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Biichi automata

A nondeterministic Blichi automaton (NBA) A is a tuple (Q, X, §, Qo, F') where:
e () is afinite set of states with Q)¢ C @ a set of initial states

e X is an alphabet

e §:(Q x X — 29 s a transition function

e F C (is a set of accept (or: final) states

The size of A, denoted |.A|, is the number of states and transitions in A:

Al = 1Q[+>_ > 16(a,A) |

q€Q Acx
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REVIEW

Facts about Blichi automata

e They are as expressive as w-regular languages

e Nondeterministic BA are more expressive than deterministic BA

e Emptiness check = check for reachable recurrent accept state
— this can be done in O(|.A|)
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Generalized Buchi automata

A generalized NBA (GNBA) G is a tuple (Q, X, 6, Qo, F) where:

e () is afinite set of states with Qo C @ a set of initial states
e Y is an alphabet

o §:(Q x X — 29 s a transition function

o F={Fy,... F.}is a(possibly empty) subset of 2%

The size of G, denoted |G|, is the number of states and transitions in G:

Gl = QI+ DD 15(q, A

7€Q Acx
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Language of a GNBA

GNBA G = (Q,%,6,Qo, F) and word o = ApA1As... € 3¢

A runfor o in G is an infinite sequence ¢ q1 ¢» - . . such that:

- qo € Qp and g; i)qiﬂ forall 0 < 2

Run qoq1 ... is accepting if for all F' € F: q; € F for infinitely many 1

o € X¥ is accepted by G if there exists an accepting run for o

The accepted language of G:

- L,(G) = {a € X | there exists an accepting run for o in G }

GNBA G and G’ are equivalent it L,(G) = L, (G’)
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Example

true crits

crity true true

F={r,F};n={qa};F={g}
A GNBA for the property "both processes are infinitely often in their critical section”
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From GNBA to NBA

For any GNBA G there exists an NBA A with:
L.(G) = Lu(A) and |A] = O(|G] - | F])

where F denotes the set of acceptance sets in G
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Construction
o LetG = (Q,%,0,Q, F) be the GNBA.

e We assume w.l.o.gthat F = {F},..., F;} fork > 1,
(otherwise just add @ to F.)

e We construct the NBA A = (Q’,%,0', Qp, F') where

- Q' =Q x{1,...k};
- Qo = Qo x {1};
{(d',i) | ¢ €(q, A)} it ¢ & F3,
- 6((q,i),A) = {{¢i+1)]qd €d(qg,A)} ifqgeFy i<k,
{(¢,1) | ¢ €0(q,A)} if g € Fi,i=k;
— F' = F) x {1}.
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Example

crity Crity

crity true
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Product of Bilichi automata

The product construction for finite automata does not work:

A
Aq % \\\((h, 71) (q2,71)
; O—_ O

A
1 A
O O
As %© (q1,72) (q2,72)
A A1 ® As

Lo(Ay) = Lo,(As) = { A}, but L,(A; ® Ay) = &
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Product of Blichi automata

A A
. @ (q1,71,1) (q1,71,2) (q2,71,1) (q2,71,2)
—Q @,
A

o O @
%@‘ (q2a T, 1) (QQa T2, 2) (QIa T, 1) (qla T2, 2)
A

A ® A
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Intersection

For GNBA G; and G, there exists a GNBA G with
['w(g) - £W<gl> M ['w(g2) and ‘Q| - O(‘gl‘ ; |Q2|)
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Construction

o Let G, = (Q1,%,61,Q0,1,F1) and Gy = (Q2, X, 02, Qo,2, F2).

e Construct G = (Q, X%, 0, Qo, F) where

- Q= Q1 x Q2;

- Qo = Qo,l X Q0,2;

- (qi,qé) c 6(<Q1,QQ>,A) iff q’l c (51((]1,14) and qé € 52(@2,14);
- f:{F]_XQQ‘F]_efl}U{Q]_XFQ‘FQG?Q}.
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From LTL to NBA
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Propositional linear-time temporal logic

Propositional LTL: assertion language = propositional logic

BNF grammar for LTL formulas over propositions AP with a € AP:

p 1= true ‘ a ‘ ng/\(,OQ‘ gol\/goz‘ - ‘ Op ‘ O ‘ e ‘ o1 W 2 ‘ p1U 2
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Expansion laws

S = oV OOy
e = ¢ A OOy
U = PV (o AN OlpUY))
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Sublogic

For the purposes of the construction, we can assume that our formulas
only contain the operators A, =, O, and U :

eV = =(mp Ay)
S = truelop
O¢ = ~(O9)
e Wy = Uy VO
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From LTL to GNBA: Idea

e States are sets of formulas:

— foroc = AgA1 A, ..., expand A; C AP with sub-formulas of ¢
— ... toobtain the infinite word ¢ = ByB;B-> ... such that

Y€ B; ifandonlyif o' = A;Ai 1Al =
— oisarunin GNBA G, for o

e Transitions are derived from the semantics of O
and the expansion law for U/

e Accept sets guarantee that: & is an accepting run for o iff 0 = ¢
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From LTL to GNBA: Idea (cont’d)

e Example: p =ald (-aAb) and o={a}{a,b}{b}...

— Bjisasubsetof {a,b,maAb,¢o} U {—a,-b,~(ma Ab),p}
— this set of formulas is also called the closure of ¢

o Extend Ay ={a},A ={a,b},Aa={0b},...asfollows:

— extend Aj with =b, =(—a A b), and ¢ as they hold in o’ = o (and no others)
— extend A; with —(—a A b) and ¢ as they hold in &' (and no others)

— extend A, with —a, —a A b and ¢ as they hold in o2 (and no others)

— ...and so forth

e Result:
-6 ={a,7b,=(=aAb),p} {a,b,~(maAb),p} {—-a,b,maAbp}...
Bo B By
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Closure

For LTL-formula ¢, the set closure(y)
consists of all subformulas ¢ of ¢ and their negation —

(where 9 and ——) are identified)

foro = ald (—a Ab), closure(¢) = { a, b, ma, —~b, 7a A b, 7 (-a AD), p, "¢}

Can we choose any subset of closure(y) for B;?
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Elementary sets of formulae

B C closure(y) is elementary if:
1. B is logically consistent if for all o1 A s, € closure(y):

e p1ANp2€EB & ¢ € Bandps, € B
e Yy EB = wW¢gB
e true € closure(p) = true € B

2. B is locally consistent if for all o1 U py € closure(y):

e po € B = piUps €B
og01L{<p2€Band<p2€B = cpleB

3. Bis maximal, i.e., for all i € closure(y):

e V¢ B = —Y€EB
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The GNBA of LTL-formula ¢
For LTL-formula ¢, let G, = (@, 247, 6, Qo, F) where

e () is the set of all elementary sets of formulas B C closure(y)

- Qo = {BEQHOEB}

o F = {{BeQ|pillpas & Borypsc B} |pilUyp, e closure(y)}

e The transition relation § : Q x 247 — 29 is given by:

— §(B, B N AP) is the set of all elementary sets of formulas B’ satisfying:
(i) Forevery O+ € closure(p): O € B < 1 € B',and
(i) Forevery p1U o € closure(y):

p1Ups € B & <<,02€B V (p1 € B A 9011/{90263/))
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GNBA for LTL-formula O a
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GNBA for LTL formula a4/ b

~{ {a b, an} )
/ \034
Bs

~ {a,~bald} |
J

{ {—a,b,aldb} J

By
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Main result

[Vardi, Wolper & Sistla 1986]

For any LTL-formula ¢ (over AP) there exists a

GNBA G, over 24P such that:

(@ o€ Lu(Gy) iffo |=¢
(b) G, can be constructed in time and space O (2‘“”')

(c) #accepting sets of G, is bounded above by O(|¢|)

= every LTL-formula expresses an w-regular property!
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