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Automata, Games and Verification: Lecture 2

3 w-regular Languages

Definition 1 The w-regular expressions are defined as follows.

e If R is an reqular expression where € ¢ L(R),
then R* is an w-reqular expression.
L(R¥) = L(R)¥
where L* = {uguy ... | u; € L,|u;| >0 for alli € w} for L C ¥*.

o If R is a reqular expression and U is an w-reqular expression,
then R -U is an w-reqular expression.

L(R-U)=L(R)-L(U)
where Ly - Ly ={r-u | r € L1,u € Ly} for Ly C ¥* Ly C 3%,

o [fU; and Uy are w-regular expressions,
then Uy + Us is an w-reqular expression.

LUy + Us) = L(U1) U L(Uy).

Definition 2 An w-regular language is a finite union of w-languages of the form U - V<
where U,V C X* are reqular languages.

Theorem 1 If Ly and Ly are Biichi recognizable, then so is L1 U Ls.

Proof:

Let A; and A, be Biichi automata that recognize L; and Lo, respectively. We
construct an automaton A’ for L; U Lo:

o '=35,US8, (wlo.g. we assume S} NSy = 0);

L] IlzllL_J[Q;
o T/ =T, UTy;
o F'=F UF,.

L(A) C L(A))UL(As): For a € L(A"), we have an accepting run 7 = $¢s1z . . . of
ain A'. If sy € S1, then r is an accepting run on A, otherwise sg € S, and r is an
accepting run on As.

L(A) D L(A)UL(Ay): Fori € {1,2} and o € L(A;), there is an accepting run
r = $98182 ... on A;. The run r is accepting for o in A’. [ |



Theorem 2 If Ly and Ly are Buchi recognizable, then so is Ly N Ls.

Proof:
We construct an automaton A’ from A; and As:

o 5" =5 xS x{1,2}
.]/:.le.IQX{].}

o 1" = {((Sla 52, 1)707 (5,17 3/27 1)) ‘ (31707 3,1) € Tla (32,07 3/2) € T27 S1 ¢ Fl}
U {((81,82, 1),0’, (8’178/2,2» | (Sl,O', 8/1) € Tl, (82,0', Sl2> € TQ,Sl c Fl}
U {((s1,82,2),0,(s],55,2)) | (s1,0,8)) € T, (82,0,8) € Ty, 59 & Fy}
U {((s1,82,2),0,(s],85, 1)) | (s1,0,8)) € T, (s2,0,8) € Ty, 89 € Fy}

o [ = {(51,82,2) ‘ S1 € 51,52 S FQ}
[:(./4/) == £(A1) N L(AQ)

o 1" = (s9,59,t%) (s, si,t!) ... is arun of A’ on input word o iff r; = s%s}...isa
run of A; on o and ry = s9si ... is a run of Ay on o.

e 1’ is accepting iff 1 is accepting and 7, is accepting.

Theorem 3 If L; is a reqular language and Lo is Bilichi recognizable, then Ly - Lo is
Biichi-recognizable.

Proof:

Let A; be a finite-word automaton that recognizes L; and A, be a Biichi automaton
that recognizes Lo. We construct:

o §'=35,US8; (wlo.g. we assume S; NSy = 0);

. I/_ Il lfllﬂFlzq)
| Ul otherwise;

o I"=T\UTyU{(s,0,¢) | (s,0,f) €Ty, f € Fi,s € I,};
[ ] F,:FQ.

Theorem 4 If L is a reqular language then L* is Biichi recognizable.

Proof:

Let A be a finite word automaton; let w.l.o.g. € € L(A).

e Step 1: Ensure that all initial states have no incoming transitions. We modify
A as follows:

- S/ - S U {Snew};



- I'= {Snew}§
— T' =T U{(Snew,0,5) | (s,0,5) €T for some s € I};
— F'=F.
This modification does not affect the language of A.
e Step 2: Add loop:
— 8 =97 ="
— T" =T U{(s,0,new | (s,0,5') € T and s’ € F'};
- F'=1T.

L(A") C L(A)*:

Assume o € L(A”) and s¢s153 . .. is an accepting run for « in A”.

e Hence, s; = spew € F” = I’ for infinitely many indices i: i, i1, ia, . . ..

This provides a series of runs in A’

— run s ... 8,15 on wy = a(0)a(l)...a(i; — 1) for some s € F’;

— TUD i, Siy41 - - - Sip—18 o0 wy = aiy)a(iy + 1) ... a(iy — 1) for some s € F';
This yields wy, € L(A) for every k > 1.
Hence, a € L(A')~.

LAY D LA

o Let a = wywows € X such that wy € L(A) for all & > 1.
e For each k, we choose an accepting run sfsish ... sﬁk of A" on wy.

e Hence, 5’5 € I' and s’;k e F' forall £k > 1.

e Thus,

1 1 2
80+ Sp 150+ Sny,_150--- S

is an accepting run on « in A”.

Hence, a € L(A").

Theorem 5 (Biichi’s Characterization Theorem (1962)) An w-language is Biichi
recognizable iff it is w-reqular.

Proof:

“<" follows from previous constructions.
“=7: Given a Biichi automaton A, we consider for each pair s,s € S the regular

language

Ws,¢ ={u € X" | finite-word automaton (S, {s},T,{s'}) accepts u } .

Claim: E(A) - USGI,S'EF Ws,s’ : Ws’,s’w'
£(A> g USGI,SIGF stsl ’ WS/7SIUJ:



o Let a € L(A).

e Then there is an accepting run r for a on A, which begins at some s € I and
visits some s’ € F infinitely often:

risBdBdBIBS R 5

where o = qp -y g -az-oq-....
(Notation:

0001,...0%

So  — " Spy1: there exist s1,...8g s.t. (84,04, 841) € forall 0 <i <k.)
e Hence, oy € Wy and ay, € Wy ¢ for k > 0 and thus a € Wy ¢ - Wy o for
some s € [,§ € F.
‘C<A) 2 UsGI,s’EF WS,S' ’ stvs/w:

o Letaa=ap-ar-az-... with g € W,y and ay, € Wy o for some s € I,s" € F.
e Then the run
risBd RS BYB g S
exists and is accepting since s’ € F.
e It follows that o € L(A).



