Automata, Games & Verification

#14



linear-time
properties

branching-time
properties

alternating-time
properties

Bernd Finkbeiner

logics automata and games

LTL — S1S ¢----a-0--m--- » word automata
CTL - ! |
l CTL* — S2S ¢---rq-mmeees > tree automata
ATL
ATL* — SL -------mmeeee » infinite games
+
l games with
CL ------- >

incomplete information

AG&V #14 1



Monadic Second-Order Theory of Two Successors (S2S)
Syntax:

first-order variable set V; = {xq, x1,...}

e second-order variable set V, = { Xy, X,...}
Terms:t==¢|x|t0| 1

Formulas g :=te X |ti=t,|-¢ | ooV @1 | Ix.0 | IX.¢

Semantics:

first-order valuation ¢y : V; — B*
second-order valuation o, : V, — 2B

terms: [e] = ¢, [t0], = [¢],,0. etc.

formulas: 01, 0; = 3x;.¢ iff thereisa a € B* s.t.

o!(y) = { o(y) ifx+y,

. and g/, 0, =
a otherwise; 027 ¢

etc.
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Theorem 1. For each Muller tree automaton A = (S, so, M, F) over T = 22
there is a S2S formula ¢ over V, s.t. t € L(A) iff 0, £ ¢ where 0,(P) = {q €

{0,137 [ Pet(q)}.

Theorem 2. ForeveryS2Sformula ¢ over Vy, V,thereisaMullertree automaton
AoverX = 2"1"V2such that t € L(A) iff o, 02 £ ¢ where

o1(x) g iff x € t(q);
0(X) = {q¢€{0,1}" | Xet(q)}.
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Definition 1. A transition system (AP, S, so, —, L) consists of
e AP:atomic propositions

S: finite set of states

e sy € S:initial state
e — C S x S:transition relation

e L:S — 2" labeling function
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Computation tree logic (CTL)

e CTL state formulas.

-- aecAP
- - ®and ® A Y

e CTL path formulas.

- XO
- OoUVY

Bernd Finkbeiner

atomic proposition

negation and conjunction
there exists a path fulfilling ¢
all paths fulfill ¢

the next state fulfills ®
® holds until a ¥-state is reached
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Semantics

CTL state formulas. Semantics defined by a relation = such that s = @ if and
only if formula ® holds in state s.

skEa iff aelL(s)

skE - iff —(s= @)

sED AY iff (sED) A (sEVY)

seEEg iff 7= ¢ for some path 7 that starts in s
sEAQ iff 7= ¢ forall paths 7 that startin s
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CTL path formulas. Semantics defined by a relation & such that 7 E ¢ if and
only if path 7 satisfies ¢.

7= XD iff z[1] £ @
T=EOUY iff(Fj20.7[j]EY A (VO<k<jalk]E D))

Satisfaction of a CTL formula over a transition system: T £ @ iff sq = ©.
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CTL*

CTL* Syntax (f, g - state formulas, ¢, v - path formulas):

e State formulas f:
f#=AP|-f[fvgl|Ap|Eg

e Path formulas ¢:

o= f|l-9plovy|Ge|Fo|eUy|Xe
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CTL* Semantics (M - Kripke structure, s - state, 7’ - suffix of 7 starting at i):
e M,skEpiffpeL(s)forpe AP

e M,sE-fiff M s f

e M,s E Egiff thereis a path 7 from s suchthat M, mE ¢

o M,s E Ag iff for every path = from s such that M, 7 = ¢

e M,k fiff M,sk f where = sn!
e M,k -giff Mt ¢
e M,nepvyiff M,mregporM,nEe=vy

e M,k ¢ U yiff there exists i such that for every j < i
M, pand M, =y

e M,mEe=Xgiff M,n! = ¢
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LTL. Special case of CTL* formulas: A ¢, where ¢ is a path formula with only
atomic propositions as state subformulas.

CTL. Special case of CTL* formulas where each temporal operator must
immediately be preceeded by a path quantifier.
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