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Contribution

* Synthesis of switching controller.

* Plant Model: Switched System.

Extend to Temporal

Properties.

@
. ®
* Specitication: Reach-While-Stay.

Use CEGIS procedure
* Methodology: Lyapunov-like Control Certificate$® to synthesize.
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Switched Plant Model Control Signa
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Choosing Control Modes

Sample control values.
Space of Control Inputs: U

u1 Um—1

U9 Um,

|II

Combine "useful” primitive feedback laws.

* Eg., robotic vehicles.



Reach-While-Stay (RWS) Property

SUG Initialized RWS I = SU G




Problem Statement

* Inputs:
e Switched Plant Model
* (Initialized) RWS Property

* Output:
. Control Law: X — {1,...,m}

e Minimum Dwell Time Estimate.

Plant Model

2 ' = f(z,u),u €U

u = 91
Control
Law = 92
U — gk;
S
I = SUG

TTT




Control Certificates



Control Lyapunov Function

[Artstein; Sontag; ...]
* Lyapunov function: V(x)

* \V/(x) is positive definite.

* A control input chosen s.t. derivative is negative definite.

Vaz#£2") (Guel) Viiz)=V,V(z): flz,u) <0



Control Lyapunov Function: Interpretation

V(x)

Lyapunov Function.
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Control Lyapunov Function: Interpretation

Lyapunov Functio/

Equilibrium

V(x)




Control Certificates for RWS

Find function V

SUG
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Control Certificates for RWS

Find function V

2. Flow can be
made to point
inwards

SUG



Control Certificates

x € int(S)\G = (3 q) V,(x) < —e

xe H\G = (Elq)( Vo(x) < —€ A
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xceF, \G = (Bq)( Vo(x) < —€ A




Control Certificates
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Control Certificates

“Can always choose a
mode g to decrease V”

(x cint(S)\G = (3 q) Vq(x) < —¢

xceh\G = (Eiq)( Vq(x)<—€ A

xeF, \G = (Elq)( Vq(x)<—€ N

\

@
N De(x) < —€ )

N Pe(x) < —e ) |

pE Fﬁc

If on the k™ facet of S

“mode g to decrease V”

“push the flow inside the facet”




Synthesizing Control Certificates

* Fix a template (Ansatz) with unknown coefficients.
Vi(zy,zo) : + o1y + 0T + Cax1To + C1TT + 525

e Enforce CLF constraints on the unknown form.

(c) (Vx)(dqge{l,...,k}) ---



Synthesizing Control Certificates

* Fix a template (Ansatz) with unknown coefficients.
V(zi,22): oo+ i@y 4+ ooy + oz + 02t + 02

e Enforce CLF constraints on the unknown form.

3e) (V%) Bae{l,....k}) -

Quantifier Nonlinear
Alternation Constraints.




Counterexample Guided Inductive Synthesis.

Program Sketching [solar-Lezama + Others]

int search(int [] a,int n, int s){
//@pre:..
if (n <= 77){ return 0; }
for 1 = 0 to ?7
if (a[i] == ?7){
return 1; °

} o

end Find appropriate
return 77; program expressions.

//@post:..



CEGIS Approach

Constraints to be solved:

(3 ¢) (vy)Y(c,y)

Program
Behaviors

Template
Parameters

Iterative Procedure:
 FinitesetY;: {y, vy}

eeey

e |nstantiate the \V/Quantifier



Basic CEGIS Loop
(3 ¢c) (Vy) P(c,y)

1. Check SATisfiability of the formula:

77D(val) A w(cayQ) AN w(gyk)




Basic CEGIS Loop
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=
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Failure
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Basic CEGIS Loop

(3 ¢) (Vy) Y(c,y)

1. Check SATisfiability of the formula:
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Basic CEGIS Loop

(3 ) (Vy) Y(c,y)

1. Check SATisfiability of the formula:

vic,y1) N Y(e,y2) A - A Y(e,yr)

I SAT, o SAT, Yii1 I I
2. Check UNSATisfiability of
UNSAT,
_'w(cka y) Failure

UNSAT, Success



Applying CEGIS to Control Certificates

(x cint(S)\G = (3 q) Vy(x) < —¢

xEFl\G ——% (Eiq)( Vq(x)<—e N pe/l\G‘; ?q(x)<—€ )

\

xEFlk\G—_—> (E]q)(vq(x)<_€/\ /\ p'q(x)<—e )

X instantiated => Linear arithmetic formula in coefficients of V

V instantiated => Nonlinear formula in x



Integrating SMT solvers

instantiate x Instantiate ¢
Value New
value

for c
for x

Improvement: use LMI solvers
See our CDC’15 paper.



Further Contributions

e Exponential barrier condition

e Extracting a control law: control code synthesis.
* Guaranteeing minimum dwell time (compactness of S, G).

* Control certificates for initialized RWS problem:s.

* Combining RWS specifications to solve more complex problems.



Example: Nilsson and Ozay
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Example: Nilsson and Ozay (Continued)

14 1
////f/'

n’




Example: Unicycle Path Planning

Reach red goal set while avoiding
blue obstacles.

Model: Nonlinear unicycle. Discretized
steering.

Partition state-space into 53 polyhedra.

117 different RWS problems.




Comparison with SCOTS

# State Variables in Plant Model [Zamani et al.]
Problem Parameters SCOTS CEGIS
ID | n n T itr | Time Time
1 2 0.16% 0.12 18 0 3
2 |2 0.012 1.0 106 1 39
3 3 0.22x0.1 0.3 404 989 1484
4 4 0.03x0.1° | 0.005 48 304 3
5! 4 0.12x0.05% | 0.3 TO 5296

Timeout = 10 hours



Conclusions

v Control certificate approach can synthesize:
e Simple and easy to implement control laws.
* Minimum dwell time guarantees.

v Restriction to polynomial certificates.
* Incomplete.
* Workaround: partition original control problem into smaller sub-problems.

v'Adds value to other existing approaches.
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