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Automata, Games, and Verification: Lecture 13

Theorem 1 For each parity tree automaton A over X there is a parity tree automaton A’ with

L(A) = Ts - L(A).
Proof:
» A does not accept some tree t iff Player 1 has a winning memoryless strategy f in
gA,t from (8) 50)
o Strategy
f:{0,1}* x M - {0,1}* x S

can be represented as

f:{0,1}" x M — {0, 1}

(where f(u,(q,0,q;,q;)) = (u-i,q;) iff f'(u,7) = ).
« f’isisomorphic to

g:{0.1}" > (M~ {0,1})
(M — {0, 1} is the finite “local strategy”)
« Hence, A does not accept ¢ iff

(1) thereisa (M — {0,1})-tree v such that
(2) for all iy, iy, i, ... € {0,1}¢
(3) for all 7y, 77, ... € M®
(4) if
- forall j,
7 = (4, a, 40, q7)
= a= t(lo,ll,,l]) and

gy = () (10)v(io) (1) ...

then the generated state sequence qoq; - . -
with go = 50, (4,2, 9%q') = 7),
Gje1 = qv(zg ..... ij1)(t)) for aH]
violates c.

« Condition (4) is a property of words over

¥=(M-~- {O,l})xix{\ﬁx {0,1}

| — ——
v t T i

and can be checked by a parity word automaton Ay = (Sy, {s4}, Ty, ¢4):



Sy=Su{l};
- S4 = S05
Ty={(q,(f>a,(9,a.95,41),1).97) [q €S, f : M > {0,1},
(>4, 95, q1) € M, i = f(q, a, 95, 91) }
v {(g,(f>a,(q: 4" 95, 41), 1), 1) [ a # a" or i # f(q,a', g0, 91) }
u{(L,a,1)]|ae};
cs(q) =c(q) +1forgeS;
cs(1) =0.
« Condition (3) is a property of words (M — {0,1}) x X x {0,1} which results from
(4) by universal quantification (= complement; project; complement) = there is a
deterministic parity word automaton .A4; that checks (3).

« Condition (2) defines a property of (M — {0,1}) x X-trees. It can be checked by a
tree automaton A, = (S,, s, M>, ¢,), simulating .A; along each path:

- Sz = 53;
= $2 = 835
- My ={(q,(f>a),90.97) | (¢, (f>a,0),q5) € T5,(q, (f,a,1),q7) € Ts};
- € =q.

« Condition (1) is a property on X-trees: Use nondeterminism to guess M — {0,1}
label: A, = (Sy, 51, My, ¢;), where

- Sl = Sz§
- 851 =82
- My={(q,a,95-q7) | 3f : M~ {0,1}.(q, (f>a), g0, q1) € Ma};
- C = (.

18 Monadic Second-Order Theory of Two Successors (S25)
Syntax:

o first-order variable set V; = {xg, x1,...}
o second-order variable set V; = {Xj, X, ...}

o Terms t:

tu=e|x|t0] 11

« Formulas ¢:

pu=teX|h=6|-9|pVve |Ixg|IX.0

Semantics:

o first-order valuation ¢y : V] — B*



« second-order valuation o, : V, — 28"

Semantics of terms:

[e] = €
[[x]]m = 01(x)
[¢0],, = [t],,0

[a1],, = [,

Semantics of formulas:

0,0, =1E€ X iff [[t]]ﬂl € O'2(X)
0,0, F t =t iff Htl]]o'l = [[t2]]al
01,0, F —Q iﬂUl,UZ I:/: ¢
01,0, & Po \Y (1 iﬁO’b o) E @o Or 01, 03 = 91
01,0 E dx;.@ iff thereisa a e B* s.t.

ol(y) - a(y) ifx +y,

! a otherwise;

and 0/,0, = ¢
01,0, = 3X;.¢ iff thereisa A € B* s.t.

o [ oY) ifX#Y
0p(Y) = { A otherwise;

and 0,0, E ¢

Examples:

“node x is a prefix of node y”

x<y < VX((yeXAVz(z0e X =>zeX)AVz(z1e X =>2z€e X)) =>xeX)

“X is linearly ordered by <”

Chain(X) < Vax.Vy.((xeXAyeX)=(x<yvy<x))

“X is a path”

Path(X) <> Chain(X)A-3Y.(XcYAX+#Y AChain(Y))
XCY < Vz(zeX=>2zeY)
X=Y & XcYAYcX
“X is infinite”

Inf(X) < 3JY(Y#2AVyeY.dy' eV Ix eX. (y<y' Any<x’))



Theorem 2 For each Muller tree automaton A = (S, so, M, F) over ¥ = 22 there is a S2S formula
¢ over Vys.t. t € L(A) iff 0, & ¢ where 0,(P) = {g € {0,1}" | Pe t(q)}.

Proof:

Use R = (Ry) 4es to encode the run tree.

@ < 3R.(Part A Init A Trans A Accept)
Part < Vx.\/ State,(x)

qeS
State,(x) < xeR;n /\ -(xeRy)
q'eS>{4q}
Init < State, (&)
Trans < Vx. \/ (State,(x)A(AxeVAA-(xeV))n
(9,A.q0,91)eM VeA VEA
AStatey (x0) A Statey(x1))
InfOcc,(P) < 3IQ.(QSPAQCR,AInf(Q))
Muller(P) < \/(/\ InfOcc,(P) A A -InfOcc,(P))

FeF qeF q¢F
Accept < VP.(Path(P) = Muller(P))

Theorem 3 For every S2S formula ¢ over Vi, V, there is a Muller tree automaton A over ¥ = 210V
such that t € L(A) iff 01, 0, = ¢ where

q iff x € t(q);
{ge{0,1}" [Xet(q)}.

o1(x)
02(X)

Proof:

First, we rewrite S2S formulas to a normal form, for which we only have the following
types of equalities:

xX=¢6x=)0,x=yl, xeY, x=y

Next we inductively translate S2S formulas to tree automata. (Analogous to the proof for
S1S in Lecture 8.) For example:

° XEY:
- S={q0. 1}
- S0 =490

M = {(qO>A> qo> Q1) | X ¢ A}

U {(q0,As q1,90) | x ¢ A}

U {(quA: qi» %) |X €A, Ye A}
u{(qA quq) | x ¢ A}

F={a}



