Bernd Finkbeiner Date: June 19, 2008
Sven Schewe

Automata, Games and Verification: Lecture 8

11 Weak Monadic Second-Order Theory of One Suc-
cessor (WS1S)

Syntax: same as S1S;

Semantics: same as S1S; except:
01,09 = 3X.p iff there is a finite A C w s.t.

A otherwise

o4x) = {

and oy, 0} = .

Theorem 1 A language is WS1S-definable iff it is S1S-definable.

Proof:

(=): Quantifier relativization:

VX ... — VX.Fin(X)—...
IX ... — YX.Fin(X)A...

e Let ¢ be an S1S-formula.
e Let A be a Biichi automaton with £(A) = models(y).
e Let A’ be a deterministic Muller automaton with £(A") = L(A)..

e By the characterization of deterministic Muller languages, £(.A’) is a boolean
ﬁ
combination of languages W, where W is finite-word recognizable.
e Let ¥(y) be a WS1S formula that defines the words whose prefix up to position
y is in W.
o O :=Vr. Jy. (x <yAY(y)).



12 Alternating Automata
Example:

e Nondeterministic automaton, L = a(a + b)¥, existential branching mode:

e Alternating automaton, both branching modes (arc between edges indicates univer-
sal branching mode), L = aa(a + b)¥

Definition 1 The positive Boolean formulas over a set X, denoted B (X), are the for-
mulas built from elements of X, conjunction A, disjunction V, true and false.

Definition 2 A set Y C X satisfies a formula ¢ € BY(X), denoted Y |= @, iff the truth
assignment that assigns true to the members of Y and false to the members of X \'Y
satisfies .

Definition 3 An alternating Biichi automaton is a tuple A = (S, so, 9, F'), where:
e S is a finite set of states,
e so € S is the initial state,
o [ C S is the set of accepting states, and

e §:S5x X —B"(S) is the transition function.



A tree T over a set of directions D is a prefix-closed subset of D*. The empty sequence
¢ is called the root. The children of a node n € T are the nodes children(n) = {n-d €
T | de D}. A X-labeled tree is a pair (7',1), where [ : T'— ¥ is the labeling function.

Definition 4 A run of an alternating automaton on a word o € X* is an S-labeled tree
(T, r) with the following properties:

e r(e) =so and
o foralln €T, ifr(n) =s, then {r(n’) | n' € children(n)} satisfies (s, a(|n|)).

Example: L = ({a,b}"b)*

b

S={p,q}
F = {p}
5(]7, a’) =pAgq
o(p,b) =p
6(g,a) = ¢
d(q,0) =T
example word w = (aab)® produces this run:

I —e:ip

0: p/l i q

000 :p

(the dotted line means that the same tree would repeat there) L
Definition 5 A branch of a tree T is a mazimal sequence of words ng,ny,na, -+ such

that ng = € and n;y1 1s a child of n; for v > 0.
Notation: Infinity set of a branch /3 in a run tree (T, r):
In(B) ={s e S|Vidj:j=iAr(BQj)) = s}
Definition 6 A run (T,r) is accepting iff, for every infinite branch Y’ CY,
In(Y')NF #0.

Theorem 2 For every LTL formula o, there is an alternating Biichi automaton A with
L(A) = models(p)



Proof:

e S = closure(p) := {1, 7 | ¢ is subformula of ¢};
=

[ ]
V)

a) = true if p € a, false if p ¢ q;
—p,a) = false if p € a, true if p ¢ a;
true,a) = true;

false,a) = false

o(p,
o
o
o
b 5(77Z) /\’17/)2, )_5(¢17 ) (?/)27@);
(
(©
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e o(yr \/@/)2, )—5(@/)1, a) V 6(ta, a);

e 5(O,a) =

U¢m)—5wh®V®Wm®A¢ﬂ4%%
,a) = 0(¢, a);

oq/;:—@bforz/}ES;

o ) =1 forp €8;

o 1Ay =aVvp

o Y1 Vi =aAp

o true = false;

[ ]
[«

o false = true;

o = {=(1)y U 1py) € closure(p)}

For a subformula ) of ¢ let Aw be the automaton A, with initial state .
Claim: «a € E(Aw) & ae models(@/)) Proof by structural induction.

Example: ¢ := Op = (true U p)

S = {true U p,—~(true U p), true, —true, p, —p}

d(true U p,0) = 6(p,0) V (6(true, D) A true U p) = true U p
o(true U p,{p}) = d(p.{p}) vV (6(true, {p}) A true U p) =

0
*

= 00p = —(true U —(true U p))

I, a)=0(—(true U p),a) V (§(true, a) A true U —(true U p))
= 0(true U p,a) N —(true U —(true U p))
= (0(p,a) V (0(true,a) A true U p)) A\ ¢
= (0(p,a) V true U p) A p

8(p,0) =true U p A

o(p. {p}) =¢



true
{p}

true U p

= ﬂ¢vv




