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Abstract

Universal Safety Controllers (USCs) are a promising logical
control framework that guarantees the satisfaction of a given
temporal safety specification when applied to any realizable
plant model. Unlike traditional methods, which synthesize
one logical controller over a given detailed plant model, USC
synthesis constructs a generic controller whose outputs are
conditioned by plant behavior, called prophecies. Thereby,
USC:s offer strong generalization and scalability benefits over
classical logical controllers. However, the exact computation
and verification of prophecies remain computationally chal-
lenging. In this paper, we introduce an approximation algo-
rithm for USC synthesis that addresses these limitations via
learning. Instead of computing exact prophecies, which rea-
son about sets of trees via automata, we only compute under-
and over-approximations from (small) example plants and
infer computation tree logic (CTL) formulas as representa-
tions of prophecies. The resulting USC generalizes to unseen
plants via a verification step and offers improved efficiency
and explainability through small and concise CTL prophe-
cies, which remain human-readable and interpretable. Exper-
imental results demonstrate that our learned prophecies re-
main generalizable, yet are significantly more compact and
interpretable than their exact tree automata representations.

1 Introduction

The automatic construction of correct-by-design systems is
central to both reactive synthesis, which derives correct im-
plementations from temporal logic specifications, and su-
pervisory control, which derives correct restrictions of ex-
isting open systems (plants). In practice, control tasks of-
ten combine both perspectives: behavioral goals are speci-
fied in logic, while the physical system, i.e., robots, sensors,
or environments, is modeled as a plant. This has led to a
large variety of synthesis approaches that combine specifi-
cation automata with plant models and solve the resulting
w-regular game to derive a correct-by-design controller (see
books and surveys by Tabuada (2009); Belta, Yordanov, and
Gol (2017); Yin, Gao, and Yu (2024)). These approaches
are, however, known to face major scalability challenges:
exploring all plant behaviors in a model can lead to an in-
tractable explosion in the state space during synthesis. Even
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more importantly, when the plant is only known at runtime,
or evolves over time, then the usual state exploration be-
comes impractical very quickly.

These severe limitations have motivated the introduction
of Universal Safety Controllers (USCs) by Finkbeiner et al.
(2025a), which shift the focus from plant-specific synthesis
to the computation of a universal controller derived from
the specification alone, whose decisions are conditioned by
so-called prophecies. As a result, USCs promise two major
advantages: (1) generalization: USCs provide a correct solu-
tion for all realizable plant models, and (2) computational
efficiency: by focusing on the specification, USC synthe-
sis promises to reduce the computational burden of utilizing
a complete plant model. The latter computational benefit,
however, is only achieved if prophecies are small and con-
cise. Finkbeiner et al. (2025a) use tree automata as prophe-
cies which encode all possible future branching structure
of the plant potentially relevant for the specification. While
preserving correctness and completeness, this technique ren-
ders both prophecy synthesis and prophecy verification com-
putationally very intense.

This paper addresses this limitation of the automata-based
approach by introducing the first learning-based algorithm
for prophecy construction. Concretely, we obtain prophecies
in computation tree logic (CTL) (Clarke and Emerson 1981),
which we learn from a small set of representative (nomi-
nal) plant models drawn from the application domain. The
resulting USC generalizes to unseen plants via a verifica-
tion step and offers improved efficiency and explainability
through small and concise CTL prophecies, which remain
generalizable and human-readable.

1.1 Motivating Example

As a motivating example, we consider the problem of
synthesizing a simple load-balancing scheduling controller,
which assigns incoming tasks to two processing units
(CPUs). The load-balancing controller is specified with the
following temporal formula:

= (task — O(asgn, V asgnsy)) A O—overload, (1)

where task models the arrival of a new task and is controlled
by the environment, asgn, assigns an incoming task to ei-
ther cpu, or cpu, and is controlled by the controller, and



Lom {busyy, busy,,
overload }

{busy,}

Figure 1: A plant that models the occupancy of processors
in the load balancer example. We use * to represent edges
that are taken whenever no other edge guard is satisfied.

overload means that a task was assigned to a busy proces-
sor, which is controlled by the plant. The specification states
that there should never be an overload, i.e., the controller
should never assign a task to a processor that is already busy
with another task.

Ultimately, we are interested in applying the scheduler to
a concrete system implementation, such as the system de-
scribed by the plant model in Fig. 1. In this particular sys-
tem implementation, each of the processors is busy for ex-
actly one time-step once assigned a task. An example of a
controller that satisfies our specification for this plant, and
would typically be found by a standard synthesis algorithm,
is the round-robin controller, which alternates between as-
signing new tasks to the first and second CPU. The disad-
vantage of this controller, however, is that it only works cor-
rectly for our specific plant. By contrast, a universal con-
troller is immediately applicable to an entire set of plants.

Previous work: automata-based USC synthesis. The pre-
vious approach to universal controller synthesis, UNICON
by Finkbeiner et al. (2025a), takes as input only a specifi-
cation: the USC is computed independently of any specific
plant. For each possible output of the controller, the synthe-
sis algorithm computes the exact condition on the plant un-
der which this output is correct. In our example, both asgn,
and asgn, might be correct outputs, depending on whether
the respective CPU is available, and also depending on the
future availability of the CPU. For example, if, in a hypo-
thetical plant, cpu,; would become permanently busy if used
in the first step, it would only be correct to start with asgn..
UNICON computes a tree automaton that recognizes exactly
those plants where asgn; (or asgn,, respectively) does not
lead to an immediate overload and where, additionally, a
control strategy exists for the state reached by executing
asgny (or asgn,, respectively). The tree automaton is non-
trivial and difficult to interpret; we omit depicting it here.

New approach: learning-based USC synthesis. Our new
learning-based approach, UCLEARN, takes as input both the
specification and a set of nominal plants which are represen-
tative of the plants the controller will be applied to. Similar
to UNICON, the prophecies express conditions on the plants
for which a certain output should be applied. However, in-
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Figure 2: An approximate USC with CTL prophecies.

stead of characterizing precisely the set of plants for which
a particular output is correct, our learned prophecies sepa-
rate plants for which a control output is correct from those
where the output is incorrect. This relaxation introduces a
freedom of choice in the selection of the separating condi-
tion. The precise condition computed by UNICON is also one
of the separating conditions, but typically, there are separat-
ing conditions that are much simpler, easier to verify, and
easier to understand. We find such a condition, expressed as
a temporal formula, using a learning algorithm for CTL.

Fig. 2 shows the controller synthesized by UCLE-
ARN (Nayak et al. 2025) for the specification of the load-
balancing controller together with the plant from Fig. 1 as
the (single) nominal plant. The initial state gy represents the
case that no task has been received yet. Here, no_asgn is
a correct decision independently of the plant. The outputs
asgn,; and asgn, are allowed if the respective CPU is not
busy. State g; represents that a task has been received and
needs to be assigned to a CPU. The difference to g is that
no_asgn is no longer an option. Finally, ¢» represents an
overload. This happens with the plant from Fig. 1, although
it might happen on plants which the synthesis algorithm has
not seen. In g2, no controller output is correct, because the
specification has already been violated.

The synthesized controller is not only correct for the given
plant, it also generalizes to other plants that have sufficient
CPU availability and use busy like in our example. UCLE-
ARN thus produces controllers that are more general than
the plant-specific controllers computed by classic algorithms
from reactive synthesis and supervisory control, and simpler
than the universal controllers produced by UNICON.

1.2 Overview

Fig. 3 gives an overview of UCLEARN. The general idea is
that an approximate USC is initially obtained from the spec-
ification and then continuously refined based on the plants
provided to the algorithm. An approximate USC provides
for each state and controller output an over- and an under-
approximation of the prophecy: the under-approximation
characterizes plants for which the output is guaranteed to
be correct, the over-approximation & characterizes plants for
which the output is not guaranteed to be incorrect. As shown
in the upper part of Fig. 3, we initialize the process by trans-
lating the safety LTL formula to an automaton, and setting
Kk = (), i.e., the controller output is guaranteed to be correct
for the empty set, and x = P, i.e., the output is not guaran-
teed to be incorrect for all plants.
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Figure 3: An overview of UCLearn.

The main refinement loop, framed in red in Fig. 3, applies
the current approximation ¥V to a new nominal plant and
uses the result to improve WW. We first concretize the univer-
sal controller to an explicit controller for the new plant by
choosing the outputs on which the prophecy conditions are
satisfied. We then verify if the explicit controller is correct
for the plant: if yes, W already covers the plant and there is
no need to refine. If the controller is incorrect, we synthesize
a correct controller and obtain positive and negative samples
based on the states in the plant where the controller acts cor-
rectly and incorrectly, respectively. A separate CTL learning
algorithm (learnCTL) then finds a formula that separates
the new sets of positive/negative samples.

1.3 Related Work

The generalization and adaptability of the universal con-
troller stem from its permissiveness, i.e., its ability to
represent a set of control strategies rather than a single
one. Permissiveness has been widely studied in supervi-
sory control (Cassandras and Lafortune 2021) and reactive
synthesis (Bernet, Janin, and Walukiewicz 2002; Bouyer
et al. 2011; Fremont and Seshia 2018; Klein, Baier, and
Kliippelholz 2015; Anand, Nayak, and Schmuck 2023),
though typically under a fixed plant model with limited
adaptability. Other works consider strategies correct for
sets of plants, e.g., dominant (Damm and Finkbeiner 2014;
Finkbeiner and Passing 2022) and admissible (Berwanger
2007; Basset, Raskin, and Sankur 2017) strategies, or re-
stricted plant classes (Anand et al. 2023; Brenguier, Raskin,
and Sankur 2017)—but they yield a single strategy correct
for all plants. In contrast, our method synthesizes a con-
troller that adapts its strategy to the given plant model.
Temporal logic specification learning has been well stud-
ied (Neider and Gavran 2018; Raha et al. 2023; Valizadeh,
Fijalkow, and Berger 2024; Pommellet, Stan, and Scatton
2024), but these works focus on inferring specifications from
samples, not using them for control. Learning has been ap-
plied to LTL synthesis without plant models (Kretinsky et al.
2025; Balachander, Filiot, and Raskin 2023), whereas we
learn CTL formulas that characterize plant behavior. We
also leverage prophecy variables (Abadi and Lamport 1991;
Beutner and Finkbeiner 2022) to anticipate future plant ac-
tions during universal controller synthesis, following the
framework introduced in (Finkbeiner et al. 2025a).

2 Preliminaries

System Architectures. For every set X, we write X* and
X“ to denote the sets of finite and respectively infinite, se-
quences of elements of X, and let X*° = X™* U X*“. For
p € X, we denote |p| € NU {oo} the length of p, and de-
fine dom(p) :={0,1,...,|p|—1}.Forp = zoxy--- € X
and i € dom(p), we write p[ ] to denote its i-th element, i.e.,
z;. For p € X°° and some set Y, we write p |y to denote the
sequence p’ with p'[i] = p[i]NY . We focus on systems with
three processes, Proc = {c, p, e}, i.e., a controller, a plant,
and an environment and AP = O, W O_ W Oy, partitioned into
the output propositions of the processes. This yields an ar-
chitecture Arc = (I, O, I¢, O¢, I, Oy) over AP where the
input propositions of a process ¢ € Proc are output proposi-
tions of all other processes, i.e., I; = Uj#. 0;.

Traces and Specifications. We fix alphabet 3> = 2** to the
power set of the atomic propositions AP. A trace over X is
a sequence vy € X“. A specification o specifies some re-
strictions on the traces. We write v F ¢ to denote that the
trace ~y satisfies the specification ¢. The language L(p) of
a specification ¢ represents the set of traces that satisfy (.
Linear-time temporal logic (LTL) (Pnueli 1977) specifica-
tions over atomic propositions AP are defined by ¢, v 1=
a € AP ||V | oA ]| Ol Ut | OS¢l Op. Com-
putation tree logic (CTL) (Clarke and Emerson 1981) spec-
ifies temporal logics over trees by differentiating between
path formulas and state formulas. Paths are quantified with
V¢ (¢ holds on all paths) and J¢ (¢ holds on some path).
Additionally, every temporal modality must be preceded by
a path quantifier. A system is said to satisfy an LTL or CTL
specification ¢ as defined by the usual semantics; we refer
to (Baier and Katoen 2008) for more details.

Process Strategies. We model a strategy for process ¢ as a
Moore machine M = (S, sg, 7, 0) over inputs I; and out-
puts O;, consisting of a finite set of states S, an initial state
so € S, a transition function 7 : S x 2% — S over in-
puts, and an output labeling function o : S — 29 . For
a finite input sequence v = apaq - -1 € (28)% M
produces a finite path sgs;p ---s; and an output sequence
o(s0)o(s1) - o(sg) € (299)* such that 7(s;, ;) = sj11.
We write out(M, ) to denote o(sg). Similarly, for an infi-
nite input sequence v € (21)%, M produces an infinite path
sps1 -+ and an infinite output sequence o(sy)o(s1) - €
(299)%. Traces(M) denotes the set of all traces y € ¥
such that for input sequence v |;,, M produces the out-
put sequence vy Jo,. We say that M satisfies a specifica-
tion ¢, denoted M | ¢, if v = ¢ holds for all trace
v € Traces(M). For a strategy M = (S, sg, T, 0), we write
M(s) to denote the strategy (S, s, T, 0) with the same tran-
sition and output labeling function but with initial state s.
The set of all plant strategies and controller strategies are P
and C, respectively. The parallel composition M, || M; of
two strategies M; = (S;, b, 7, 0;), M; = (S, s}, 75, 05)
of processes 4,7 € Proc is a strategy, i.e., a Moore ma-
chine, (S, s9,7,0) over inputs (I; U I;) \ (O; U O;) and
outputs O; U O; with § = §; x SJ, so = (sb,80)s
r((5,5),0) = (73(s, (U0, (s)) N 1), (5", (o Uos()) 1
1)), and o{(s, s')) = 0i(s) U o (s').



w-Automata. An w-automaton A over alphabet ¥ is a tuple
(@, q0, 9, 1) consisting of a finite set of states (), an initial
state g € @, a transition function §: ) X ¥ — (@, and an
acceptance condition 2 C @Q“. The unique run of A from
state ¢ on some trace v € X°°, denoted by run(.A, q,7), is
a sequence of states p € Q> with |p| = |v| + 1, p[0] = g,
and §(p[é],v[é]) = pli + 1] for all i € dom(y). A run p
is accepting if p € Q. The language L£(.A) is the set of all
traces +y for which the unique run run(.A, qo, ) is accepting.
Furthermore, we write A(q) = (Q,q,0,) to denote the
automaton with the same transition function and acceptance
condition but with initial state ¢, and reachable(A) to
denote the set of states that are reachable from the initial
state qo in A, i.e., there exists a run p of A with p[0] = qo
and p[k] = ¢ for some k > 0.

In safety automata, the acceptance ) = safe(F’) is given
by a set ' C (@ of safe states, where the automaton ac-
cepts the set of runs which only visits states in F'. An LTL
specification ¢ is said to be safety if it can be expressed as
a safety automaton 4. A standard result in the literature is
that every safety LTL specification can be translated into an
equivalent deterministic safety automaton with a double ex-
ponential blow-up (Latvala 2003). We denote this procedure
by LTLtoDSA().

Let A = (Q,qo,9,2) be an automaton, and M be a
Moore machine over inputs I and outputs O with 2/Y° C 3.
We define the composition Ax M = (Qx.S, (g0, $0),0", ')
as the product automaton with acceptance condition Q'
given by the set of runs whose first component is accept-
ing by 2, and a partial transition function ¢’ : (Q x S) x
Y — (@ x S) such that 6'((q,s),o) is defined if and
only if 0 N O = o(s) and in that case §'((q,s),0) =
(6(q,0),7(s,0)). We write Runs(A, g, M) to denote the
set of runs p of A for which there exists a corresponding run
p' of A x M with p'[i] = (p[i], s;) for each ¢ > 0. We write
reachable(A x M) to denote the set of reachable states
(¢, s) from the initial state (go, so) in A X M, i.e., there ex-
ists a run p of A x M with p[0] = (qo, o) and p[k] = (g, s)
for some k£ > 0.

Logical Controller Synthesis. Logical controller synthesis
addresses the problem of, given a specification and a plant,
synthesizing a controller that satisfies the specification if ex-
ecuted with the plant. For an LTL specification ¢ over AP,
and a fixed plant strategy M, the goal is to find a controller
strategy M. such that M. || M, F . A plant strategy is
admissible if such a controller exists.

3 Universal Controller Synthesis

In this section, we recall the notion of universal controllers
and their synthesis from (Finkbeiner et al. 2025a). Tradi-
tional controller synthesis requires exploring the state space
of a given plant. In contrast, we consider a synthesis frame-
work that abstracts away from explicit plants by reasoning
over sets of possible plants, called prophecies. A prophecy
captures assumptions about the future plant behavior. In-
stead of solving the synthesis problem for each plant indi-
vidually, we synthesize a controller that conditions its be-
havior on verified prophecies for the given plant. This leads

to the notion of a prophecy-annotated controller' (prophecy
controller for short), which conditions controller behavior
with prophecies.

Definition 1 (Prophecy-annotated controller). A prophecy
0 C P is a set of plants. A prophecy-annotated controller
U over an alphabet ¥ and a set of prophecies F is a tuple
(S, s0, T, k), where S is a finite set of states, so € S is the
initial state, T : S X X — S is the transition function, K :
S x 29¢ — T is the prophecy annotation.

Note that, similar to w-automata, the transition function
7 is defined over all possible alphabets, and hence, U x M
is well-defined for any strategy M. Furthermore, each con-
troller output from a state is associated with a prophecy that
must hold for that output to be valid. For an explicit plant,
we compute a consistent controller by verifying the prophe-
cies at each state.

Definition 2 (Consistency). Given a prophecy controller
U = (S,s0,7,k) and a plant My, a controller M. =
(S¢,s§,7°,0°) is said to be consistent with U w.rt. M,
denoted by M. E U || My, if for all (s,sP,5°) €
reachable(U x (M. || My)), it holds that M, (sP) €
K(s,0°(s°)).

We are interested in prophecy controllers that are correct
when combined with a consistent controller for a plant.

Definition 3 (Correctness). Given a specification ¢, a
prophecy controller U is correct for a plant strategy My,
if it holds that M. E U || M implies M, || M. E o.

It is possible that there does not exist a controller M.
that is consistent with the prophecy controller { for a given
plant M. In that case, we say U is incompatible with M,
denoted by U || M, = . If all correct controllers for an (ad-
missible) plant are consistent with the universal controller,
we call such a universal controller most permissive.

Definition 4 (Permissiveness). Given a specification ¢, a
prophecy controller U is most permissive for a plant strategy
My, ifit holds that M, || M. E ¢ implies M. E U || M.

The goal of universal controller synthesis is to construct
a prophecy controller that is correct and most permissive
for every plant. This implies it would produce correct con-
trollers for all admissible plants and would be incompatible
for all inadmissible plants. However, note that a trivial so-
lution to this problem is a prophecy controller that includes
all plants in the prophecies from safe states and excludes
all plants in the prophecies from unsafe states. This is due to
the fact that every plant (including inadmissible ones) would
satisfy the prophecies as long as the composition is in the
safe region, and would become incompatible once the com-
position reaches an unsafe state. To avoid such trivial so-
Iutions, we require that if a plant satisfies a prophecy from
a state, it must be compatible with the controller from that
state. This can be formalized as follows: a prophecy con-
troller U = (S, s, T, k) is said to be forward-complete if
for every plant My, if M, € k(s,a) for some s € S and

'Note that (Finkbeiner et al. 2025a) refers to prophecy-
annotated controllers as universal controllers. We call a prophecy-
annotated controller universal iff it is correct and most permissive.



o € 29¢, thenU(s) || M, # 0. With this definition, we can
now define a universal controller.

Definition 5 (Universal Controller). A universal controller
U for a specification  is a forward-complete prophecy con-
troller that is correct and most permissive for every plant.

In (Finkbeiner et al. 2025a), the authors present a proce-
dure to synthesize a universal safety controller (USC), i.e., a
universal controller for safety LTL specifications. The pro-
cedure is based on the safety automaton of the specification
and shows that the correct safe prophecies can be formulated
as tree automata (Griddel, Thomas, and Wilke 2002). Fur-
thermore, it guarantees that the USC uses the same transition
structure as its safety automaton (Finkbeiner et al. 2025a).
Hence, from now on, we only consider and refer to USCs
(or any prophecy controller) as its automaton with prophecy
annotations, i.e., i = (A, k).

4 Approximations of Universal Controllers

The construction of a USC in (Finkbeiner et al. 2025a) com-
putes the exact set of correct prophecies, ensuring correct-
ness and most permissiveness for all plants. In practice,
however, we typically work with a restricted class of plants,
and building the (often complex) USC is not practical. In this
paper, we consider approximations of the USC that main-
tain both under- and over-approximations of the prophecies.
These approximations can be used to generate positive and
negative examples for learning the prophecies.

4.1 Approximations

Our goal is to construct prophecy controllers that provide
both sound under- and over-approximations of the USC’s
prophecies. We formalize this notion below.

Definition 6 (Approximations). Given a USCU = (A, k)
for a safety LTL specification, an approximation is a tuple
W = (A, k,R), where k and R are prophecy annotations
such that: k(q, ) C k(q, ) C R(q, «) for all states q and
propositions o C O.

Here, x is an under-approximation and % is an over-
approximation of the prophecy annotations x of the USC U/.
We refer to under-approximation and over-approximation as
W = (A,k) and W = (A, R), respectively. Note that the
above definition does not require the approximations to be
correct or most permissive for all plants. Nevertheless, it is
straightforward to see that the under-approximation remains
correct for every plant, while the over-approximation is most
permissive for every plant.

Lemma 1. For an approximation W = (A, k,R), its
under-approximation W = (A, k) is correct and its over-
approximation W = (A, R) is most permissive for all plants.

4.2 Refinements

While Lemma 1 guarantees that any under-approximation
is correct and any over-approximation is most permissive,
such approximations are not immediately useful in practice.
For example, a trivial approximation sets x to the empty set
and ® to the set of all plants, which yields no useful insight

Algorithm 1: Refinement of an Approximation

1 Input: An approximation W = (A, k, %) with
A =1(Q,q,%,6,Q) and a plant M, = (S®, s§, 77, 0°).
> Output: A refined approximation W' = (A, k', %')
; let refine(W, M,) =
s letG = (Q x S?,(qo,50),0",Q") + A x M, // Compose
5 let Win <+ solve(G) // Winning states in the game
for each g € Q, s* € S®,and a C O do // All outputs
7 if 8'((q,s°), U B) € Win for every g € 2°¢
then £(q, @) < k(g, ) U{ M (s")} // Add plant
else K(q, o) + K(g, ) \ {M(s°)}// Remove plant
10 return (A, &, R)

about the actual plants. In practical scenarios, approxima-
tions become valuable when the synthesis procedure targets
a specific class of plants: For every new plant for which
we synthesize a solution, we can refine the approximation
W. This incrementally increases the precision, targeting an
approximation that is correct and permissive for this exact
class of plants. In this scenario, we assume that the general
structure of the synthesis problem remains consistent, while
specific aspects, such as the arrangement of obstacles, vary
between plants. For example, a refinement of the approxi-
mate controller in our running example (see Fig. 2) could be
that some processor becomes unavailable under some cir-
cumstances. Once this plant is observed, the approximations
are refined to check exactly for this behavior. While the con-
troller strategies remain largely consistent across different
plants, the associated prophecies may vary. To address this,
we apply refinements to update an existing approximation
so that it remains correct and most permissive for the cur-
rent plant. To guarantee that each refinement increases the
precision of the approximation, we formalize the following
necessary conditions.

Definition 7 (Refinement). Given an approximation VW =
(A, k,R) and a plant M, a refinement is a different ap-
proximation W' = (A, k', %) such that:

(i) 6(¢q, @) C K'(q,) and 7' (¢, ) C ®(q, @) for all states
q and propositions o C O,

.. — ..
(ii) W and W are correct and most permissive for M.

The definition of refinement implies that the approxima-
tion WV is correct or permissive for at least one more plant.
We claim that, in practice, every refinement steps captures a
multitude of new plants.

4.3 Computing Refinements

We continue by providing algorithms for the computation of
refinements. The goal of the refinement is to incorporate the
information of the plant M, into the prophecy approxima-
tions. We do so by extracting all the sub-plants of the given
plant and updating each prophecy annotation by adding or
removing them based on their correctness.

The overall algorithm for refining an approximation is
presented in Algo. 1. The algorithm takes an approximation
W = (A, k,%) and a plant M, as input and returns a re-
fined approximation W' = (A, &', ). The first step is the



Algorithm 2: Learning Approximations

Algorithm 3: On-the-fly Composition

1 Input: An approximation W = (A, k, %) with
A =1(Q,q,%,0,Q) and a set of plants Set C P.
2 Output: A prophecy controller 4.
2 let learnApprox(W, Set) :=
i for each M, € Set do // For each plant in the set
W < refine(W, M,) // Refine the approximation
for each g € Q, o C O. do
let Pos < k(q, «) // Positive samples
let Neg + P\ (g, o) // Negative samples
let ¢ < learnCTL(Pos, Neg) // Learn a CTL formula
k(g, ) = L(¢p) // Set the prophecy annotation
return (A, k)

construction of the game G that ranges over the composi-
tion of the specification automaton .4 and the plant M. We
solve this game to obtain the winning region and the states of
the winning region Win. Next, based on the winning states,
it iterates over all states ¢ € ) and propositions « C O,
to update the prophecy annotations s’ and %’. If a sub-plant
M, (sP), i.e., the strategy of the plant at state s®, is a cor-
rect choice for the output o from state ¢, then it is added
to the under-approximation r’(g, ). Otherwise, if it is not
a correct choice, it is removed from the over-approximation
% (q, ). This ensures that the refined approximation W' is
more precise than the original approximation W, and it is
correct and most permissive for the plant M. This is for-
malized in the following theorem and its proof can be found
in the extended version (Finkbeiner et al. 2025b).

Theorem 1. Given an approximation YW and a plant M,
the procedure refine(W, M) returns a refinement.

One can start with a trivial approximation (e.g., £ = () and
® = P) and iteratively refine it with the information from
the plants encountered in practice. Due to the monotonicity
of the refinement, this also ensures that, at each step, both
the under- and over-approximation preserve the solutions of
previous computation steps.

5 Synthesis with Learned Prophecies

We now turn approximating controllers and the algorithms
of the previous section into practice by learning representa-
tions of prophecies for under- and over-approximations. The
target formalism for approximations are formulas in compu-
tation tree logic (CTL).

5.1 Learning CTL Formulas for Approximations

Prophecies of universal controllers, and their over- and
under-approximation, are sets of plants. The algorithm pre-
sented in (Finkbeiner et al. 2025a), therefore, uses tree au-
tomata for prophecies that accept plants iff the considered
output is correct for this plant. While tree automata represent
prophecies precisely, and thereby preserve correctness and
most permissiveness, they are computationally hard to com-
pute, solve, and especially hard to understand. We choose
a more lightweight formalism for categorizing trees: CTL
formulas. While CTL formulas are not as expressive as tree
automata (Baier and Katoen 2008), they are concise, human-
readable, and easy to verify.

1 Input: A prophecy controller i = (A, ) with
A= (Q,q,%,5,) and a plant M, = (5, so, T, 0).

2 Output: An explicit controller M_..
3 let compose(U, M;) :=
s letsg < (go,80); 8" <+ {so}; 7« []; 0" <[]/ Initialize
let queue + Queue(sy) // Initialize the queue
5 while (g, s) < queue.pop() do

7 for each o C O. do // For each output

‘ if My (s) € k(gq, «) then // If prophecy is satisfied

9 let o'(g, s) < a// Set the label
10 for each 8 C I. do // For each input, add transition
11 q" + 6(q,aUp); 8" + 1(s,(aUB)NI)
12 T,(((Ls)vﬁ) — (quvsu)
13 if (¢, ") ¢ S’ then // Add new states
14 S+ S"U{(¢",s")}; queue.push((¢”,s"))
15 break // break the loop as we found a valid output
16 return (S, s(,7',0")

Our algorithmic solution to constructing CTL formu-
las for prophecies is learning. The key idea is to use the
set of plants in the under-approximation as positive sam-
ples and the complement of the set of plants in the over-
approximation as negative samples. From these samples, we
use standard CTL learning techniques (Bordais, Neider, and
Roy 2024) to learn a CTL formula that accepts the positive
samples and rejects the negative samples. This learned for-
mula can then be used as the prophecy annotation — the over-
approximation is the set of all plants that satisfy the formula,
and the under-approximation is the set of all plants that do
not satisfy the formula. The learning process is summarized
in Algo. 2.

As the algorithm returns a prophecy annotation that clas-
sifies the plants in the under-approximation as positive sam-
ples and the plants not in the over-approximation as negative
samples, by Thm. 1 and property (ii) of refinements, the re-
sulting prophecy controller is guaranteed to be correct and
most permissive for every plant in the set. We formalize this
result in the following.

Corollary 1. Given an approximation W = (A, k, ) and a
plant set Set C P, the procedure learnApprox(W, Set)
returns a prophecy controller U = (A,K) such that:
k(q,a) C k(q,a) C E(q, ) for all states q and proposi-
tions a C O.. Furthermore, U is correct and most permis-
sive for every plant in Set.

5.2 Composition with Prophecy Controllers

The goal of Algo. 2 is to obtain a prophecy controller that
correctly approximates the USC restricted to the class of
plants similar to the ones in the set Set, i.e., the prophecy
controller that is correct and most permissive for this class of
plants. Once the prophecy controller is learned, we can com-
pose the learned prophecy controller with a concrete plant to
obtain an explicit controller for the given plant. This is possi-
ble if the given plant is contained in the learned prophecies.
The algorithm for the composition of prophecy controller
and plant is presented in Algo. 3.



e {busyh bUSy27

overload }

Figure 4: A plant for the load balancer example that only
signals busy when processors are overloaded. We use * to
represent edges that are taken whenever no other edge guard
is satisfied.

The algorithm implements an on-the-fly exploration of the
state space of the composition of prophecy controller and
plant, and only adds transitions that satisfy the prophecy an-
notations. For every visited state and every possible output,
it checks whether the prophecy annotation is satisfied by the
plant. If satisfied, the output is added as a label to the cur-
rent state, and transitions to the next states are added for each
possible input of the controller. Once all states have been ex-
plored, the algorithm returns the explicit controller.

Note that checking whether the prophecy is satisfied by
a plant is done by model checking the corresponding CTL
formula against the plant, which can be done in polynomial
time (Clarke, Emerson, and Sistla 1986). This allows us to
efficiently check the prophecies and compose the controller
with the plant on-the-fly.

5.3 Synthesis via Learning and Refinement

Although Algo. 3 can be used to synthesize an explicit con-
troller for a given plant using a learned prophecy controller,
its correctness is not immediately guaranteed: If the plant
is not contained in the learned prophecies, the constructed
controller might not be correct. To overcome this limitation,
we add an additional model-checking step to verify whether
the synthesized controller is correct for the given plant. If it
is, we return the synthesized controller, otherwise, we refine
the approximation using this plant and repeat the learning
process to obtain a new prophecy controller that includes
this plant. This overall synthesis procedure is summarized
in Algo. 4 and its correctness is shown in Thm. 1 and Cor. 1.

Algorithm 4: Synthesis via Learning and Refinement

1 Input: An approximation W, its learned prophecy controller
U = (A, k) with A = (Q, o, 6,22), and a plant M.

2 Output: A correct controller M. for M.

let synthesize(W, U, M,) =

M <+ compose(U, M) // Compose controller

5 if Runs(A, go, M || Mc) C Q then // Check correctness
return M. // Return correct controller

7 else
U < learnApprox(W, {M,}) // Refine and re—learn
return compose(U, My) // Return new controller

S

no_asgn « (T)
asgn, < (P2)
asgng < (®1)

no_asgn < (L)
asgn, < (L *
L

asgng <—

asgn, < (®q

no_asgn + (L)
)
asgng < (®1)

Figure 5: A refined prophecy controller for the load bal-
ancer example, where the CTL prophecy ®; is given by
YV O(overload = asgn;) for i € {1,2}.

Corollary 2. Given an approximation VW and its learned
prophecy controller U for a safety LTL specification p, and
a plant M, the procedure synthesize(V,U, M) returns
a controller M . such that M, || M. E ¢.

Example 1. 7o illustrate the overall synthesis procedure, we
revisit the example in Sec. 1.1. We consider the specification
@ in (1) and th nominal plant M, in Fig. 1. By using the
procedure learnApprox(W, {M,}) on this plant with an
initial (coarse) approximation, we obtain the prophecy con-
troller U in Fig. 2, where prophecies are represented as CTL
Sformulas. As discussed in Sec. 1.1, this prophecy controller
is not only correct for the plant M, but also generalizes to
larger plants that have sufficient CPU availability and sig-
nal busy,; whenever cpu, is busy.

Suppose we obtain a new plant that does not signal the
busy status in the same way, e.g., a plant that only sig-
nals busy once the CPUs are overloaded. For instance, con-
sider the plant /\/l; as in Fig. 4. If we use the procedure
compose(U, M;) to synthesize a controller for this plant,
we obtain an explicit controller that is not correct for this
plant, as the prophecies are based on the assumption that the
plant signals busy whenever a CPU is busy. Hence, we need
to refine the approximation using this plant and re-learn the
prophecy controller by calling 1earnApprox(W, { M} }).

Fig. 5 shows the refined prophecy controller after learn-
ing the new plant. Here, at states qo and qi, the prophecy
annotations for outputs asgn, and asgn., are represented by
the CTL formulas ®; := ¥ O(overload = asgn;), respec-
tively, stating that if there is an overload in the next step,
then the controller must have assigned the task to cpu,. The
controller can only assign a task to a CPU if it is guaran-
teed that the overload in the next step can only be caused by
the other CPU. Therefore, the refined prophecy controller is
correct for the new plant leo’ and can be used to synthesize
controllers for plants that implement similar behavior.

6 Experimental Evaluation

We implemented the algorithms presented in Secs. 4 and 5 in
an F#-based prototype tool called UCLEARN (Nayak et al.
2025) to assess the effectiveness of our method. The proto-
type utilizes SPOT (Duret-Lutz et al. 2022) for LTL and au-
tomata operations, OINK (van Dijk 2018) for game solving,
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Figure 6: Experimental results showing scalability on the grid world (left) and lily (middle), and overall comparison (right).

and (Bordais, Neider, and Roy 2024) for CTL learning. Ad-
ditionally, we use UNICON (Finkbeiner et al. 2025a) to com-
pare our approach with the USC synthesis algorithm and the
standard reactive synthesis algorithm.

As a baseline, we tested the running example from
Sec. 1.1 and Ex. 1 using UCLEARN, and the resulting
prophecy controller with CTL prophecies are shown in
Figs. 2 and 5. This example illustrates that the learned
prophecies are both simple and interpretable.

We further evaluated UCLEARN using a diverse set of
benchmarks, including standard reactive synthesis bench-
marks from SYNTCOMP (Jacobs et al. 2022) and a set of
benchmarks based on a robot grid world, which are detailed
below. All experiments were performed on an Apple M1 Pro
8-core CPU and 16GB of RAM. The presented execution
times are averages over three runs.

Scalability in Grid World. In this benchmark, the goal is
to control a robot navigating an n X n grid. The plant en-
codes the grid structures with obstacles and the robot’s posi-
tion. The robot can move in four directions (up, down, left,
right), and the controller’s task is to ensure that the robot
can move in the grid while avoiding obstacles, encoded as a
simple LTL formula: (] —collision. We evaluate the perfor-
mance of each approach on increasing grid sizes, and show
the ratio of execution times between the existing approaches
and UCLEARN in Fig. 6 (left). The results indicate that our
approach is much more scalable and over an order of magni-
tude faster than the other approaches. This is not surprising
as UNICON requires capturing all realizations of the plant,
while UCLEARN only needs to capture the realizations that
are similar to a given set of plants. Furthermore, it is worth
noting that the approximation was learned from a single
plant with grid size 2 and consists of CTL formulas of size
at most 2. This demonstrates that our approach is capable of
learning a suitable approximation from a small benchmark
and that the resulting formulas are human-readable.

Scalability in Lily. This benchmark, taken from SYNT-
COMP (Jacobs et al. 2022), requires the controller to grant
or cancel a request from a user within 3 time steps and en-
sure that no two requests are granted consecutively. This
is encoded as the LTL formula: [(J(request — O(grant V
cancel V O(grant V cancel V O(grant V cancel)))) A
O(grant — O —grant). We evaluate all approaches on this

benchmark with plants encoding increasing complexity of
requests, and the results are shown in Fig. 6 (middle). As
with the grid world benchmark, the approximation is learned
from a single plant with parameter 2, and the learning ap-
proach is up to 8 times faster than the standard approach.

Adaptability in SYNTCOMP. In addition to demonstrating
the scalability of our approach, we also evaluate its adapt-
ability to different plants. We use the benchmarks from the
previous evaluation and a set of safety benchmarks from
SYNTCOMP, each consisting of an assumption and a guar-
antee. For such benchmarks, we obtain a plant satisfying the
assumption and, afterward, learn an approximation for the
guarantee. This learned approximation is then used to ob-
tain a controller for a plant of similar size that satisfies the
assumption. The results of this evaluation are shown in Fig. 6
(right). The plot also compares the time required to compose
the (already learned/constructed) prophecy controller with
the plant, labeled as the composition time, for both UCLE-
ARN and UNICON. These results indicate that UCLEARN
adapts to changes in the plant model much faster than both
the standard approach and UNICON. This is due to the fact
that the CTL formulas learned from the plant are concise and
small (with a size of at most 4), making them easily reusable
for similar plants.

7 Conclusion

In this paper, we introduced a new method for universal con-
troller synthesis, where the controllers are initially created
independently of specific plants and are then refined for a
given set of nominal plants in a subsequent step. Univer-
sal controllers offer multiple advantages over standard con-
troller synthesis approaches, including scalability, adaptabil-
ity, and explainability. We have proposed approximate uni-
versal controllers, which use prophecies tailored to a partic-
ular class of plants. The prophecy approximations are repre-
sented as CTL formulas and learned from positive and nega-
tive examples that are gathered during the explicit construc-
tion of the controller. Our experiments demonstrate that our
approach outperforms existing universal controller synthesis
methods whenever the learned prophecies are adequate for
building an explicit solution.
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