Bernd Finkbeiner Date: December 4, 2012

Automata, Games, and Verification: Lecture 8

Definition 1 For a S1S formula ¢, L(¢) = {as.0, € (21°V2)¢ | 01, 05 E ¢},
where x € a(j) iff j = 01(x), and X € a(j) iff j € 0,(X).

Definition 2 A language L is LTL/QPTL/S1S-definable if there is a LTL/QPTL/S1S formula ¢ with
L(p) =L

Theorem 1 Every QPTL-definable language is S1S-definable.

Proof:

For every QPTL-formula ¢ over AP and every SiS-term ¢ over V; = &, we define a $1S
formula T'(¢, t) over V; = AP such that, for all a € (247)<,

af[tlo-]FQprL 9 iff 01,02 g5 T(9, 1),
where 0, : P~ {icw|Pea(i)}.
o T(P,t)=teP,for PeAP;
« T(=¢,t) ==T(g,1);
« T(ovy,t) =T(g,t) v T(y,1)
« T(Xg,1) = T(9,5(t))

e T(oU Y, t)=3y.(y2tAT(y,y) A=z (t <2<y A T(=9,2)))
o« T(3P ¢, t)=3P. T(g,t).

L(g) = L(T(9,0)). u
Theorem 2 Every S1S-definable language is Biichi-recognizable.
Proof:
Let ¢ be a S1S-formula.

1. Rewrite ¢ into normal form
pi=0eX|xeY|x=0|x=y|x=S(y)]|

—¢lovy|Ix. ¢|3X. .
using the following rewrite rules:

S(t)eX ~» Jy.y=S(t)ryeX
S(t)=S(t") » t=t

S(t)=x ~ x=8(t)
E=S(S(E)) = 3y.y=S(E)At=S()



2. Rename bound variables to obtain unique variables.

Example:
3x.(S(S(y)) = x A 3x (S(x) € Xp))

is rewritten to

HXO. Elxl.xo = S(XI) NX) = S(y) A 3X23X3.X3 = S(Xz) A x3 € X

3. Construct Biichi automaton:

Base cases:

e 0 X:

(A X e A}

O O

For every x € V;, intersect with A,:

{A|x¢ A} {Alx¢A}
{A]xeA
O O

e X€Y:

{A]|x¢ A} {Alx¢ A}

Q {A|{x,Y}cA}
—/

{Alx¢ A}

[A]xeA)

Q
@



e X =)

{Al{x,y}nA=2} {Al{x,y}nA=g}
Q {A[{x,y} c A}
O O
« x=8(y):
{Al{x,y}nA=g) {Al{x,y}nA=2}
Q {Alyea)  {A|xe4)
N N

Inductive step:
« ¢ Vv y: language union,
o —¢: complement and intersection with all A,,
o Jx. ¢, 3X. @: projection

10 Weak Monadic Second-Order Theory of One Successor (WS1S)

Syntax: same as S15;

Semantics: same as S1S; except:
01, 0, = 3X.¢ iff there is a finite A C w s.t.

o (Y)if Y # X
A otherwise

o4 -{

and 0y, 0 E ¢.

Theorem 3 A language is WS1S-definable iff it is S1S-definable.
Proof:
(=): Quantifier relativization:

VX... » VYX.Fin(X)-...
3X... » 3X.Fin(X)A...



(<)
« Let ¢ be an S1S-formula.
o Let A be a Biichi automaton with £(A) = L(¢).
o Let A’ be a deterministic Muller automaton with £(.A") = L(A).

o By the characterization of deterministic Muller languages, £(.A’) is a boolean com-

bination of languages W, where W is finite-word recognizable.

o For a finite-word language W, recognizable by a finite automaton A = (S, I, T, F),
where S = {s1,$,...,5,}, wedefinea WS1S formula yy (y) over V; = APU{At,,, ..., At;, }
that defines the words whose prefix up to position y is in W:

yw(y) = 3At,, ..., AL, .
\/ 0 € At

sel

/\Vx<y( \ (xeAts,./\S(x)eAtsj/\/\xeP/\ A\ x¢P>)

(si,A,sj)eT PeA PecAP\NA

A ngy(/\ﬁ(xeAtsi/\xeAtsj))

i£j

A\ yeAt,

S,‘EF

o then, the WS1S formula ¢y, := Vx. 3y. (x < y Ay(y)) defines the words in W.
 Hence, L(¢) is WS1S-definable.

11 Alternating Automata

Example:

« Nondeterministic automaton, L = a(a + b)®, disjunctive branching mode:

« universal automaton, L = a“, conjunctive branching mode:



« Alternating automaton, both branching modes (arc between edges indicates universal branch-
ing mode), L = aa(a + b)®

Definition 3 The positive Boolean formulas over a set X, denoted B*(X), are the formulas built
from elements of X, conjunction A, disjunction v, true and false.

Definition 4 A set Y ¢ X satisfies a formula ¢ € B*(X), denoted Y & ¢, iff the truth assignment
that assigns true to the members of Y and false to the members of X \ Y satisfies ¢.

Definition 5 An alternating Biichi automaton is a tuple A = (S, sy, 6, F), where:
o S is a finite set of states,
o So € S is the initial state,
o F c S is the set of accepting states, and

o §:Sx X > B*(S) is the transition function.

A tree T over a set of directions D is a prefix-closed subset of D*. The empty sequence ¢ is
called the root. The children of a node n € T are the nodes children(n) ={n-d e T |d e D}. A
X-labeled tree is a pair (T, 1), where [ : T — X is the labeling function.

Definition 6 A run of an alternating automaton on a word a € £¢ is an S-labeled tree (T, r) with
the following properties:

o 1(e) =spand
o forallneT,ifr(n) =s, then {r(n') | n' € children(n)} satisfies (s, a(|n|)).
Example: L = ({a,b}" b)®
a
a
2 G— 1

O

b




S={p.q}

F={p}

3(p,a)=png

o(p,b) =p

(g.a) =q

8(q,b)=T

example word w = (aab)® produces this run: )

............. ve:

0: p/l iq

000:p

(The dotted line means that the same tree would repeat there. Note that, in general, an alternating
automaton may also have more than one run on a particular word—or no run at all.)

Definition 7 A branch of a tree T is a maximal sequence of words nonn . . . such that ny = € and

iy is a child of n; for i > 0.

Definition 8 A run (T, r) is accepting iff, for every infinite branch nynin, . ..,

In(r(ng)r(n)r(ny)...)nF + @.



