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Precedence Properties

(57
/ew
are of the form

P = gnW (@mn-1 - (@@ Waqo)...)

also written

P=> gmWan-1 - aWa)

for assertions p,qg,q1,---,9m. Each interval may

be empty, may
extend to infinity.

Models that satisfy these formulas

qm Im—1 q1

interval interval P interval
[ )L ) ) e
¥z q0
) 1)
p-position go-position

Bernd Finkbeiner Verification - Lecture 7




General Waiting-For

e[,,-ew
P
q q q q
P T
Rule waIT (general waiting-for)
For assertions p, q, r, ¢
W1l. p = pVr
W2, ¢ = ¢
W3. {o}T{eVr}
p = qgWr
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Strengthening & Weakening ey,
€

w—q “p strengthens ¢"
p—eVr, ie, pA-r—¢ "“p weakens pA-r"
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Forward Propagation

e[,,-ew
characterizes all states that can be reached
from a (pA—r)-state without taking an escape
transition.
Based on postcondition:
post(r,@): VO p(VO) A p-(VO, 1)
post(T, ) characterizes all states that are
r-successors of a p-state.
Bernd Finkbeiner Verification - Lecture 7 5
Backward Propagation Rey,,
w

characterizes all states that can reach a ¢-state
without taking an escape transition

Based on precondition:
pre(r,@): YV . pr(V, V') = (V")

pre(T, ) characterizes all states of which all

T-successors satisfy ¢.
6
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Forward vs. Backward

(57
/ew
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General Rule ey,
€
Rule nwaIT (nested waiting-for)
For assertions p, go,q1,---,9m and o, ¥1,.--, ¥m
m
N1 p = \ @
j=0
N2. ¢, — g fori=0,1,...,m
N3. {ipi}T{\/ @j} fori=1,...,m
J<i
P = gm Wagn_1 - a1 Wqo
am Im—1 qn
interval interval P interval  qo
[ | M| M| e
P ¥Ym Pm—1 Y1 Y0
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Completeness

e Weh/

If the formula

p = gn W (gm-1 -+ (@1 W qo)--.)

is P-valid, then there exist assertions @q, ®1,..., Pp, ,
such that the premises of rule NWAIT
are provable from state-validities.
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Segments

@ Let 0=5sy,54,... be a P-computation.

@ A P-segment is a finite sequence of states
[SgS5)
such that 6> a
and for every /, a< i< b-1,
s,,;is a 1-successor of s;for some t€T.

@ We say that the segment [s,,...,s,] originates in s,,.
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Segments Satisfying Waiting-For Formulas

. Qe"/'e
2 ConSIder‘ \VJ: qJW qj—l ql W qO w
@ A segment [s,,...,S,] sahsfues \y
if there exist indices a=/; < /J1 < < < b+l
such that
for every r=1, .., j, o[/.i.4) is a g-interval
and if ;< b+1 then qo is satisfied by s,
@ Notation:
ola,b] = [S,,....5)
G[a b) [ ar* rsb ]]
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Properties Revse,

@ Property PO:
If the formulay;= ¢gW g .. W ¢

holds at position ‘a0 of a computation o=5p,s;,...
then, for every 6> a, the segment o[a,b] satisfies y;

@ Property P1:
If olab], with a< b, satisfies y;= ;W q;; .. qWqg

and s, does not satisfy ¢,
then G[G"‘ 1, b], satisfies y;
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Ranks

e Weh/

@ Fora formulay,,=¢,W ¢, .. ¢ Wqo

we say that a state s has rank j, 0 < j<m,
if all segments originating at s satisfy

v;i=gWg, .. aWgq

@ If jis the smallest nonnegative integer s.t. s has rank j
then s has minimal rank /.
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Example

@ V ={y: integer}
@0=y<0

@ T = {rg, 7, T2, T11}
@priy=y
@piy<0ny<20
@pyiy=y2

@ py iy =yl

@ Consider:  even(y) W odd(y) W even(y) W y<0
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The completeness proof was done on the blackboard.

For details, see

Temporal Verification of Reactive Systems - Safety
by Zohar Manna and Amir Pnueli, Springer Verlag,

Section 3.5 (pages 288-296).
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Concatenation of Waiting-For Formulas

Rule coNc-w

p=anW - g1 Wq

o = ™mW --- Wrg

p = qgunW - WaWrmW . .- Wrg

90 ’ 70
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Collapsing of Waiting-For Formulas

Rule cOLL-w
Fori>0
p=gnW - Wagp1 Waqg W -+ Wqo
Pp=agmW - W(gr1Va) W - Wag
qm i1 q1
[ ) [ ) ) [ Yo
Z q0
qm Gi+1 vV G q1
[ ) [ [ e
Z q0
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Example: Another version of Peterson

local yi,y»: boolean where y1 =F,yp =F
: integer

S

fo:

Pyt

mo

PQ 55

Bernd Finkbeiner

where s =1

loop forever do

£1: noncritical

br: y1:=T

£3: si=1

£y await (-y2) V(s =2)
f5: critical

bg: Yy =F

loop forever do

m1 @ noncritical

mo: Yo =T

ms - si=2

my . await (-y) V(s=1)
ms :  critical

meg Y2 ‘= F

Verification - Lecture 7

Suppose we have
1-bounded overtaking from. /3

P1: at-£3 =
(—wzt_m5) w (lt_mg, w (ﬂat_m5) w at-£4

1-bounded overtaking from {3

o at_lz =
(—at_mg) W at_mgq W (—ai_mg) W al_i4

By Rule cONC-w

at_by = (—at_mg) W at_mgq W (mat_mg) W
(mat—mg) W at_mg W (—at—mg) W at £,

By Rule coLL-w

P oat_ly = (—at_myg) W at_mg W (nat_mg) W

at_mg W (mat_mg) W at_Ly
Therefore, 2-bounded overtaking from £5




Verification Diagrams

Verification diagrams allow a graphical
representation of a proof of a temporal

property.
Example: 4 ™
EEE— at_£3
( w3 at-mzgAs=1 )
s
‘ o 1 al_my j.
m
(pl Dat_mg ogV (at_mzAs= 23/\:
S/
3
( (If_f4 )
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Idea

©

Property

Diagram v

L({(P)CL(¥) proved by verification conditions.

L{W)CL(p) follows from well-formedness of
diagram

Bernd Finkbeiner Verification - Lecture 7

20

10



P-Valid Verification Diagrams

Directed labeled graph with

Verification conditions

Nodes — labeled by assertions

@\

Edges — labeled by names of transitions

e @

= {e} r{eVverVv...ved

2N

.
& —®

Terminal Node (‘"goal") — no edges depart

from it

Definition: VD is P-valid iff all VCs
associated with nodes in the diagram
are P-state valid
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Wait Diagrams

VDs with nodes ¢m,..., ¢ such that:

e weakly acyclic, i.e.,

if —>

then i > j

® oo IS a terminal node
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Proofs with Wait Diagrams
A P-valid waiT diagram establishes that
V oi = om W om-1 - ¢1 W go
j=0

is P-valid.

If, in_addition,

m
(N1) p = V ¢
i=0

(N2) ¢; — ¢ for i=0,1,...,m

are P-state valid, then
P = gm Wiam-1 -+ 1 Waqo

is P-valid.

Bernd Finkbeiner Verification - Lecture 7

23

Compound Nodes (Statecharts Conventions)

Departing edges Common factors
® @
N \ . ¢ o
T _/{ A “x,‘/l"\. [ 4 1)
; NS — _./'\_./' ™
( “3\) Z:/;r-;---""'r
Ll e -
g N
| o
.\__ g,

Arriving edges

N N
|w1)
_— R

| o T o~

| v

"y ~ 7 N
=) 22/
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Example

local yi,y>: boolean where y1 =F,yo =F
E : integer where s=1

£5: loop forever do

£1 : noncritical

P £ (y1,8)=(1, 1)

1= f3: await (—g2) V (s = 2)
£y critical
5. y1:=F
mg: loop forever do

m1: noncritical
ma:  (y2, 8) = (T, 2)

B

m3: await (-y1)V(s=1)
mg .  critical

ms: Yp:=TF

/at_fg,
e : =1 )
L ¥3: at-mzAs=1 )
ms
‘ o 1 al_mgy j.
z

@1 Dat_mg osV (at_mgAs= 25)

{3

( at_ty )

/

Associated VCs

s From g3

{3} m3 {p3V 2}
e From ¢»

{2} ma {2V 1}

{v3} m3 {¥3}

{w2} Mg {v2}
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(]
Example (cont'd)
e From g3
{w3} ma {e3V o} {es} m3 {¥3} Pp-state valid
e From ¢»
{2} ma {p2V 1} {w2} ma {y2} P-state valid
3
o at_f3— \/ ®j
P =0
o — al_ty w1 — ~at—mag
S—— N——
40 q1
wp — al_my w3 — at_my
q2 q3
Doat_e
are state-valid. ¥ 5175—3' =
Therefore, (mat_mg) W al_mgq W (mat_mg) W al_¥4
q3 a2 q1 q0
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Invariance Diagrams

VDs with no terminal nodes (cycles OK)

Claim (invariance diagram):

Ve, = OV ¢
j=1 j=1

is P-valid.

A P-valid INVARIANCE diagram establishes that

If, in addition,

m
1) V e = q
=1
m
12 6 = V ¢
j=1
are P-state valid, then

[1g is P-valid

Bernd Finkbeiner
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Example

® INVARIANCE diagram

valid for program MuUx-°rPET1
£
local yi,y2: boolean where 3 =F,yo =F /"'-_ TT—
E : integer where s=1 = =
w1t at_fo.a Ay p2r al €35 A
£5: loop forever do
£1: noncritical — -
P b (y1,8)=(1, 1) ls
1= f3:  await (+go) V (s = 2)
£4 1 critical e Also,
b5t yii=F (12) at_bg A —yp A --- —
: = o0 & W1
(=]
| | at_fpo A “y1 Voo
¥1 2
mg: loop forever do
m1: noncritical (I1) at_bg.o A -1 — y1 & al_f3 5
1 q
ma:  (y2, 8) = (T, 2)
B

m3: await (-y1)V(s=1)
mg .  critical

ms: Yp:=TF

Bernd Finkbeiner

at_l35 Ay
at-tss YL

w2

Therefore

— y1 © at_f3 ¢
L& T =20
q

R

at_{3.5)|
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Proving Response under Justice

p=<q

Overview: 3 Rules

%] e
)

1. Rule RESP-1
(single-step response under justice) ¥

H
3
I
[u

-
=
2

|
[

I

S
3

2. Rule CHAIN-J
(chain rule under justice)

()

(well-founded response under justice)

3. Rule WELL-J
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Single-Step Rule (Motivation)

7T En(m) e

helpful transition 7,

Justice requirement: it is not the case that a
just transition is continuously enabled but never

taken.
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Single-Step Rule
For assertions p. ¢. ¢. and transition 7, € J.
JI. p — q V ¢
12 {¢} T {q v ¢}
J3. {e} 7 {d}
J4. ¢ — En(m)
p = g
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Useful Rules

e Monotonicity:
p=q g=r r=>t
p=> Ot

o Reflexivity:
p=>p

e Transitivity:

p=q q=>Or
p=r

e Case analysis:

p=Or g=Or
vy = Or
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Chain Rule (Motivation)

Thm
Thm—l
Thy [ Tt TT 7T
A fixed number of helpful transitions
Bernd Finkbeiner Verification - Lecture 7 34
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Chain Rule

For assertions p and ¢ = g, @1, .., ¥m
and transitions 7, ..., 73, € J

s
JI. p—= V¢
=0

J2. {‘Pi}T{ V ‘Pj}

Jj<i
fore=1,...,m
I3. {oitmn { V @i

j<i

Ja. p,— E'”'(Thi)

p= g
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Chain Diagrams

Edges: labeled by transitions Nodes: labeled by assertions
single-lined  ——— Terminal node @
(represents a regular transition)

double-lined
(represents a helpful transition)

e weakly acyclic in —:
if —) then i > j
e acyclic in =

if =¢» then i > j

e every nonterminal node has a double edge
departing from it.

well-formedness conditions:
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Verification Conditions

{er oV eLY ...V ion) @

T
@ -
¢ = () {e}r{e1 V...V pn}
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Chain Diagram Validity

A chain diagram is P-valid
if all the verification conditions associated with
the diagram are P-valid.

Claim: A P-valid chain diagram establishes that
m
\/ wi = < ¢o
j=0
is P-valid.
m
with p— \/ ¢; and ¢g—gq,

j=0
we can conclude the P-validity of

Bernd Finkbeiner Verification - Lecture 7
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Example

local yi,yo: boolean where y1 =F,yp =F

E : integer where s=1

£5: loop forever do

31:

Py

noncritical

(y1, ) = (1, 1)
await (-y2) V (s =2)
critical

y1:=F

mg: loop forever do

my .

mo .
B

m3 .

noncritical

(y2, 8) == (1, 2)
await (-y1) vV(s=1)
critical

y2:=F

at—€3 = > at—£y

(ul_f5. i

Bernd Finkbeiner

~
soat_my
ma
(wa: wl_my }
my
{wa: al_ms )
\_ mg y
Camvszt )
f3

R

"

' wu: at—€y .
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