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Automata, Games and Verification: Lecture 7

9 Quantified Propositional Temporal Logic (QPTL)
Syntax: LTL formula | o Ay | =@ | Ip. ¢

Semantics:

a,i = Jq.p iff there is an o/ with
o'(j) N (AP ~A{q}) = a(j) N (AP ~{q}) for all j € w,

st i = .
Example: L = (00)*{p}* is QPTL-definable:
3¢ (¢A0(g = =) AO(p — Op) AO(Op = pV q)) -

Theorem 1 For every Biichi automaton A over ¥ = 24 there exists a QPTL formula
@ such that models(p) = L(A).

Proof:
Let S = {s1,82,...,8,} and AP" = AP U{at,,,...,at,}.

¢ = datg,,...,ats, . \/ats

sel

nolo atsi/\Oatsj/\</\p>/\< A ﬁp>

(si,A,85)€ET pEA pEAPNA

A O <\”/ /\ =(ats, A atsj)>

i=1 j#i

A oo \/ at,,

s;€F

10 Monadic Second-Order Theory of One Successor
(S1S)
Syntax:

e first-order variable set V; = {z,y,...}



e second-order variable set Vo = {X,Y, ...}

e Terms t:
tu=0|xz]S5()

e Formulas ¢:

pu=teX |ti=ta| ¢ [V |Irp|IXp

Abbreviations:

o VX. ¢ = —dX.

e Y = ~(xeY);

e xF#y = —(r=y).
Semantics:

e first-order valuation o; : V] — w

e sccond-order valuation o5 : Vo, — 2¢
Semantics of terms:

hd [0]01 =0

o [S(t)o,] =t]ls, +1
Semantics of formulas:
e 01,00 =t e X iff [t], € oa(X)
o 01,09 =t = 1o iff [t1],, = [ta]s,
o 01,00 = iff 09,00 E U
e 01,09 =t Vi iff 01,09 | 1 or 01,09 1y

e 01,09 = Tz p iff there is an a € w s.t.

ol (y) = { o(y) ify #x

a otherwise
and o/, 09 = .
e 01,09 | 3X. @ iff there is an A C w s.t.

o(YV)if Y # X
A otherwise

o) ={

and 01,0, = ¢



XCY =V (zeX—-zeY),
X=Y = XCYANY CX,;

Suff (X) == Vy. (y € X — S(y) € X);
x<y:=VZ (r € ZANSuff(Z)) -y e Z;

Fin(X):= 3Y. (X CYAJz— 2¢ Y AV2. (2 €Y — S(2) €Y);

Definition 1 For a S18 formula ¢, models(¢) = {ty, o, € (2V1YY2)% | 01,09 = ¢},
where x € a(j) iff j = o1(x), and X € a(j) iff j € 02(X).

Definition 2 A language L is LTL/QPTL/S1S-definable if there is a LTL/QPTL/S1S
formula ¢ with models(yp) = L.

Theorem 2 Fvery QPTL-definable language is S15-definable.
Proof:

For every QPTL-formula ¢ over AP and every S1S-term ¢ over Vi = (), we define a
S1S formula T (¢, t) over V; = (), Vo = AP, such that, for all o € (247)«,

a [t EqpTL e Mt o0 g9 Te: ),

where o9 : P — {icw | P € a(i)}.

e T'(Pt)y=te P, for Pe AP;

o T(=p,t) = T(p,1);
. T(so\/df, t)=T(p,t) VT(,1)

(

(¢

(

—

o T(Op,t) =T(p,5(t))
o T L{@D,)—Ely(y>t/\T(¢ y)AN-Jz(z <z<yAT(=p,2)))
o T(3P ¢, t) =3P. T(p,1).

models(p) = models(T'(p, 0)). |
Theorem 3 Fvery S15-definable language is Biichi-recognizable.
Proof:
Let ¢ be a S1S-formula.

1. Rewrite ¢ into normal form
pu=0eX|zeY|z=0|z=y|z=25)
@ | eV | 3x o] IX. .
using the following rewrite rules:

St)eX — Ty y=St)rnyeX
St)=8{) — t=t

St)y=x — x=25(t)

=8(S(t) = Fy.y=5F)At=5(y)



2. Rename bound variables to obtain unique variables.

Example:
32.(S(S(y)) =z A Fz (S(x) € X))

1s rewritten to

HIL'Q. Ell‘l.l'o = S(ZL‘l) Nxy = S(y) VAN 31’231‘3.[[’3 = S(IL‘Q) Nx3 € XQ

3. Construct Buchi automaton:

Base cases:
e 0 X:

. {Alxen

!

For every x € V1, intersect with A,:

{A|z ¢ A} {Alxz ¢ A}
{A|z e A}
N\
e rcy:
{A|z¢ A} {Alz¢ A}
Q {A{z, Y} C A}
N\ %
o r =20
{Alx g A}

(A|z e A}
O %



e =Y

{A]{x,y} N A=0} {Al{z.y}nA=0}
Q (4] (.9} € 4)
O O
o x=5(y):
{A]{z,y} N A =0} {A[{z,y}nA=0}
Q {Alye A} {A]x e A}
O O O

Inductive step:

¢ V ¢ language union,
e —¢: complement (and intersection with all A4, ),
e Jz. ¢: projection (and intersection with A,),

dX. ¢: projection.



