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Automata, Games, and Verification: Lecture 5

6 Muller Automata

Definition 1 A (nondeterministic) Muller automaton A over alphabet X is a tuple (S,1, T, F):
o S,I1,T: defined as before
o F C25: set of accepting subsets, called the table.

Definition 2 A run r of a Muller automaton is accepting iff In(r) € F

Example:

a b

() e ()
a

o for F={{q}}: L(A) =(aub)*b®
o for 7= {{q}. {p.q}}: L(A) = (a*b)*
L

Theorem 1 For every (deterministic) Biichi automaton A, there is (deterministic) Muller automa-

ton A’, such that L(A) = L(A").
Proof:

§'=81I'=,T'=T
F'={QcS|QnF+uz} [

Theorem 2 For every nondeterministic Muller automaton A there is a nondeterministic Biichi
automaton A’ such that L(A) = L(A’).



Proof:

° f/:{Fl,...,Fn}

o §'=SulUL{i} xF;x2Fi
e I'=1

o T'

=T

u {(s,0,(i,s,@))1<i<n,(s,0,s)eT,s €F;}

u {((i,s,R),0,(i",s',R")) |1<i<n,s,s €F,R, R CF;,
(s,0,8') e T,R"=RuU{s}ifR+F,andR" =@ ifR=F,}

F'=UiL{i} x F; x {F;}

Theorem 3 The languages recognizable by deterministic Muller automata are closed under Boolean
operations (complementation, union, intersection).

Proof:
o L(A") =Z¢ N L(A):
-8 =8I'=1T"=T,F' =25\ F
o L(A") = L(A)NL(A,):
— S =8 xS I' = I, x I,
T = {((552), 0 (5550)) | (51,0450) € Thy (520 0,5) € To)
- F'={Ac S| pri(A) e Finpry(A) € Fr}
where pr;(Q) = {p:i[(p1, P2 -0 Pi> - Pn) € Q}
o LIA)UL(A) =2 ((ZoNL(A)) N (29N L(AY))).
|

Theorem 4 A language L is recognizable by a deterministic Muller automaton iff L is a boolean

combination of languages W where W € £* is regular.

Proof:
(<)
o If W is regular, then W is recognizable by a deterministic Biichi automaton;

—
« hence, W is recognizable by a deterministic Muller automaton;

« hence, the boolean combination £ is recognizable by a deterministic Muller automa-
ton.

(=)
A accepts a with unique run r
iff for some F € F, In(r) =F



iff \/ (NaeW.n A\ af W),
FeF seF seS\F

where W, = L(A,) for the finite-word automaton A, = (S, I, T, {s}).
iff ae | J(O\Wn () (Z° W)).

FeF seF SESNF

7 McNaughton’s Theorem

Theorem 5 (McNaughton’s Theorem (1966)) Every Biichi recognizable language is recognizable
by a deterministic Muller automaton.

Definition 3 A Biichi automaton (S, 1, T, F) is called semi-deterministic if S = N w D is a par-
tition of S, F € D, prs(Tn (D x X x8§)) € D, and (D,{d}, T n (D x £ x D), F) is deterministic
foreveryd € D.

Lemma1 For every Biichi automaton A there exists a semi-deterministic Biichi automaton A’
with L(A) = L(A").
Given A = (S,I, T, F), we construct A’ = (S, I', T', F'):
o §'=8Sw(25x25);
« I'=1;
e T'=T u {(s,0,({s'},9)) | (s,0,5") e T}
U{((Ly, L2), 0, (L, L)) [ Ly # L
L =prs(TnL x{o}xS),
Li=pry(TnLix{o} xF)uprs(TnLyx{og} xS)}
U{((L, L), 0, (L, L)) | L = prs(T n L x {a} x 5),
Ly =prs(TnLx{o} xF)}

« F={(LL)|L+2)}



Example:

{f.g).{/.&




