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REVIEW: Blichi automata

A nondeterministic Blichi automaton (NBA) A is a tuple (Q, %, 8, Qo, F)
where:

» Qis afinite set of states with Qg ¢ Q a set of initial states
» X isan alphabet

» §:Qx X - 2%is a transition function

» FcQisasetof accept (or: final) states

The size of A, denoted |.A|, is the number of states and transitions in A:

A= 1Q+ 2 2 18(a.A) |

q€Q Aex



REVIEW: NBA and w-regular languages

The class of languages accepted by NBA

agrees with the class of w-regular languages

(1) any w-regular language is recognized by an NBA

(2) for any NBA A, the language £, (A) is w-regular




REVIEW: For any w-regular language there is an NBA

» How to construct an NBA for the w-regular expression:
G=E.F{ +...+E,F;?

where E; and F; are regular expressions over alphabet 3; ¢ ¢ F;

» Rely on operations for NBA that mimic operations on w-regular
expressions:
(1) for NBA A; and A, there is an NBA accepting £, (A1) u L, (A3)
(2) forany regular language £ with ¢ ¢ L there is an NBA accepting
£(U
(3) for regular language £ and NBA A’ there is an NBA accepting
L.L,(A)



REVIEW: NBA accept w-regular languages

For each NBA A: L, (A) is w-regular

Proof:

» Givenan NBA A = (Q, %, 8, Qo, F), we define, for each pair
s,s' € Q, the regular language W ¢:

Wss ={ueXZ" | NFA(Q,Z,8,{s},{s'}) accepts u}

> Lw(.A) = U WS,S, . Wsal)’sl

s€Qp,s’eF
» Let E; ¢ be the regular expression defining the language W; .
» The corresponding w-regular expression
E51»5§'E:q),sq + ESZ»SQ'E;?,SQ + ...

defines L, (A).



Checking non-emptiness

L,(A) # @ if and only if
3g0€Qo.3geF.3weX*. Ive =", qge8*(go,w) A g€ 87(q,v)

there is a reachable accept state on a cycle

The emptiness problem for NBA A can be solved in time O(|A])




Non-blocking NBA

» NBA Ais non-blocking if §(g,A) # @ forallgand A€ X
» for each input word there exists an infinite run

» For each NBA A there exists a non-blocking NBA trap(.A) with:
> |trap(A)| = O(JA|]) and A= trap(A)

» For A= (Q,%,8,Qq,F) lettrap(A) = (Q', Z,8’, Qo, F) with:
» Q"=Q U {Guap } Where {Guap } £Q

s | 8(q,A) : ifgeQandd(q,A)+ o
8'(g,A) _{ {Guap} : otherwise



Deterministic BA

Blichi automaton A is called deterministic if
|Qo|<1 and |6(g,A)|<1 forallgeQandAeX
DBA A is called total if

|Q|=1 and [§(q,A)|=1 forallgeQandAecX

total DBA provide unique runs for each input word




Example DBA for LT property




NBA are more expressive than DBA

NFA and DFA are equally expressive but NBA and DBA are not!

There is no DBA that accepts £, ((A + B)*B®)




Proof

Assume that L = L((A + B)*B“) is recognized by the
deterministic Blichi automaton A.

Since b¥ ¢ L, thereisa run

o = 50,050,150,25 - - -

with sg , € F for some ng € N.

Similarly, b™ab® € L and there must be a run
I = 50,050,150,2 - - - 50,ny51,051,151,2 - -

with sy, € F

Repeating this argument, there is a word
b™ab™ab™a...

accepted by A.

This contradicts L = £, (A).



The need for nondeterminism

qo a ~a 92

true a true

let {a} = AP,i.e, 24P = {A,B} where A= {} and B = {a}
"eventually forever a” equals (A + B)*B” = ({} + {a})*{a}"



Generalized Bichi automata

» NBA are as expressive as w-regular languages
» Variants of NBA exist that are equally expressive

» Muller, Rabin, and Streett automata
» generalized Biichi automata (GNBA)

GNBA are like NBA, but have a distinct acceptance criterion
» a GNBA requires to visit several sets Fi, ..., F¢ (k > 0) infinitely
often
» for k=0, all runs are accepting
» for k=1 this boils down to an NBA
GNBA are useful to relate temporal logic and automata

» but they are equally expressive as NBA

v

v



Generalized Bichi automata

A generalized NBA (GNBA) G is a tuple (Q, Z, 8, Qo, F) where:
» Qis afinite set of states with Qg ¢ Q a set of initial states
» X is an alphabet
» §:Qx 2 - 2%is atransition function
» F={F,...,Fc}isa(possibly empty) subset of 22

The size of G, denoted |G|, is the number of states and transitions in G:

91 = 1Ql+ 2 22 18(a.A)|

q€Q Aex



Language of a GNBA

v

GNBA G =(Q,ZX,8,Q0, F) and word ¢ = AgA1Ay ... € ¢
A run for ¢ in G is an infinite sequence go g1 g5 . . . such that:

v

» go € Qoand q,-—A—">q,-+1 forallO<i
» Run qo gy ...isaccepting if for all F € F: g; € F for infinitely
many i
» 0 € XY is accepted by G if there exists an accepting run for ¢
» The accepted language of G:
» L,(G) = {0 € ¥ | there exists an accepting runfor o in G }

GNBA G and G’ are equivalentif £,(G) = L,(G")

v



Example

true crity

crity true

A GNBA for the property "both processes are infinitely often in their
critical section”



From GNBA to NBA

For any GNBA G there exists an NBA A with:
L4(9) = Lo(A) and |A] = O(|G] - |71)

where F denotes the set of acceptance sets in G




Example

crity crity

crity true



Product of Blichi automata

The product construction for finite automata does not work:

A
A, é \%ﬁ) %H)
A

A
A

A
@ O
A e© (q1.12) (G2:12)
A

A1 ® A,

Lo(Ar) =Ly(A) ={AY },but L,(A1 @ Ay) =@



Product of Blichi automata

Ay A
(@,n,1) (g1,1,2) (%Chjn (g2,1,2)
A

A A O .
é@ (g2,12,1) (G2:12,2) (g1,r2,1) (91.72,2)
A

A e A,



Intersection

For GNBA G, and G, there exists a GNBA G with
Lo(G) =Lo(G1)nLo(G2) and |G| =0O(|G1] +|G)




Facts about Blchi automata

» They are as expressive as w-regular languages
They are closed under various operations and also under n
» deterministic automaton —.A accepts —£,(.A)

v

» Nondeterministic BA are more expressive
than deterministic BA
» Emptiness check = check for reachable recurrent accept state
» this can be done in O(|A])



Verifying w-regular properties



REVIEW: Regular safety properties

Safety property P, over AP is regular

if its set of bad prefixes is a regular language over 247



REVIEW: Verifying regular safety properties

Let TS over AP and NFA A with alphabet 24 as before, regular
safety property Py, over AP such that £(.A) is the set of bad
prefixes of Pufe

The following statements are equivalent:
(@) TS & Psgre
(b) Tracesq,(TS) N L(A) = @
@ TS® A E Pipya

where Py, 4y = “always” = F




w-regular properties

LT property P over AP is w-regular

if P is an w-regular language over 24P



Basic idea of the algorithm

TS# P ifandonlyif Traces(TS) ¢ P
ifand only if Traces(TS) n (2*P)*\ P # &
ifand only if Traces(TS) NP # @
ifand only if Traces(TS) N L,(A) # @

ifandonlyif TS® A £ “eventually forever” —F

persistence property

where A is an NBA accepting the complement property P = (ZAP)w \P



Persistence property

A persistence property over AP is an LT property Ppers © (ZAP)w
“eventually forever ®”
for some propositional logic formula ® over AP:

Poes = {AoAiAy... € ()" 3i20.%j 2 1. A = 0

® is called a persistence (or state) condition of Ppes

“® is an invariant after a while”



Example persistence property

9o a ~a a2

true a true

let {a} = AP,i.e, 24P = {A,B} where A= {} and B = {a}
"eventually forever a” equals (A + B)*B” = ({} + {a})*{a}"



Synchronous product

For transition system TS = (S, Act, —, I, AP, L) without terminal states
and A = (Q, 2,8, Qo, F) a non-blocking NBA with = = 247, let:

TS® A = (5, Act,~",I',AP",L")  where

> SI:SXQ’API=QandL,(<S,q>) _ {q}
43 L(t)
5—>t/\q—>p
(S, q> i>, <t’p)
> I’:{(SO)q> | SOEI AN HqOEOO'qOﬂ)q}

» —'is the smallest relation defined by:



Verifying w-regular properties
Let:

» TS be a transition system over AP
» P be an w-regular property over AP, and

» Aanon-blocking NBA such that £,,(A) = P.

The following statements are equivalent:
(@ TS =P
(b) Traces(TS) n L,(A) = @
(@ TS® A E Ppersa)

where Pps4y = "eventually forever = F"”

= checking w-reqular properties is reduced to persistence checking!




Infinitely often green?

{green} true —~green true

. ~green . green

{a0} {a1} {a}




Infinitely often green?

{red} {green}

{a0} {a1} {a2}



Persistence checking

» Aim: establish whether TS ¥ Pprs = “eventually forever @
» Let state s be reachable in TS and s # @
» TS has an initial path fragment that endsin s
» If sisonacycle
» this path fragment can be continued by an infinite path
Y. by traversing the cycle containing s infinitely often
= TS may visit the —~®-state s infinitely often and so: TS  Ppess

» If no such s is found then:



Cycle detection

How to check for a reachable cycles containing a —~®-state?
» Alternative 1:
» compute the strongly connected components (SCCs) in G(TS)
» check whether one such SCC is reachable from an initial state
» ...that contains a —-®-state
» “eventually forever ®" is refuted if and only if such SCC s found
» Alternative 2:

» use a nested depth-first search
= more adequate for an on-the-fly verification algorithm
= easier for generating counterexamples

let’s have a closer look into this by first dealing with two-phase DFS



A two-phase depth first-search

1. Determine all —~®-states that are reachable from some initial
state
this is performed by a standard depth-first search
2. For each reachable —-®-state, check whether it belongs to a
cycle
» start a depth-first search in s
» check for all states reachable from s whether there is an
“backward” edge to s
» Time complexity: @ (N-|®|-(N+M))
» where N is the number of states and M the number of transitions
» fragments reachable via K -®-states are searched K times



Two-phase depth first-search

Require: finite transition system TS without terminal states, and
proposition ®
Ensure: "yes” if TS = "eventually forever ®”, otherwise "no”.

set of states R := &; R_q := &; {set of reachable states resp. -D-states}
stack of states U := ¢; {DFS-stack for first DFS, initial empty}

set of states T := &; {set of visited states for the cycle check}

stack of states V := ¢; {DFS-stack for the cycle check}

foralls ¢/~ Rdo visit(s); od {phase one}
forallscR_4 do
T :=@; V := ¢ {phase two}
if cycle_check(s) then return "no” {s belongs to a cycle}
end for
return {none of the -®-states belongs to a cycle}



Find —®-states

process visit (state s)
push(s, U); {push s on the stack}
R:=R u {s};{marks as reachable}
repeat
s' = top(V);
if Post(s") c Rthen
pop(U);
ifs' it OthenR_¢ :=R.ouU{s };fi
else
lets” € Post(s') \ R
push(s", U);
R:=Ru {s" };{state s” is a new reachable state}
end if
until (U = ¢) endproc

this is standard DFS checking for -®-states




Cycle detection

process boolean cycle_check(state s)
boolean cycle_found := false; {no cycle found yet}
push(s,V); T:=T u {s};{push s on the stack}
repeat
s" := top(V); {take top element of V}
if s € Post(s") then
cycle_found := true; {if s € Post(s"), a cycle is found }
push(s, V); {push s on the stack}
else
if Post(s’) \ T # @ then
lets” € Post(s') \ T;
push(s”,V); T:=T u {s" }; {push an unvisited successor of s’}
else pop(V); {unsuccessful cycle search for s’}
end if
end if
until ((V =¢) v cycle_found)
return cycle_found endproc



Nested depth-first search

» |dea: perform the two depth-first searches in an interleaved
way
» the outer DFS serves to encounter all reachable —-®-states
» the inner DFS seeks for backward edges leading to the —®-state

» Nested DFS
» on full expansion of —®-state s in the outer DFS, start inner DFS
» in inner DFS, visit all states reachable from s not visited in the
inner DFS yet
» no backward edge found to s? continue the outer DFS (look for
next ~® state)
» Counterexample generation: DFS stack concatenation

» stack U for the outer DFS = path fragment from sy € / to s (in
reversed order)
» stack V for the inner DFS = a cycle from state s to s (in reversed

order)




The outer DFS (1)

Require: transition system TS without terminal states, and proposition ®
Ensure: "yes” if TS & "eventually forever ®”, otherwise "no” plus counterexample

set of states R := g; {set of visited states in the outer DFS}
stack of states U := ¢; {stack for the outer DFS}

set of states T := &; {set of visited states in the inner DFS}
stack of states V := ¢; {stack for the inner DFS}

boolean cycle_found := false;

while (/N R+ @ A —cycle_found) do
let s € | \ R; {explore the reachable}
reachable_cycle(s); {fragment with outer DFS}
end while
if —cycle_found then
return (“yes”) {TS & "eventually forever ®"}
else
return ("no”, reverse(V.U)) {stack contents yield a counterexample}
end if



The outer DFS (2)

process reachable_cycle (state s)
push(s, U); {push s on the stack}
R:=Ru {s};
repeat
s" = top(U);
if Post(s') \ R + @ then
lets” € Post(s') \ R;
push(s"”, U); {push the unvisited successor of s’}
R:=R u {s" };{and mark it reachable}
else
pop(U); {outer DFS finished for s’}
if s’ i © then
cycle_found := cycle_check(s); {proceed with the inner}
{DFS in state s’}
end if
end if
until (U = ¢) v cycle_found) {stop when stack for the outer}
{DFS is empty or cycle found} endproc



Correctness of nested DFS

Let:
» TS be a finite transition system over AP without terminal states and

> Ppers a persistence property

The nested DFS algorithm yields "no” if and only if TS # Ppers




Time complexity

The worst-case time complexity of nested DFS is in
O((N+M) + N-| @)

where N is # reachable states in TS, and M is # transitions in TS




Linear-time Temporal Logic



Syntax

modal logic over infinite sequences [Pnueli 1977]

» Propositional logic

» aeAP atomic proposition

» ~pand ¢ Ay negation and conjunction
» Temporal operators

» O¢ next state fulfills ¢

» oUy ¢ holds Until a y-state is reached

linear temporal logic is a logic for describing LT properties



Derived operators

¢ vy
¢ =y
p=y
Py
true
false
O¢
O¢

~(=¢n-y)

o vy

(¢=v) r (v=9¢)

(¢ A =y) v (=4 Ay)

$v ¢

—true

trueU ¢ “sometimes in the future”

- < —=¢ “from now on forever”

precedence order: the unary operators bind stronger than the binary ones.
- and O bind equally strong. U takes precedence over A, v, and —



Intuitive semantics

atomic prop. a

next step Oa

untilaUb

eventually Ga

always 0a

a

O

arbitrary

O

an-b

O

-a

O

arbitrary arbitrary arbitrary arbitrary
a arbitrary arbitrary arbitrary
an-b an-b b arbitrary
-a -a a arbitrary
N\
a a a a




Traffic light properties

v

Once red, the light cannot become green immediately:

o(red = - (Ogreen)

v

The light becomes green eventually: <& green

» Once red, the light always becomes green eventually:
O(red = < green)

» Once red, the light always becomes green eventually after
being yellow for some time inbetween:

a(red - O (redU (yellow A O (yellow Ugreen))))



Semantics over words

The LT-property induced by LTL formula ¢ over AP is:

Words(p) = {0 € (2AP)“’ | o (p},where = is the smallest relation satisfying:

o

™ T T T T T

true

a
P1AP2
B4
Oe
¢1U g

iff
iff
iff
iff
iff

achAy (ie,ApEa)

ocE@rand o = ¢

TP

o[1..]=A1AAs... k9

3>20.0[j..] F¢2 and g[i..] E ¢, 0<i<j

for 0 = AjA1A; ... we have g[i..] = AiAinAisz . . . is the suffix of o from index i on



Semantics over paths and states

Let TS = (S, Act, >, 1, AP, L) be a transition system without terminal
states, and let ¢ be an LTL-formula over AP.

» For infinite path fragment 7 of TS:
TEQ iff  trace(m) = ¢
» ForstateseS:
SEQ iff (V€ Paths(s). = @)

» TS satisfies ¢, denoted TS & ¢, if Traces(TS) < Words(¢)



Semantics for transition systems

TSE¢
iff (* transition system semantics ¥)
Traces(TS) < Words(¢)
iff (* definition of &= for LT-properties *)
TS = Words ()
iff  (* Definition of Words(¢) *)
7 &= ¢ for all € Paths(TS)

iff (* semantics of & for states *)

soE ¢gforallsgel



Example

{ab}

{a.b}

{a}



Semantics of negation
For paths, it holds 7 = ¢ if and only if 7 # —¢ since:
Words(-¢) = (2°F)* \ Words(¢)

But: TS # ¢ and TS = —¢ are not equivalent in general
It holds: TS = —¢ implies TS # ¢. Not always the reverse!
Note that:

TS# ¢ iff Traces(TS) ¢ Words(¢)
iff Traces(TS) ~ Words(¢) # @
iff Traces(TS) n Words(—¢) # @

TS neither satisfies ¢ nor —¢ if there are
paths 77 and 71, in TS such that 17 = g and 715 = —¢



Example

338

{a} @ @

A transition system for which TS # Gaand TS # - O a



