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Automata, Games, and Verification: Lecture 7

Lemma 1 For every semi-deterministic Biichi automaton A there exists a deterministic Muller

automaton A’ with L(A) = L(A").

Let A = (NwD,I,T,F),d = |D|, and let D be ordered by <. We construct the DMA
(8, {s}, T, F):

o §"=2Nx{0,...,2d} > Du{_}

e so=({NnI},(di,dyy..idyses.. i),
where d; < d; 1, {dy,...,d,} =DnT}.

o T"={((N1, i), 0, (N2, f2)) | N2 = pr3(Tn Ny x {g} x N)
D' =prs(TnN;x{c} xD)
g:n—deDe firne>dieDAd - d,

gt insort the elements of D’ in the empty slots of g; (using <)
f: delete every recurrance (leaving an empty slot)
e F={F'c§|3Fiel,...,2d st
f(i)# . forall (N, f) € F"and
f(i) € F for some (N’, f) € F'}.

Proof:

L(A) c L(A):

If o € L(A), Ahasan acceptingrun r = ng...1nj4d;djadj., . ..
where n; € N for k < jand dy € D for k > j.

Consider the run ' = (Ny, fy), (N, f1),... of A’ on a.

o ng e Niforall k < j,
o forall k > j, di = fi(i) for some i < 2d,
« these i’s are non-increasing, and hence stabilize eventually.

« for this stable i,
f(i) # o forall (N, f) € In(r") and f(i) € F for some (N', f) € In(r").

o In(r") e F.

L(A") c L(A):
For a € L(A"), A’ has an accepting run ' = (Ny, fo), (Ny, fi), - - ..

o We pick an i and an accepting set F’ € F s.t.
f(i)# o forall (N, f) € F"and f(i) € F for some (N', f) € F'.



» Wepicka j € w such that f,(i) # _ forall n > j.
o Thereisarunr =s¢s;...5;f1(i) fir2(i) fi+3(i) ... of Afor a.

 risaccepting.
|

Theorem 1 (McNaughton’s Theorem (1966)) Every Biichi recognizable language is recognizable
by a deterministic Muller automaton.

8 LTLand QPTL

LTL: Linear-time temporal logic, QPTL: Quantified propositional temporal logic.

LTL: a | -9 | ¢y | Xg [ ¢Uy
where a € AP and ¢ and vy are LTL formulas. Additional derived operators: F and G.

QPTL: ¢ | yan | -~y | 3p.y
where ¢ is an LTL formula and y and # are QPTL formulas.

QPTL Semantics:
a = 3q.¢ ift thereisan o with
a'(j)n (AP~ {q}) =a(j) n (AP~ {q}) forall j € w,
st.a’ E @.

There are Biichi recognizable languages that are not LTL-definable.
Example: (2@)*{p}*

Definition 1 A language L C X is non-counting iff

dnpew.Vn>ny. Vu,veX*,yex?.

uvyeL < uv™lyel

Example: L = (3@)*{p}* is counting. For every @"{p}“ € L, " {p}« ¢ L. L

Theorem 2 For every LTL-formula ¢, L(¢) is non-counting.

Proof:

Structural induction on ¢:

¢ = p: choose 1y = 1.

¢ = @1 A @y: By IH, ¢, defines non-counting language with threshold n; € w, ¢, with
ngy; choose ny = max(ng, ny);

— . — !/
¢ = —¢y: choose ng = ny.

¢ = X¢;: choose ng = nj, + 1.

- We show for n > ng: uvy £ Xo < uv™ly E Xo.



Case u # ¢,i.e., u = au’ forsomea € X,u’ € £*:
au'v'y E X¢

iff w'v'yE@

iff u'vtlyEg (IH)

iff au'vitly = Xo.

Caseu =¢,v=av' forsomea e X,v € *:
(av')"y = Xe

iff (av’)(av')" 1y = Xe

iff v/(av' )" lyE ¢

iff v/(av')'yE @ (IH)

iff (av’)"ly = Xo.

e P =¢ U @ choose ny = max(n(l)’ 7’16’) +1
Claim: for n > ng: uv"y E o1 U ¢, = uv™y E ¢ U ¢,.

w"yE o @ = Fj.uv'y[j..]Eprand Vi< j.uv'y[i..] E ¢y

Let j be the least such index.

Case j < |u:

by IH, uv"*y[j..] = g, and for all i < j . uv™y[i..] E ¢y

Case j > |u:

uv™ly[j + |v|..] £ ¢, (because uv"*'y has the same suffix from position j + |v|
as uv™*! from position j);

for all |u| + |v| < i < j+|v|. uv™y[i..] E ¢, (again, because the suffix is the
same);

By (IH), for all i < |u| + |v|,i < j . uvv"y[i..] E @), because uvv"ly[i..] £ 1.

Claim: for n > ng: uv™ 'y E U @2 = uvy = o, U ¢,

- w™lyE ol ¢ = Jj.uv™ly[j..] E @rand Vi< j.uv™ly[i.] = ¢

Case j < |u| +|v|:

by IH, uvv"1[j..] = g, and for all i < j . uvv"[i..] E ¢y

Case j > |u| + |v]:

uv"y[j—[v]..] & ¢

forall ju| + |v| <i<j.uvry[i.] E @5

By (IH), for all i < |u| + |v| . uvv"y[i..] E ¢y, because uvvy[i..] E ¢.

Example: L = (@)*{p}* is QPTL-definable:

39. (A G(q < -Xq) AG(p > Xp) AG(Xp —> (pV—q)))



Theorem 3 For every Biichi automaton A over X = 24P there exists a QPTL formula ¢ such that

L(g) = L(A).
Proof:

Let S = {s1,$2,...,5,} and AP' = APu{at,,...,at, }.

¢ = Jaty,...,at,, . \/at,

sel

A G( \ atsl./\Xatsj/\(/\p)/\( N ﬁp))
(sirA,sj)eT peA PEAPNA
A G(\n//\ﬁ(atsi /\atsj))

i=1 j#i

A GFV/ at,

SI'GF

9 Monadic Second-Order Theory of One Successor (S15)

Syntax:
o first-order variable set V; = {x, y,...}
o second-order variable set V; = {X,Y,...}

o Terms ¢:
t==0]x]|S(¢)

« Formulas ¢:
(p:::t€X|t1=t2|—'(/)|(/)0V(P1|E|x-(P|E|X'(P

Abbreviations:

e VX. ¢ = -3X. -g;

e x¢Y = ~(xeY);

cx#y = o(x=y)
Semantics:

o first-order valuation 0, : Vi - w

» second-order valuation o, : V, — 2¢
Semantics of terms:

° [0]01 =0

o [xln = a(x)



o [S(t)a] =[t]q +1
Semantics of formulas:
o 0,0, F t € Xiff [t],, € 02(X)
e 0,0 F = Liff (], = [h]4
e o,0Fviffo, oy
e 0,0 YV iff o, 00 Eyyor o, 00 F Y

o 01,0, = 3x. giff thereisan a € w s.t.

oy a(y)ify+x
o/(y) = { a otherwise
and 0/, 0, = ¢.
e 0,00 3X. g iffthereisan A C w s.t.

o (Y)if Y # X
A otherwise

o4 -{

and 0,0, E ¢

Example:
Xcy =Vz.(zeX>zeY);
X=Y = XCYAYCX;
Suff (X) = Vy. (yeX —>S(y)eX);
x<y = VZ (x € ZASuff(2)) - ye Z;

Fin(X) =3Y.(XSYA(Fz.z¢ Y)A(Vz. (z¢Y > S(2)¢Y)));



