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Linear Invariants

e[,,-ew
A linear invariant is of the form

r
Z a; - Yy —|— Z bgw’lt_f = K
i=1 Lel

—_
body compensation
expression

where
a;, by, K — integer constants.
L — set of all locations in P

Y1, .., yr — all linear variables in P
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Linear Variables

e[,,-ew
Definition: integer variable y is linear in P if
v =y+ec for every p,
where ¢ is some integer constant
Example: semaphore variables are linear
! ! !
= 1 =y—1 =
y=y+ y=y i’
release request otherwise
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Increments ey,
€
o A(y,7) =c if pr >y =y+ec

therefore pr =+ ' =y + A(y,7)

o A(at_t,7) =< —1 ifé=1¢
0 otherwise
if pr — move(£;,£;)

therefore p; — at' £ = at_£+ A(at_0, 1)
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Automatic Invariant Construction

Re, .
el//el'l/
Construct
T
W Zai-yi—}— Zbe-at_f = K
=1 el
Our procedure guarantees that the generated
assertions are P-invariants!
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i R, .
Equations €L,

We obtain the values of the coefficients from
a set of equations as follows:

(I) The invariant has to hold at the first state
of every computation

© implies yi=y? (z=1...7)
and m = {€},... %'}

and so we get

> airy) + (gt tbg) = K

i=1
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Equations (cont'd)

e[,,-ew
(T) the assertion has to be preserved by all
transitions (we want it to be inductive):
T
doairyi + Y bpat£=K| Apr
i=1 el
Lp
,
i (Z a-y; + > be-at'_f,:K)
1=1 LeL
o
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° .
Equations (cont'd) e,
(Z ai i + 3, bg-at_t’:K) A pr
i=1 beL
@
- (Z a;i -y + Z bg'ﬂ-iLf=f()
Ni=1 el 5
D
T
or  pr = > ai-(Wi—y) + D by (at l—at£) = 0
i=1 leL

resulting in the set of equations

-
> ai-Alyi,m) + > bp-A(at—£,7) = 0
i=1 el

for every transition 7 € T
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Linear Invariants for Cyclic Programs

Program £3: Sy || .|| &: Sj | ... || €3 Sm /‘)ew'ew
where S; is of the form
E%: loop forever do Ejl.,ﬁ";,‘. . ,E}i
cycle C

Define
Aly,C) = A(y,m71) + -+ + A(y,™n)
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Invariant Construction

e Weh/

r
Zai-yi—I— Zbg-at_ﬁ = K
i=1

el
—_—
body compensation
expression
3 Phases:

1. Compute a;'s
2. Compute by's
3. Compute K
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Phase 1: Bodies

For cycle £1,05,...,¥
\—,—J

e Wel'l/

C

T

Z ;- A(y“u Tfl) - bfl +bf2 =0
=1

T
Z a; - A(yla sz) _bfg + bf3 =0
=1

T
_Z a; - Ay, 7¢,) + bey —by. =0

Y ai- Ay, C) = 0
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Phase 2: Compensation Expressions Rev,
byy = O

For 7:4; — £, where j <k
T
> ai- Alyi,7) — by, + by = 0
i=1

Assume that for all j < k, bgj is known.
Compute by, from

T
by, = by, — Zl a; - A(yi,7)
1=

(independently for each cycle)
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Phase 3: Right Constants

T
K =Y ay
i=1

Note: This set of equations has the same
solutions as the equations (T) + (I)
except for solutions of the form

e Wel'l/

at_ 14+ ... at_lp =1
which are produced by (T) + (I), but not by
this set.
Bernd Finkbeiner Verification - Lecture 6 13
Example: PRODUCER-CONSUMER 4.,
W
local r, ne, nf: integer wherer =1, ne = N, nf =0
b : list of integer where b= A
[local o: integer Mocal y: integer
{y: loop forever do my: loop forever do
|'f|: produce .r'l mq: request nf
{y9: request ne ” me: request r
£3: request r mg: (y, b) == (hd(b), ti(b))
£y: bi=hex my: release r
[ﬁ.;,: release r J mg: release ne
{g: release nf mg: consume y
, | Prod Cons
Increments along each cycle: 0 0
ne | —1 1
nf 1 -1
| 1 -1
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Example: PRODUCER-CONSUMER Reve,

local r, ne, nf: integer wherer =1, ne =N, nf =0
b : list of integer where b= A
[local o: integer l Mocal y: integer
{y: loop forever do my: loop forever do
|'f|: produce .r'l mq: request nf
{y9: request ne ” me: request r
£3: request r mg: (y, b) == (hd(b), ti(b))
£y: bi=hex m4: release r
[ﬁ.;,: release r J mg: release ne
{g: release nf mg: consume y

We look for linear invariants with the body

ar-r + ac-ne + af-nf + ap-|b|
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Example (cont'd)

e[,,-ew
-
For each cycle: > a;- A(y;,C) = 0
i=1
Therefore
Prod: —ae+af+a, =0
Cons: ae—af—ap,=0

Solutions Bodies

1. ar=1, ae=ar=a,=0 Bjr

2. ge=ay=1, ar=a, =0 Bs: ne 4+ nf
3. ae=aq,=1, ar=a;y=0 B3: ne 4 [b]
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loeal r, ne, nf: integer where r =1, ne =N, nf =0
Exqm Ie (Cont'd) b : list of integer where b= A Q
P Vig
W

[l(l(:nl x: integer local y: integer ]

fy: loop forever do | mo: loop forever do
. . ! |'t'| produce .r] | my: request nf '| ‘
com DeﬂSBtIOH eXDreSSIOHS ! {y: request ne | LJQ request r |
! {3 request r ‘ [maz (v, b) = (hd(0), bn!
| Ly: bi=bezx i |my: release r |
{5: release r ] \. : release ne J

I {y: release nf J \_ IMg: consume y

coefficients of by ,...,bmg
(corresponding to bodies By, By, B3)

— Prod — — Cons — Bodies
By | Bo | B3 By | Bo | B3

bgl 0 0 O |bmy | O 0 0 Bi:r

bg2 0 0 O |bmy| O 1 0

bg3 0 1 1 | bmg| 1 1 0 Bo:ne + nf
by o 1 1 1 || bmy | 1 1 1

b, | 1 110 ||bm| O] 1 1 B3z ne + |b|
bg6 0 1 O |[bmg | O 0 0

Bernd Finkbeiner Verification - Lecture 6 17

Example (cont'd)

e Wel{/

Right constants

Initial values r=1, ne= N, nf =0, |b|=0

Ky = 1~\1/ =1
7

Ka = 1.041-0 = N
ne nf

K3 = 1.841-0 = N
ne Ib]

The resulting ~ #1° Tt at-fas + at-mzg = 1
invariants po: mne+nf+at_fz g+ at_mp s = N

p3: ne+ |b| +at_L3a + at_mas = N
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Are the Generated Invariants Useful?

local r, ne, nf: integer wherer =1, ne = N, nf =0
b : list of integer where b= A

[local o: integer

Mocal y: integer

{y: loop forever do

my: loop forever do

|'f|: produce .r'l mq: request nf
{y9: request ne ” me: request r
£3: request r mg: (y, b) == (hd(b), ti(b))
£y: bi=hex m4: release r
l‘&): release r J mg: release ne
{g: release nf mg: consume y
Specification: (—-(at—£€s A at_m3)
By at-m3 — |b| >0
at_£€4 — |b|< N ¥3
P2
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'
Example (cont'd)
local r, ne, nf: integer wherer =1, ne =N, nf =0
b : list of integer where b= A
[local o: integer Mocal y: integer T
{y: loop forever do my: loop forever do
|'f|: produce .r'l mq: request nf
{y9: request ne ” me: request r
£3: request r mg: (y, b) == (hd(b), ti(b))
£y: bi=hex m4: release r
l‘&): release r J mg: release ne
{g: release nf mg: consume y
Additional Bottom-Up
invariants:
r>0 A ne>0Anf>0A >0
Xo X1 X2 X3
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Example (cont'd)

e : r -4 at_E4,5 + at-m3z4 =1 A 1>0
P1 Xo
— —(at_lq N at_m3)
Y1
o - ne + |b| + at €34+ at_mas =N A ne>0
©3 X1
— at_fly — |b| < N
()

Since at_£g — at_€34=1
and ne > 0,at—f3 4 = 1,at—mg4 5 > 0 implies |b| < N
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Example (cont'd)

Y3: ne4nf+at_f3 e+ at_mops=N A
2
ne + |b| + at—€z3 4+ at—mas =N A
©3
nf >0
——
X2

— at_m3z — |b] >0
¥

Since o, 3 vields
nf —|b| +at €3 6—at_l34+1=0

Thus
o] = nf +(at_ts.6 . at_£34)+1>0
=0 >0
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Precedence Properties

Precedence Properties

are of the form

Each interval may
be empty, may
extend to infinity.

P = gn W (@m-1 - (@1 Waqo)...)
also written
P=> gmWan-1 - aWa)
for assertions p,qg,q1,---,9m.
Models that satisfy these formulas
qm Im—1 q1
interval interval - interval
[ )L ) ) )a
P q0
) 1)
p-position go-position
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Simple Precedence

can be reduced to first-order VCs by
verification rule waIT-B:

Rule wair-B (basic waiting-for)
For assertions p, r,

Pk {ptT{p Vv r}

PE p=pWr

Bernd Finkbeiner Verification - Lecture 6
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General Waiting-For

Y

P T

Rule waIT (general waiting-for)
For assertions p, q, r, ¢

W1l. p = pVr
W2, ¢ = ¢
W3. {o}T{eVr}

p = qgWr
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Strengthening & Weakening

w—q “p strengthens ¢"
p—eVr, ie, pA-r—¢ "“p weakens pA-r"
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Example
We proved mutual exclusion
local yi,yo: !)oolean where y3 = F,y2 =F w1 —(at_bs A at_my)
s . integer where s=1
{9 : loop forever do Using invariants
£1: noncritical
os=1V s=2
P 21 (y,8)=(1, 1) i
1 t3:  await (—g2) V (s = 2)
. wi1: y1 & at_f3 5
£4: critical
f5: y1:=F Y. Yo & at_m3z 5
|| Doat—f3 A al_my — A s=1
mq : loop forever do = 3 4 -
mi @ noncritical pa: al_fy A at_mg — Yy A s=2
P mo:  (y2, 8) = (T, 2)
2= mz: await (-y1) vV (s=1) )
L. Y 1 at_m
my4 .  critical 2 3 A 0.2
p
: =F
. vz = —at_mg W at_£y
q T
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Derivation of Intermediate Assertions

escape transition: transition that establishes r
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Forward Propagation
characterizes all states that can be reached
from a (pA—r)-state without taking an escape
transition.

Based on postcondition:

post(r,@): VO p(VO) A p-(VO, 1)

post(T, ) characterizes all states that are
T-successors of a -state.
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Forward Propagation (cont'd)

1. &g = pA-7T

2. Repeat
Dpy1 = Pp V post(T, Dy)
for any non-escape transition
Until
post(T, D) — Dy
for all non-escape transitions
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Backward Propagation

characterizes all states that can reach a ¢-state
without taking an escape transition

Based on precondition:
pre(r,@): YV . pr(V, V') = (V")

pre(T, ) characterizes all states of which all

T-successors satisfy ¢.
32
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Backward Propagation (cont'd)

2. Repeat
Tyq1 = I}, A pre(T, I,)
for any non-escape transition
Until
I'y — pre(r, I'f)
for all non-escape transitions

If this terminates (it may not), [ is a good
assertion to be used in rule wWAIT.
W1-W3 are satisfied if p = g W r holds.
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Forward vs. Backward
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Nested Waiting-For Formulas

Rule NnwaIT-B (basic nested waiting-for)

For assertions ¢o, ©1,...,%9m

{e} T {\/ z,oj} for i=1,...,m

j<i

T
(\/ ‘Pj) = pm W om_1 W -+ o1 W g
=0

pi-interval wp;-interval

N S T~

T T where j < ¢
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General Rule
Rule nwaIT (nested waiting-for)
For assertions p, go,q1,---,9m and o, ¥1,.--, ¥m
m
N1 p = \ @
j=0
N2. ¢, — g fori=0,1,...,m
N3. {ipi}T{\/ @j} fori=1,...,m
J<i
P = gm Wagn_1 - a1 Wqo
am Im—1 qn
interval interval P interval  qo
[ | M| M| e
P ¥Ym Pm—1 P1 ¥0
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Example

local yi,y>: boolean where y1 =F,yo =F
. integer where s=1

8

fo!

Py

mp :

P

loop forever do
£1: noncritical
£2:  (y1,3) = (1, 1)

at_fz =
——

r
—at_mg W al_mg
e — N —

q3 q2
W —at_mg W al_éy
q 40
1

f3: await (-y2) V(s =2)

£4: critical
bs5: y1:=F p:
q3:

loop forever do
mj : noncritical )
q2:

mz:  (y2, 8) == (T, 2)
mz: await (-y1)Vv(s=1) || @1
my4 .  critical

ms . y2 .= F

at_L3

nat—mgAal—f3 Aat—mz As=1
“P> has priority over P"

at_mghat L3

—at—mgAat—Lz A (at—m3z = s = 2)
“P1 has priority over P>"

q: at-ts
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Completeness
If the formula
p = gn W (gm-1 -~ (@1 Waqo)---)
is P-valid, then there exist assertions @g, ¢1,..., Pp, ,
such that the premises of rule NWAIT
are provable from state-validities.
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