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Monadic Second-Order Theory of Two Successors (S2S)

Syntax:

● first-order variable set V1 = {x0, x1, . . .}

● second-order variable set V2 = {X0, X1, . . .}

● Terms: t ∶∶= ε ∣ x ∣ t0 ∣ t1

● Formulas φ ∶∶= t ∈ X ∣ t1 = t2 ∣ ¬φ ∣ φ0 ∨ φ1 ∣ ∃x .φ ∣ ∃X .φ

Semantics:

● first-order valuation σ1 ∶ V1 → B∗

● second-order valuation σ2 ∶ V2 → 2B
∗

● terms: JεK = ε, Jt0Kσ1 = JtKσ10, etc.

● formulas: σ1, σ2 ⊧ ∃xi .φ iff there is a a ∈ B∗ s.t.

σ ′1(y) = { σ1(y) if x ≠ y,
a otherwise;

and σ ′1 , σ2 ⊧ φ
etc.
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Theorem 1. For each Muller tree automaton A = (S , s0,M ,F) over Σ = 2V2

there is a S2S formula φ over V2 s.t. t ∈ L(A) iff σ2 ⊧ φ where σ2(P) = {q ∈{0, 1}∗ ∣ P ∈ t(q)}.
Theorem 2. ForeveryS2SformulaφoverV1,V2 thereisaMullertreeautomaton

A over Σ = 2V1∪V2 such that t ∈ L(A) iff σ1, σ2 ⊧ φwhere

σ1(x) = q iff x ∈ t(q);
σ2(X) = {q ∈ {0, 1}∗ ∣ X ∈ t(q)}.
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Definition 1. A transition system (AP, S , s0,→, L) consists of
● AP: atomic propositions

● S: finite set of states

● s0 ∈ S: initial state

● → ⊆ S × S: transition relation

● L ∶ S → 2AP: labeling function
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Computation tree logic (CTL)

● CTL state formulas.

-- a ∈ AP atomic proposition

-- ¬Φ andΦ ∧ Ψ negation and conjunction

-- E φ there exists a path fulfilling φ
-- A φ all paths fulfill φ

● CTL path formulas.

-- XΦ the next state fulfillsΦ

-- Φ U Ψ Φ holds until a Ψ-state is reached
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Semantics

CTL state formulas. Semantics defined by a relation ⊧ such that s ⊧ Φ if and

only if formulaΦ holds in state s.

s ⊧ a iff a ∈ L(s)
s ⊧ ¬Φ iff ¬ (s ⊧ Φ)
s ⊧ Φ ∧ Ψ iff (s ⊧ Φ) ∧ (s ⊧ Ψ)
s ⊧ E φ iff π ⊧ φ for some path π that starts in s

s ⊧ A φ iff π ⊧ φ for all paths π that start in s
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CTL path formulas. Semantics defined by a relation ⊧ such that π ⊧ φ if and

only if path π satisfies φ.

π ⊧ XΦ iff π[1] ⊧ Φ
π ⊧ Φ U Ψ iff (∃ j ≥ 0. π[ j] ⊧ Ψ ∧ (∀0 ≤ k < j. π[k] ⊧ Φ))

Satisfaction of a CTL formula over a transition system: T ⊧ Φ iff s0 ⊧ Φ.
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CTL*

CTL* Syntax ( f , g - state formulas, φ,ψ - path formulas):

● State formulas f :
f ∶∶= AP ∣ ¬ f ∣ f ∨ g ∣ Aφ ∣ Eφ

● Path formulas φ:

φ ∶∶= f ∣ ¬φ ∣ φ ∨ ψ ∣ Gφ ∣ Fφ ∣ φUψ ∣ Xφ
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CTL* Semantics (M - Kripke structure, s - state, π i - suffix of π starting at i):

● M, s ⊧ p iff p ∈ L(s) for p ∈ AP

● M, s ⊧ ¬ f iffM, s /⊧ f

● M, s ⊧ Eφ iff there is a path π from s such thatM, π ⊧ φ
● M, s ⊧ Aφ iff for every path π from s such thatM, π ⊧ φ
● M, π ⊧ f iffM, s ⊧ f where π = sπ1

● M, π ⊧ ¬φ iffM, π /⊧ φ
● M, π ⊧ φ ∨ ψ iffM, π ⊧ φ orM, π ⊧ ψ
● M, π ⊧ φ U ψ iff there exists i such that for every j < i

M, π j ⊧ φ andM, π i ⊧ ψ
● M, π ⊧ Xφ iffM, π1 ⊧ φ
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LTL. Special case of CTL* formulas: A φ, where φ is a path formula with only

atomic propositions as state subformulas.

CTL. Special case of CTL* formulas where each temporal operator must

immediately be preceeded by a path quantifier.
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