if o is a prefix of the actual output for input e inCS. We
know by induction hypothesis that Y ′ contains a trace π2 encoding m − 1 output
bits for input e. Additionally, we know from Lem. 7 and the construction of the: Lem. 7, p. 30

substructures for phase A that for input e there exists a trace π3 where them+1-th
step is labeled with bit. π3 is either in X or labeled with dummy. π3 is labeled
with dummy if and only if the m-th output gate is a dummy gate. By Lem. 7 π3
correctly represents the value of the m-th output bit for input e. If π3 represents
a positive value, then the m-th bit of the output is a 1. In this case, π should be
in Y ′ if and only if it continues π2 and visits a state labeled with outp where π2
first visits a state labeled with incomplete. Similarly, if π3 is negative, then π should
be added if it continues π2 by a state that is not labeled with outp. φ ′′

B specifies
exactly this behavior. Trace π is added if and only if we find π2 ∈ Y ′ and π3 ∈ X
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such that π is labeled with b somewhere, all three traces encode the same input
and π and π2 agree on the output until π2 visits an incomplete state. The formula
(¬incompleteπ2

∧ incompleteπ2
) is only satisfied at them-th position because π2

encodesm− 1 bits of output. In them+ 1-th step several conditions must be true.
First, π must not be labeled with incomplete but has to be labeled incomplete in the
next step. Alternatively, π ends immediately. This is true if and only if π encodes
exactly one bit more output than π2 which means that it encodes m − 1 + 1 = m

bits of output. Second, π3 has to be labeled with bit at them+ 1-th position which
is per construction of the substructures in phase A only the case if it represents
the output gate responsible for the m-th output bit. Finally, π has to be labeled
with outp at position m + 1 if and only if π3 is labeled with pos somewhere (after
them+ 1-th position). If π visits outp in them+ 1-th position, then them-th bit of
the encoded output is true, otherwise it is false. Because all traces in X are labeled
with pos everywhere if they represent a positive value checking if it is labeled with
pos after this position is sufficient. Therefore π is part of Y ′ if and only if the m-th
encoded output bit on π has the correct value.

Corollary 10. Y contains, for every input e of CS and its corresponding output o, exactly one
trace encoding e with inp and o with outp.

Phase C

Every input-output pair of CS encodes an edge in C. Therefore phase C is similar to
phase A. With the exception that C is encoded in CS such that every edge (u, v) ∈ E(C)
is represented by two input-output pairs. One pair that identifies u as a predecessor of
v and one pair that identifies v as a successor of u.

To explicitly annotate the traces from Y with some more atomic propositions we build
two substructures in K, the resulting structure. Both structures consist of l layers with
four states each. We call the j-th state in the i-th layer of one structure ci,j and the j-th
state of the i-th layer of the other structure c ′i,j. There are transitions from the initial
state of K to states c1,j and c ′1,j. Additionally, every layer is fully connected to the states
of the next layer in their structure and the states in the last layer are equipped with
self-loops.

States ci,1, ci,2, c ′i,1 and c ′i,2 are labeled with inp and states ci,1, ci,3, c ′i,1 and c ′i,3 are
labeled with outp. Additionally, every state ci,j is labeled with pos and every state c ′i,j
is labeled with neg. As in the other phases, we mark c1,j and c ′1,j with c. Because
we are interested in the semantics of the input-output pairs, we mark the bit where
the encoding of the neighbor starts with atomic proposition nstart and the start of the
encoded sort with kstart. A finished structure can be seen in Fig. 4.5. : Fig. 4.5, p. 42
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With this structure we have traces binary encoding all possible pairs of bitstrings of
length l with inp and outp. Additionally, every trace is present in these substructures
completely labeled with pos and completely labeled with neg. The traces are marked
with atomic propositions nstart and kstart where the encoding of the neighbor and the
sort of gate starts.

Similar to phase A, we maintain a set Z that collects the positive trace for an edge in C
if the value on this edge is positive and the negative trace otherwise. Traces that encode
input-output pairs of CS which identify some gate v as a predecessor of some gate u,
will not be collected in set Z and will be ignored by this phase.

The formula is then similar to the one from phase A but for every gate, its sort is
binary encoded after kstart and both directions of an edge are represented as a trace.
For a given trace we can find out which direction of an edge it represents by looking at
the sort of the gate and the encoded neighbor number. As in phase A the formula φC

distincts over the sort of the gates:

φC = (Z,⋎, φcconst ∧φcand ∧φcor ∧φcnot).φD

Similar to phase A, φcand also adds negative traces for OR gates and φcor also adds
negative traces for AND gates.

φcconst =∀π ∈ G.∀π ′ ∈ Y. cπ

∧ (inpπ ↔ inpπ ′)∧ (outpπ ↔ outpπ ′)

∧ ( (kstart ∧ ¬outpπ ∧ ¬outpπ ∧ outpπ ∧ posπ)

∨ (kstart ∧ ¬outpπ ∧ outpπ ∧ ¬outpπ ∧ negπ))

→ π ▷ Z

Adding the correct traces for TRUE and FALSE gates inC is relatively simple. Because
they do not have any meaningful input edges we can simply add all traces representing
positive edges involving a TRUE gate and all traces representing a negative edge and a
FALSE gate.

The formula quantifies over π from the substructure for phase C and π ′ from Y. It first
checks whether π and π ′ have the same input-output pair encoded to make sure that
there is actually an edge in C represented by π. Next, π is added to Z if the encoded sort
is TRUE and π represents a positive edge or if the gate is a FALSE gate and π represents
a negative edge.
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φcand =∀π1 ∈ G.∀π ′
1 ∈ Y.∀π2, π3 ∈ Z. cπ1

∧ (inpπ1
↔ inpπ ′

1
)∧ (outpπ1

↔ outpπ ′
1
)

∧ (outpπ2
↔ outpπ3

↔ inpπ1
) U nstartπ1

∧ ¬ (nstartπ1
∧ inpπ1

∧ ¬inpπ1
)

∧ ¬ (nstartπ1
∧ ¬inpπ1

∧ inpπ1
∧ ¬inpπ1

)

∧ ( (kstart ∧ ¬outpπ1
∧ outpπ1

∧ outpπ1
)

∧ posπ1
∧ posπ2

∧ posπ3

∨ (kstart ∧ outpπ1
∧ ¬outpπ1

∧ ¬outpπ1
)

∧ negπ1
∧ negπ2

∧ negπ3
)

→ π1 ▷ Z

φcor =∀π1 ∈ G.∀π ′
1 ∈ Y.∀π2 ∈ Z. cπ1

∧ (inpπ1
↔ inpπ ′

1
)∧ (outpπ1

↔ outpπ ′
1
)

∧ (outpπ2
↔ inpπ1

) U nstartπ1

∧ ¬ (nstartπ1
∧ inpπ1

∧ ¬inpπ1
)

∧ ¬ (nstartπ1
∧ ¬inpπ1

∧ inpπ1
∧ ¬inpπ1

)

∧ ( (kstart ∧ ¬outpπ1
∧ outpπ1

∧ outpπ1
)∧ negπ1

∧ negπ2

∨ (kstart ∧ outpπ1
∧ ¬outpπ1

∧ ¬outpπ1
)∧ posπ1

∧ posπ2
)

→ π1 ▷ Z
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φcnot =∀π1 ∈ G.∀π ′
1 ∈ Y.∀π2 ∈ Z. cπ1

∧ (inpπ1
↔ inpπ ′

1
)∧ (outpπ1

↔ outpπ ′
1
)

∧ (outpπ2
↔ inpπ1

) U nstartπ1

∧ ¬ (nstartπ1
∧ inpπ1

∧ inpπ1
)

∧ (kstart ∧ outpπ1
∧ ¬outpπ1

∧ outpπ1
)

∧ ( negπ1
∧ posπ2

∨ posπ1
∧ negπ2

)

→ π1 ▷ Z

Lemma 11. The substructure described for phase C can be built in polynomial time in the size
of CS.

Proof. The size of the substructure depends only linearly on l. Which states should be
labeled with kstart and nstart can be trivially calculated from the input.

Lemma 12. For every input e and corresponding output o of CS holds that Z contains a trace π
encoding e and o. π is labeled with pos if and only if the represented edge of C carries a positive
value, π is labeled with neg otherwise.

Proof. We observe that every formula adding a trace π1 to Z only adds π1 if it is labeled
with c at some point and there is a trace π ′

1 ∈ Y such that π1 and π ′
1 encode the same

input and output. Therefore every trace in Z is from the substructure for phase C and
every trace in Z encodes a valid input-output pair of CS. Further, a trace π represents an
edge in Cwhich goes from a gate u ∈ V(C) to a gate v ∈ V(C). The ID of u is encoded on
π with inp until π visits a state labeled with nstart and similarly the ID of v is encoded
on π with outp until π visits a state labeled kstart. Therefore holds the following: Let π1
encode (u, v) ∈ E(C) and π2 encode (s, t) ∈ E(C). (outpπ2

↔ inpπ1
) U nstartπ1

is satisfied
if and only if t = u.

Additionally, Z should only contain traces representing the edge (u, v) where v is the
k-th neighbor (and successor) of u and not the traces representing the fact that u is
the first or second neighbor (and predecessor) of v. By the definition of the Succinct
Circuit Value Problem, we know that the first two neighbors of AND and OR gates are
its predecessors and the first neighbor of a NOT gate is its predecessor. Therefore φcand
andφcor require that a trace π1 can only be added to Z if it does not encode a one or a two
after nstart. Similarlyφcnot requires that π1 can only be added if it does not encode a one
after nstart. This suffices for Z to only contain traces with information about successors.

The only difference to phase A is now that the traces added into Z represent edges
from C and not CS and that every trace encoding edge (u, v) contains sort(u) and not
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sort(v). The formulas check for the sort(u) by looking at the state where kstart holds and
the next two states. Therefore dummy outputs that were added to CS in phase A do not
have any effect here. For the rest of the proof we do well-founded induction over the
gates of C with the relation which contains a pair of gates (s, t) ∈ V(C)2 if and only if
(s, t) ∈ E(C). We now case distinct over the sort(u). Every case is analogous to the cases
in phase A except the case for which u is a TRUE or FALSE gate.

u is a constant gate: If u is a gate for constant true, then all edges leaving u carry
a positive value. Therefore a trace representing an edge leaving u should be
included if and only if it is labeled with pos. Similarly, if u is a FALSE gate a trace
representing an edge leaving u should be contained if and only if it is labeled with
neg. Z conatins exactly the described traces because it would not satisfy φconst
otherwise.

After building set Z we can determine the output of C by looking for a gate with no
output. By definition of the Succinct Circuit Value Problem, a gate with no output has
its first output connected to a gate with ID 0. Therefore φD checks whether there exists
a trace π ∈ Z which represents an edge that carries a positive value and is connected to
a gate with ID zero. Additionally, π needs to be the first output of a gate for which φD

case distincts over the sort of the gate from which π is coming and encoded neighbor
number.

φD =∃π ∈ Z. pos ∧ ¬outp U kstart

∧ ( (nstartπ ∧ inpπ ∧ inpπ ∧ ¬inp)

∧ (kstart ∧ outpπ ∧ ¬outpπ ∧ ¬outpπ)

∨ (nstartπ ∧ inpπ ∧ inpπ ∧ ¬inp)

∧ (kstart ∧ ¬outpπ ∧ outpπ ∧ outpπ)

∨ (nstartπ ∧ inpπ ∧ ¬inp)

∧ (kstart ∧ outpπ ∧ ¬outpπ ∧ outpπ)

∨ (nstartπ ∧ ¬inp)

∧ (kstart ∧ ¬outpπ ∧ ¬outpπ ∧ outpπ)

∨ (nstartπ ∧ ¬inp)

∧ (kstart ∧ ¬outpπ ∧ outpπ ∧ ¬outpπ))
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Lemma 13. K is acyclic

Proof. For every phase we built substructures consisting of layers and every layer is only
connected to the next layer. The only layers that are not connected to the next layer are
the last layers which are equipped with self-loops that satisfy our definition of acyclic
structures.

Theorem 14. MC[Fixpoint, Acyclic] is EXP-complete

Proof. The answer to the Succinct Circuit Value Problem is true if and only if there exists
a gate u ∈ V(C) with no other gate v ∈ V(C) such that (u, v) ∈ E(C) and the output of
gate u is true. We know by Lem. 12 that Z contains a trace labeled with pos and encoding: Lem. 12, p. 38

the ID(u) with inp for some gate u if and only if the output of gate u is true. By the
definition of the Succinct Circuit Value Problem follows that if the i + 1-th neighbor of
a gate with i inputs has ID zero then the gate has no successor and is the output of
C. Note that the number of inputs a gate has is determined by its sort. Therefore the
answer to the Succinct Circuit Value Problem is true if and only if Z contains a trace π
that is labeled with pos and represents an edge going to a gate with ID zero which is
the i + 1-th neighbor of a gate with i inputs. By the EXP-completeness of the Succinct
Circuit Value Problem [Pap94] follows the EXP-hardness of MC[Fixpoint, Acyclic].

From the EXP-hardness of MC[Fixpoint, Acyclic] and Lem. 5 follows that MC[Fixpoint,: Lem. 5, p. 22

Acyclic] is EXP-complete.
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start

{b, inp,
outp} {b, inp} {b, outp} {b}{b}{b, inp}

{inp,
outp} {inp} {outp} {}{}{inp}

{outp,
inp, end}

{inp
end}

{outp
end} {end}{}{inp}

Figure 4.4: Substructures for phase B with l = |e| = 3. White states are additionally
labeled with incomplete.
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start

{c}
{inp, c,
outp}{outp, c}{inp, c}{inp, c,

outp} {inp, c} {outp, c} {c}

{inp,
outp} {inp} {outp} {}

{inp,
outp} {inp} {outp} {}

{inp,
outp} {inp} {outp} {}

{inp,
outp} {inp} {outp} {}

{inp,
outp} {inp} {outp} {}

{inp,
outp} {inp} {outp} {}

{inp,
outp} {inp} {outp} {}

{inp,
outp} {inp} {outp} {}

Figure 4.5: The substructure built for phase C with l = 5 and two bits to encode a gate
in C. The states on the left are additionally labeled with pos and the states on
the right are additionally labeled with neg. The atomic propositions kstart
and nstart only occur on the grey states.
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In this chapter, we analyze the complexity of the model checking problem for
Hyper2LTL. First, we show that MC[Hyper2LTL, Tree] is complete in the respec-
tive classes of the polynomial hierarchy and in Sect. 5.2 we show that MC[Hyper2LTL,
Acyclic] is contained in the exponential hierarchy. We show in Sect. 5.3 that MC[Fixpoint,
Tree] as well as MC[Hyper2LTL, Tree] is PSPACE-complete in the combined input size
consisting of Kripke structure and formula.

5.1 The Complexity of MC[Hyper2LTL, Tree]

We show the Σp
k+1 resp. Πp

k+1-completeness by first showing containment in the re-
spective classes. Then we prove hardness in these classes by reducing from the QBF
problem.

Lemma 15. MC[Hyper2LTL, Tree] with k second-order quantifier alternations is in Σp
k+1 if

the outermost second-order quantifier is existential and in Πp
k+1 if the outermost second-order

quantifier is universal.

Proof. Given Hyper2LTL formula φ and Kripke structure K. Let n be the number of
states of K and let q be the number of quantifiers in φ. Because φ is not part of the
input, q is assumed to be constant. Instantiations of quantifiers (traces resp. sets of
traces) are saved by marking the corresponding leaf resp. leaves. We collect a set I
of all assignments that need to be checked. This set is calculated from the outermost
quantifier to the innermost quantifier. Every quantifier, binding a variable x, expands
I such that all assignments in I also assign x. For first-order quantifiers, we add up
to n possible assignments for each entry already in I and for second-order quantifiers
we guess a set for each instantiation already in I. This means that we have in the end
at most nq assignments in I that we need to verify against the quantifier free formula.
We will prove the claim by structural induction over φ. The induction hypothesis here
is as follows: Let second-order quantifier assignments be already contained in I such
that a formula φ ′ with k − 1 second-order quantifier alternations remains. Verifying
that under the assignments in I φ ′ is satisfied, is in Σp

k if the outmost second-order
quantification in φ ′ is existential and in Πp

k otherwise.

First-order quantification Let x be the variable bound by the first-order quantifier. For
each assignment a ∈ I and every possible instantiation b of x, we replace awith a
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new assignment that is equal to a and additionally assigns x to b. Because there
are at most n possible instantiations of x, the size of I can increase by a factor of
n. The inner formula is then evaluated with the updated set I. Because I can be
updated in time polynomial to the size of the original size of I, which is polynomial
in K, every first-order quantifier only adds polynomial time to the complexity.

Existential second-order quantification For each assignment a ∈ I we nondeterminis-
tically guess instantiation for all existential second-order quantifiers at the begin-
ning of φ. The guessed instantiations are then added to assignment a. If there is a
first-order quantifier between the existential second-order quantifiers, we add new
instantiations to I as described above. A set of traces consists of at most n traces
and the number of instantiations we need to guess is less or equal to q · |I| ⩽ q ·nq.
Therefore, we have to guess at most polynomially many bits that correspond to
sets of traces, each added to one assignment in I. By the induction hypothesis, the
correctness of the assignments in I can be verified in Πp

k. Existentially guessing
polynomially bits in n and verifying them in Πp

k has a complexity of Σp
k+1.

Universal second-order quantification For each assignment a ∈ I we universally non-
deterministically guess instantiation for all universal second-order quantifiers at
the beginning of φ. The guessed instantiations are then added to assignment a.
If there is a first-order quantifier between the universal second-order quantifiers,
we add new instantiations to I as described above. A set of traces consists of at
most n traces and the number of instantiations we need to guess is less or equal
to q · |I| ⩽ q ·nq. Therefore, we have to guess at most polynomially many bits that
correspond to sets of traces, each added to one assignment in I. By the induction
hypothesis, the correctness of the instantiations can be verified in Σp

k. Universally
guessing polynomially many bits in n and verifying it in Σp

k has a complexity of
Π
p
k+1.

Quantifier free When I contains assignments that assign a value to every variable, we
can evaluate the inner formula. We iterate over every assignment in I and evaluate
the quantifier free formula under this assignment. From the results of these
evaluations and the information whether a first-order variable was universally
or existentially quantified, we can calculate whether or not K satisfies φ. This
needs polynomial time because there are at most nq assignments in I and we need
polynomial time in n to evaluate the quantifier free formula for each assignment.
Additionally, deciding whether or not K satisfies φ can be done by iterating over
each element of I and its corresponding result.

We do not need more than polynomial time, because q is constant in the size of
the input. Additionally, we do not change between universal and existential guessing
more than k times. The complexity of the algorithm is therefore in the polynomial
hierarchy.
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5.1.1 Lower bound

After showing the containment in the classes Σp
k+1 and Πp

k+1 it remains to show that
the problem is Σp

k+1-hard resp. Πp
k+1-hard. To do this, we reduce from the Quantified

Boolean Formula Problem (QBF).

Definition 5.1 (Quantified Boolean Formula)
Given k,m1, . . . ,mk+1 ∈ N and formula ywhich is in one of the two following forms.

We say that y starts with an existential quantifier iff y is of the following form:

∃x1,1. . . . ∃x1,m1
.∀x2,1. . . . ∀x2,m2

. . . .Qxk+1,1. . . .Qxk+1,mk+1
E

where Q = ∃ if k is even and Q = ∀ if k is odd and E is an arbitrary Boolean formula
over the variables x1,1, . . . , xk+1,mk+1

. We say that y starts with a universal quantifier iff
y is of the following form:

∀x1,1. . . . ∀x1,m1
.∃x2,1. . . . ∃x2,m2

. . . .Qxk+1,1. . . .Qxk+1,mk+1
E

where Q = ∃ if k is odd and Q = ∀ if k is even and E is an arbitrary Boolean formula
over the variables x1,1, . . . , xk+1,mk+1

.
We say that y has k quantifier alternations. The QBF problem is then to decide

whether y holds.

The QBF problem where the number of quantifier alternations is bounded byk isΣp
k+1-

complete if the formula starts with an existential quantification and it is Πp
k+1-complete

if the formula starts with a universal quantification [GJ79]. That means that the QBF
problem where the number of quantifier alternations (k) is restricted behaves similarly
to MC[Hyper2LTL, Tree] where the number of second-order quantifier alternations
is restricted. We will use this property in the following where we reduce QBF with
restricted k to MC[Hyper2LTL, Tree] with k second-order quantifier alternations.

Given such a QBF formula y with k quantifier alternations, we build a tree-shaped
Kripke structure K in polynomial time. Additionally, we build a Hyper2LTL formula φ
which only depends on k and the first quantifier of y.

The Kripke structure K consists of an initial state that is connected to several branches,
which do not branch further. Every branch has length l, where l is the sum of the number
of variables and Boolean operators in y. Note that k ⩽ l.

Every variable xi,j and subformula e in y is associated with a number N(xi,j), N(e).
We number the variables and subexpressions subsequently, such that the number of
every variable is smaller than the number of every operator. When reasoning about
a Boolean operator ⊗, N(⊗) denotes the number of the subexpression where ⊗ is the
uppermost operator.
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For every variable xi,j, K contains two branches. One branch is marked with pos in
the N(xi,j)-th state and the other branch is marked with neg in the N(xi,j)-th state.

For every subexpression E1 ⊗ E2 in y, where ⊗ is an arbitrary binary operator, K
contains three branches.

If ⊗ = ∧, then its first branch is labeled with pos at the N(⊗)-th state and with epos
in the N(E1)-th as well as with epos’ in the N(E2)-th state. The second branch is labeled
with neg in the N(⊗)-th state and with eneg in the N(E1)-th state. The third branch is
labeled with neg in the N(⊗)-th state and with eneg in the N(E2)-th state.

If ⊗ = ∨, then its first branch is labeled with neg at the N(⊗)-th state and with eneg
in the N(E1)-th as well as with eneg’ in the N(E2)-th state. The second branch is labeled
with pos in the N(⊗)-th state and with epos in the N(E1)-th state. The third branch is
labeled with pos in the N(⊗)-th state and with epos in the N(E2)-th state.

For every negated subexpression E = ¬E1 in y, K contains two branches. The first
branch is labeled with pos in theN(E)-th state and eneg in theN(E1)-th state. The second
branch is labeled with neg in the N(E)-th state and epos in the N(E1)-th state.

All branches of the outermost Boolean operator of y are labeled with f in the first
state.
K contains k + 1 additional branches. The i-th branch is marked at the i-th position

with atomic proposition q. mi of the states of this branch are marked with v. The j-th
state of the i-th branch is marked with v if and only if there exists a ⩽ mi such that xi,a
is associated with j.
φ consists of k + 2 second-order quantifications. We will divide φ into subformulas

that each contain only one second-order quantification.

φ = φ1

We first give φ1 to φk+1. φi with i < k+ 2 is of the form:

QXi.(∀π ∈ G.∃π ′ ∈ X.∃!π ′′ ∈ X. i qπ ′

∧ ( (¬eposπ ∧ ¬enegπ ∧ ¬qπ) → (vπ ′ ∧ (posπ ∨ negπ) → (posπ ′′ ∨ negπ ′′))))

⊕φi+1

If variables xi,1 to xi,mi
are quantified universally in y, then Q = ∀,⊕ =→. If they are

quantified existentially in y, then Q = ∃,⊕ = ∧.
φk+2 should not introduce another quantifier alternation. Therefore, its quantifier

depends on the quantifier of φk+1.
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{}start

{}{neg}{pos}{}{q, v} {} {eneg, f} {epos, f} {f}

{pos}{}{}{q, v}{} {neg} {eneg’} {} {epos}

{}{}{}{}{} {} {neg} {pos} {pos}

Figure 5.1: Kripke structure built for the QBF formula ∀x1.∃x2.x1 ∨ x2

φk+2 =QZ.(∀π1 ∈ X1. . . . ∀πk+1 ∈ Xk+1.π1 ▷ Z∧ · · ·∧ πk+1 ▷ Z) (1)

∧ (∃π ∈ Z. fπ) (2)

∧ (∀π ∈ Z.∃π ′ ∈ Z.∃π ′′ ∈ Z. ((eposπ ↔ posπ ′)∧ (enegπ ↔ negπ ′) (3)

∧ (epos’π ↔ posπ ′′)∧ (eneg’π ↔ negπ ′′))) (4)

⊕ ∃π ∈ Z. fπ ∧ posπ (5)

If φk+1 is universally quantified, then Q = ∀ and ⊕ =→. If φk+1 is existentially
quantified, then Q = ∃ and ⊕ = ∧.

Note that φ is not given in formal Hyper2LTL syntax but can be easily transformed
into it.

Example 5.1.1. Consider the case where y = ∀x1.∃x2.x1 ∨ x2. y has one quantifier
alternation, such that k = 1. Additionally, y is true and therefore the model checking
problem should be satisfied. The Kripke structure built by the reduction can be seen in
Fig. 5.1.
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φ for k = 1 starting with a universal quantifier, quantifies over the sets X1, X2 and
Z. X1 is universally quantified and X2 as well as Z are existentially quantified. By
existentially quantifying over Z, φ only contains one quantifier alternation.

The two possible instantiations for X1 are:

{}{q, v}{}{} . . . {}{q, v}{}{} . . .

{}{pos}{}{} . . . {}{neg}{}{} . . .

For X2 are the possible instantiations:

{}{}{q, v}{} . . . {}{}{q, v}{} . . .

{}{}{pos}{} . . . {}{}{neg}{} . . .

There exists a set Z satisfying the condition in φk+2 resp. φ3 if the trace {}{}{pos}{} . . .
is an element of either X1 or X2. Because for both instantiations of X1 there exists an
instantiation of X2 which contains {}{}{pos}{} . . . , the model checking problem is satisfied.

△

Lemma 16. K |= φ if and only if y is true.

Proof. We first argue that an instantiation of Xi with i ⩽ k + 1 satisfying φi represents
an assignment to all variables xi,j where j ⩽ mi. There exists only one trace π ′ in K
satisfying i qπ ′ . π ′ is the only possible instantiation for π ′ in φi. It is marked with
v at every position which represents a variable xi,j. An instantiation now contains,
for each variable, exactly one trace that has pos or neg at the respective position. All
traces representing variables satisfy (¬eposπ ∧¬enegπ ∧¬qπ). The traces representing
variables xi,j with j ⩽ mi additionally satisfy (vπ ′ ∧ (posπ ∨ negv)). φi is satisfied if
and only if, for each trace π representing variable xi,j, there is exactly one trace π ′′ ∈ X
that represents the same variable.

By construction of K as well as φ we quantify these assignments exactly as y does. It
remains to show that under fixed instantiations for X1, . . . , Xk+1, φk+2 is satisfied if and
only if E is satisfied under the assignment represented by X1, . . . , Xk+1.

First, we note that some trace π can only be part of Z if there are traces π ′, π ′′ that
satisfy the condition in lines 3 and 4 of φk+2. By the construction of K and φk+2, this
is the case if and only if the subexpressions represented by π ′ and π ′′ have the value
represented by epos and eneg.

We start by showing that every possible instantiation of Z contains one trace per
quantifier free subexpression in y. We call this largest quantifier free subexpression
of y E. We do this by well-founded induction over the relation that relates every
subexpression of E with its one resp. two largest subexpressions. In the case that the
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subexpression is a variable, it is not related to another subexpression. The base case here
is E. By construction of K, only traces representing E are marked with f. Additionally,
φk+2 enforces that there is at least one trace in Z that is marked with f. Therefore, Z
contains a trace for E. The induction step follows from the fact that a trace π can only be
contained in Z if there are two traces π ′, π ′′ ∈ Z satisfying the condition in lines 3 and 4.
This is by construction of K the case only if π ′ and π ′′ represent the one resp. two largest
subexpressions of the expression represented by π. In the case where π represents a
variable, π ′ as well as π ′′ can be instantiated with a trace labeled with q because then π ′

and π ′′ are not labeled with pos or neg.
Next, we prove by structural induction over E that every possible instantiation of Z

contains a trace π labeled with pos at position j if and only if the operator resp. variable
associated with j evaluates to true. Instantiations for Z contain the neg trace otherwise.

xa,b A variable is true iff it is assigned to true. Because Z is a superset of X1∪· · ·∪Xk+1,
Z contains the trace representing the value the variable is assigned to.

E1 ∧ E2 The positive trace π can be contained in Z, if there exist traces π ′, π ′′ that are
marked with pos where π is marked with epos or epos’. By the construction of K,
we know that π ′ and π ′′ represent E1 and E2. By the induction hypothesis follows
that π ′ and π ′′ are only in Z if and only if E1 as well as E2 are true. In this case,
E1 ∧ E2 is also true and π should be part of Z.
If π is one of the negative traces it can only be included if there exist π ′, π ′′ ∈ Z
such that at least one of them is marked with neg where π is marked with eneg.
We know that this trace represents either E1 or E2 by the construction of K. By
induction hypothesis, we know that these two traces only exist in Z if either E1 or
E2 is negative. In this case, E1 ∧ E2 is false and π should be included in Z.
If only one of E1 or E2 is negative, we can always instantiate π ′′ with a trace that
is neither marked with pos nor with neg.

E1 ∨ E2 Analogous to E1 ∧ E2.
¬E1 If π is the negative trace, it is marked with epos at the position that represents E1. π

can only be part of Z if there exist traces π ′, π ′′ ∈ Z such that π ′ is marked with pos
exactly where π is marked with epos. Additionally, π ′′ has to be marked with pos
or neg exactly where π is marked with epos’ or eneg’. π ′′ can be instantiated with
some trace labeled neither with pos nor neg. By the induction hypothesis, trace
π ′ with the described properties only exists if E1 is true. Therefore, the negative
trace π can only be included in Z if ¬E1 is false.
If π is the positive trace, the situation is analogous.

Only the traces representing E are labeled with f. Therefore, a trace π labeled with f
as well as pos is contained in Z if and only if E is true under the assignment represented
by X1, . . . , Xk+1.
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Lemma 17. The reduction of Lem. 16 can be done in time that is polynomial in the size of y.

Proof. K consists of branches of length l, which is polynomial in the size of y. Addi-
tionally, K contains only a constant amount of branches per operator and variable in y.
Therefore, K can be built in polynomial time.
φ only depends on the number of quantifier alternations in y. These are linear in the

size of y.

Theorem 18. MC[Hyper2LTL, Tree] is Σp
k+1-complete if the given formula has k quantifier

alternations and the outermost second-order quantifier is existential. MC[Hyper2LTL, Tree] is
Π
p
k+1-complete if the given formula has k quantifier alternations and the outermost second-order

quantifier is universal.

Proof. The Quantified Boolean Formula Problem with k quantifier alternations is Σp
k+1-

complete if the first quantifier is existential and Πp
k+1-complete otherwise [GJ79]. By

the reduction (Lem. 16, Lem. 17) holds for every k, that MC[Hyper2LTL, Tree] with k
quantifier alternations is Σp

k+1-hard if the formula starts with an existential quantifier
and Πp

k+1-hard otherwise.
By Lem. 15 the completeness in the respective complexity classes follows.

Corollary 19. MC[Hyper2LTL, Tree] with an unrestricted number of second-order quantifier
alternations is in PSPACE.
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5.2 The Complexity of MC[Hyper2LTL, Acyclic]

We show that MC[Hyper2LTL, Acyclic] where the given formula has at most k second-
order quantifier alternations is in ΣEXP

k+1 if the outermost second-order quantifier is
existential and in ΠEXP

k+1 otherwise. From this follows that Hyper2LTL model checking
on acyclic models is decidable as well as that it is in EXPSPACE.

Lemma 20. MC[Hyper2LTL, Acyclic] with k second-order quantifier alternations is in ΣEXP
k+1

if the outermost second-order quantifier is existential and in ΠEXP
k+1 if the outermost second-order

quantifier is universal.

Proof. Let K be the given acyclic model and let φ be the given formula with k second-
order quantifier alternations. The size of φ as well as k are constant.

We evaluate φ from the outermost quantifier to the innermost quantifier. To save a
trace we mark all states that it contains. This requires space polynomial in the size of K.
To save a set of traces requires exponential space in the size of K because K can contain
up to exponentially many traces.

We proceed exactly as in Lem. 15. Guessing a second-order quantifier here needs : Lem. 15, p. 43

time exponential in the size of K because we need to guess exponentially many bits.
Additionally, there are exponentially many instantiations for every first-order quantifier,
such that exponential time in the size of K is required to evaluate it.

The proof is then analogous to the proof of Lem. 15 with the exception that we are in
ΣEXP
k+1 and ΠEXP

k+1 instead of Σp
k+1 and Σp

k+1.

Corollary 21. MC[Hyper2LTL, Acyclic] with an unrestricted number of second-order quanti-
fier alternations is in EXPSPACE.
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5.3 Complexity in the Size of the Model and Formula

We prove in this chapter, that MC[Hyper2LTL, Tree] as well as MC[Fixpoint, Tree] is
PSPACE-complete in the combined size of the Kripke structure and formula.

Lemma 22. MC[Hyper2LTL, Tree] is in PSPACE.

Proof. Given Hyper2LTL formula φ and tree-shaped Kripke structure K. Let n be the
number of states of K, let m be the size of φ and let q be the number of quantifiers in
φ. We evaluate φ recursively from the outermost quantifier to the innermost quantifier.
To evaluate a quantifier we iterate over every possible instantiation and recursively
evaluate its inner formula. Instantiations of quantifiers (traces resp. sets of traces) are
saved by marking the corresponding leaf resp. leaves.

When all traces are fixed the inner, quantifier free formula can be checked in poly-
nomial space [BF18]. To every point in time, there are no more than q quantifier
instantiations saved. Saving a set of traces needs O(n · log(n)) space, because there are
at most n traces in K and saving a trace needs O(logn) space. The space required to find
the next set of traces or the next trace is polynomial in n and constant inm. Therefore, it
is not more than O(q ·n · log(n)) space required, which is polynomial in the combined
size of structure and formula.

Theorem 23. MC[Fixpoint, Tree] is PSPACE-complete in the combined input of the Kripke
structure and formula.

Proof. HyperLTL model checking on trees is PSPACE-complete in the combined input
consisting of structure and formula [BF18]. Because HyperLTL is a subset of Fixpoint
Hyper2LTLfp it follows that MC[Fixpoint, Tree] is PSPACE-hard in the combined in-
put. The containment in PSPACE follows from Lem. 22 and the fact that Fixpoint
Hyper2LTLfp is a subset of Hyper2LTL.

Theorem 24. MC[Hyper2LTL, Tree] is PSPACE-complete in the combined input of the Kripke
structure and formula.

Proof. MC[Hyper2LTLfp, Tree] is in PSPACE by Lem. 22. The rest of the proof follows
directly from the fact that Hyper2LTL is a superset of HyperLTL, for which model
checking on trees is PSPACE-hard in the combined size of structure and formula [BF18].

52



6 Conclusion

We have analyzed the complexity of model checking Hyper2LTL on acyclic structures.
We have successfully shown matching upper and lower bounds for the model check-
ing problem for Fixpoint Hyper2LTLfp on tree-shaped and acyclic models. For full
Hyper2LTL we have shown matching upper and lower bounds for the model check-
ing problem on tree-shaped models but only an upper bound for the model checking
problem on acyclic models.

For Fixpoint Hyper2LTLfp the complexity of the model checking problem de-
pends polynomially on the number of traces contained in the model. Accordingly,
MC[Fixpoint, Acyclic] is exponentially more complex than MC[Fixpoint, Tree], because
acyclic models can contain exponentially more traces. Note that there is a similar
exponential blow-up between Circuit Value which is as complex as MC[Fixpoint, Tree]
[Pap94] and Succinct Circuit Value which is as complex as MC[Fixpoint, Acyclic].

In comparison to HyperLTL model checking, we can see that Fixpoint Hyper2LTLfp

model checking is not much more complex. On tree-shaped models, HyperLTL model
checking is L-complete and Fixpoint Hyper2LTLfp model checking is P-complete. Sim-
ilarly, on acyclic models, HyperLTL model checking is PSPACE-complete and Fixpoint
Hyper2LTLfp model checking is EXP-complete.

Contrary to Fixpoint Hyper2LTLfp, unrestricted Hyper2LTL reasons over all sets of
traces instead of only one set. This increases the time, but not the space needed for
model checking because the required calculations for each set can be done one set after
the other. Therefore, only one set per quantifier has to be present at once, exactly as in
Fixpoint Hyper2LTLfp model checking.

Another difference from Fixpoint Hyper2LTLfp model checking is that nondetermin-
istically guessing quantifier instantiations is faster than calculating them deterministi-
cally. This comes from the fact that in Fixpoint Hyper2LTLfp, there is a strategy given
to compute the relevant set. For Hyper2LTL we have not found such a strategy.

As a consequence of guessing instantiations, the complexity class changes depending
on the number of second-order quantifier alternations in the given formula. This is
because, for every second-order quantifier alternation, we have to change from guessing
existentially quantified variables to guessing universally quantified variables or vice
versa.

We have also shown that when considering the formula as well as the model as
input, Hyper2LTL model checking on acyclic models is as complex as HyperLTL model
checking on acyclic models.

53



6. Conclusion

One aspect not covered in this thesis is a lower bound for MC[Hyper2LTL, Acyclic].
We conjecture that MC[Hyper2LTL, Acyclic] is ΣEXP

k+1 -hard if the formula has k second-
order quantifier alternations and its outermost second-order quantifier is existential.
Similarly, we conjecture that MC[Hyper2LTL, Acyclic] is ΠEXP

k+1 -hard if the formula
has k second-order quantifier alternations and its outermost second-order quantifier is
universal. This conjecture is based on the observation that for MC[Hyper2LTL, Tree] as
well as MC[Fixpoint, Acyclic] the model checking algorithms that simply enumerate all
quantifier instantiations were asymptotically optimal. Further, one could compare the
expressiveness of the Hyper2LTL semantics that we use and the Hyper2LTL semantics
by Beutner et al. [Beu+23].
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