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Plan for today

» LTL
» Fairness in LTL
» LTL Model Checking



REVIEW: Action-based fairness constraints

For TS = (S, Act, —, 1, AP, L) without terminal states, A € Act,
and infinite execution fragment p = 5o %51 % ... of TS:

1. pis unconditionally A-fair whenever: Yk >0.3j>k. ;€A

infinitely often A is taken

2. pisstrongly A-fair whenever:
(Vk>0.3j>k. Act(s)) NnA+@) = (Vk>0.3j>k.ajcA)

infinitely often A is enabled infinitely often A is taken

3. pis weakly A-fair whenever:

(Fk>20.Vj>k Act(sj)) NnA+z@) = (Vk>20.3j>k ajcA)

A is eventually always enabled infinitely often A is taken



REVIEW: Fair satisfaction

» TS satisfies LT-property P:
TSe P ifandonlyif Traces(TS) c P
» TS fairly satisfies LT-property P wrt. fairness assumption F:
TSex P ifandonlyif FairTraces z(TS) c P

» TS satisfies the LT property P if all its fair observable behaviors
are admissible



LTL fairness constraints

Let ® and ¥ be propositional logic formulas over AP.

1. An unconditional LTL fairness constraint is of the form:

ufair = oo VY

2. Astrong LTL fairness condition is of the form:

sfair =000 ® — oo VY

3. A weak LTL fairness constraint is of the form:

wfair = So0® — oo VY

@ stands for “something is enabled”; ¥ for “something is taken”



Fair satisfaction

LTL fairness assumption = conjunction of LTL fairness constraints:

fair = ufair A sfair A wfair

For state s in transition system TS (over AP) without terminal states, let

FairPathsg;,(s) { m € Paths(s) | m=fair }

{ trace(r) | m € FairPathsg,(s) }

FairTraces;,(s)
For LTL-formula ¢, and LTL fairness assumption fair:

S ki ¢ ifandonly if Ve FairPathsg;,(s). n=¢ and

TS =ir ¢ ifandonly if  Vsg € .50 Efgir @

Eqir 1S the fair satisfaction relation for LTL; = the standard one for LTL




Turning action-based into state-based fairness

For TS = (S, Act,—,1,AP,L) let TS = (S',Actu{begin},—',I',AP’,L") with:
» S = Ix{begin} u SxActand /' =Ix { begin}

» —'is the smallest relation satisfying:

s So-%s sp€el
—_— and - ;
(s, B) % (s, a) (50, begin) = (s, a)

» AP' = AP U { enabled(a), taken(a) | a € Act }
» labeling function:

» L'({s0,begin)) = L(so) U {enabled(p’) | B e Act(so)}
> L'({s,a)) = L(s) u { taken(a) } U { enabled(B) | B € Act(s) }

it follows: Tracespp(TS) = Tracespp(TS")



State- versus action-based fairness

» Strong A-fairness is described by the LTL fairness assumption:

sfair, = 0 \/ enabled(a) — 0 \/ taken(a)

acA aeA
» The fair traces of TS and its action-based variant TS’ are equal:

{traceap() | m € Paths(TS), mis F-fair}
= {traceAp(n’) | n’ € Paths(TS"), ' = fair}

» For every LT-property P (over AP): TS = P iff TS’ & P



Reducing E;, to E

For:
» transition system TS without terminal states
» LTL formula ¢, and
» LTL fairness assumption fair

it holds:

TS Efair ¢ if and only if TS & (fair - ¢)

verifying an LTL-formula under a fairness assumption can be done
using standard verification algorithms for LTL



LTL Model Checking



LTL model-checking problem

The following decision problem:

Given finite transition system TS and LTL-formula ¢:

yields “yes” if TS = ¢, and “no” (plus a counterexample) if TS # ¢




A first attempt

TSe ¢ ifandonlyif Traces(TS) c Words(¢)
—_—
Lao(Ay)

ifandonly if ~ Traces(TS) n Lo(A,) = @

but complementation of NBA is exponential
if A has n states, A has c("1°9") states in worst case

use the fact that £,(A,) = L,(A,)!




Observation

TS&= ¢ ifand only if
if and only if

if and only if

if and only if

Traces(TS) < Words(¢)
Traces(TS) n ((ZAP)"’ \ Words(¢)) =@

Traces(TS) n Words(-¢) = @
|
Lo(A-y)

TS® A, = OO -F

LTL model checking is thus reduced to persistence checking!




Overview of LTL model checking

Negation of property

‘ Model of system ‘ ‘ LTL-formula -¢ ‘

model checker

‘ Generalised Biichi automaton G_, ‘

¢

Biichi automaton A_, ‘

Transition system TS \ ‘

Product transition system ‘
-

TS® A,
v

TS® Ay &= Ppers(ay) ’—‘
Y
¥

(‘No’ (counter-example) j




REVIEW: Generalized Blichi automata

A generalized NBA (GNBA) G is a tuple (Q, Z, 8, Qo, F) where:
» Qis a finite set of states with Qg € Q a set of initial states

» X is analphabet
» 8:Qx X —2%is atransition function
» F={F,...,F}isa (possibly empty) subset of 2°

Goal: For LTL formula ¢ construct GNBA G, with £,,(G,,) = Words(¢)



Closure

Assume ¢ only contains the operators A, -, O and U

» v, —, <, 0, W, and so on, are expressed in terms of these basic
operators

For LTL-formula ¢, the set closure(¢)
consists of all sub-formulas y of ¢ and their negation -y

(where y and ——y are identified)

foro =aU(-a A b),closure(¢) ={a,b,-a,-b,-anb,~(-anb),p,-¢}



Elementary sets of formulae

B c closure(¢) is elementary if:

1. Bis logically consistent if forall g1 A @2,y € closure(¢):
» pIAQeEB < preBand gy €B
»yeB = -y ¢B
» true € closure(¢) = true e B

2. Bislocally consistent if for all ¢1 U ¢, € closure(¢):
» 2B = ¢pUgpyeB
» p1UgpoeBand ¢, §B = ¢1€B

3. Bis maximal, i.e., for all v € closure(¢):
» y¢B = -yeB




The GNBA of LTL-formula ¢

For LTL-formula ¢, let G, = (Q, 2/P8,Qo, F) where
» Qis the set of all elementary sets of formulas B ¢ closure(¢)
» Qo = {BeQ|geB}
» F={{BeQ|¢Ugy¢Borp,eB}|p1Ug; e closure(p)}

» The transition relation 8 : Q x 24P - 22 is given by:
» 8(B,Bn AP) is the set of all elementary sets of formulas B’
satisfying:
(i) Forevery Qv eclosure(¢): QweB < yeB,and
(ii) Forevery ¢1U ¢, € closure(¢):

pUgreB < (g2eBV (p1eB A gpUgyeB))



GNBA for LTL-formula O a




GNBA for LTL-formula aU b

)

)




Main result

[Vardi, Wolper & Sistla 1986]

For any LTL-formula ¢ (over AP) there exists a

GNBA G, over 2P such that:

(@) Words(¢) = L,(Gy)
(b) G, can be constructed in time and space O (2/7!)

(c) #accepting sets of G, is bounded above by O(|¢|)

= every LTL-formula expresses an w-regular property!




