Verification

Lecture 33

Martin Zimmermann

COlm  UNIVERSITAT
"H"IHIIMI DES
JI SAARLANDES



Plan for today

» Deductive verification
» The Nelson-Oppen Method



Review: Decidability of first-order theories

| Theory | full | QFF |
Te Equality no
Tea Peano arithmetic no | no
TN Presburger arithmetic
Tz integers
Tr reals
To rationals
Tcons  lists no
Ta arrays no
Tx arrays with extensionality | no




What about sorted?

From the 7VC tutorial:

predicate sorted(int[] arr, int low, int high) :=
(forall a,b. ((low <= a &% a <= b && b <= high) ->
arr[al<=arr([b]l));

VYavb((low <ana<bnab<high) — arr[a] < arr[b])

Neither a formula of Tz nor a formula of Ta.



Combining Decision Procedures

Given
Theories T; over signatures Z;
(constants, functions, predicates)
with corresponding decision procedures P; for T;-satisfiability.

Goal
Decide satisfiability of a sentence in theory ; T;.

Example: How do we show that
F:1<x Ax<2 A f(x)=f(1) A f(x) =f(2)

is (Te U Tz)-unsatisfiable?



Combining Decision Procedures

>i-theory T, >,-theory T,
forT1 -satisfiability Pz for T,-satisfiability

N,

.for (T U T,)-satisfiability

Problem:
Decision procedures are domain specific.
How do we combine them?



Nelson-Oppen Combination Method (N-O Method)

21Ny = {=}
Yq-theory Ty Y,-theory T,
stably infinite stably infinite
for Tq-satisfiability for T,-satisfiability
of quantifier-free Z;-formulae of quantifier-free Z,-formulae

~

Efor (T U T)-satisfiability
of quantifier-free (£, U X;)-formulae



Nelson-Oppen: Limitations

Given formula F in theory Ty U Ts.
1. F must be quantifier-free.
2. Signatures X; of the combined theory only share =, i.e,,

21Ny = {=}

and both must contain the axioms of the theory of equality.
3. Theories must be stably infinite.

Note:

» Algorithm can be extended to combine arbitrary number of
theories T; — combine two, then combine with another, and so
on.

» We restrict F to be conjunctive formula — otherwise convert to
DNF and check each disjunct.



Stably Infinite Theories

A X-theory T is stably infinite iff
for every quantifier-free X-formula F:
if F is T-satisfiable
then there exists some T-interpretation that satisfies F
and that has a domain whose quotient by the
interpretation of = is of infinite cardinality.

Example: Z-theory T
¥:{a,b,=}

Axioms
» Vx.x=a v x=b

» and all axioms of the theory of equality

For every T-interpretation /, |Dj|/a(=) < 2 (at most two elements).
Hence, T is not stably infinite.

All the other theories mentioned so far are stably infinite.



Example: Theory of partial orders
2-theory T.
o {x, =}

where < is a binary predicate.
Axioms

1. Vx.x<x

2. VLY. XY AY<X - X=Y

3. VX, ¥,Z. X<y ANYy<Z - Xx=<2z

4. the axioms of the theory of equality

(< reflexivity)
(< antisymmetry)
(< transitivity)



We prove T is stably infinite.

Consider T.-satisfiable quantifier-free Z--formula F.
Consider arbitrary satisfying T<-interpretation / : (Dy, «),
where a; maps < to <;and =to =,.
» LetA = {1, a, as, ...} be any infinite set disjoint from D,
» Construct new interpretation J : (D, ;)
> DJ = D/ UA
» ay={<~<;,=—=,},wherefora,beD,,
a <, b iff one of the following cases holds:

» a,beDjanda<; b, or
» a,beAa=a,b=gjandi<j.

anda=,0b iffa,beDjanda=b
Jis T.-interpretation satisfying F with infinite quotient of domain

under interpretation of = (all elements in A are pairwise unequal).

Hence, T is stably infinite.



Example: Consider quantifier-free conjunctive (2¢ u 2z)-formula
F:1<x Ax<2 A f(x)=f(1) A f(x)=f(2).

The signatures of Tg and Tz, only share =. Also, both theories are
stably infinite. Hence, the N-O combination of the decision
procedures for Tr and Tz, decides the (Tg U Ty)-satisfiability of F.

Intuitively, F is (Tg U Tz)-unsatisfiable.

For the first two literals imply x =1 v x = 2 so that
f(x)=f(Q) v f(x) =f(2).

Contradict last two literals.

Hence, F is (Tr U Ty)-unsatisfiable.



Nelson-Oppen Method: Overview

Phase 1: Variable Abstraction
» Given conjunction F in theory T U T>.
» Convert to conjunction f; A F; s.t.
» Fiintheory T;
» Fi A F; satisfiable iff F satisfiable.
Phase 2: Check
» If there is some set S of equalities and disequalities between
the shared variables of F; and F;
shared(Fy, F,) = free(Fy) nfree(F,)
s.t. S A Fj are T;-satisfiable for all J,
then F is satisfiable.

» Otherwise, unsatisfiable.



Nelson-Oppen Method: Overview

Consider quantifier-free conjunctive (2, U X;)-formula F.
Two versions:
» nondeterministic — simple to present, but high complexity

» deterministic — efficient

Nelson-Oppen (N-O) method proceeds in two steps:

» Phase 1 (variable abstraction)
— same for both versions

» Phase?2
nondeterministic: guess equalities/disequalities and check
deterministic: generate equalities/disequalities by equality
propagation



Phase 1: Variable abstraction

Given quantifier-free conjunctive (Z; U 2;)-formula F.
Transform F into two quantifier-free conjunctive formulae

>1-formula F and Yy-formula F,

s.t. Fis (Ty u Ty)-satisfiable iff F; A Fyis (T U T,)-satisfiable
F, and F, are linked via a set of shared variables.

For term t, let hd(t) be the root symbol, e.g. hd(f(x)) = f.



Generation of F; and F;

Fori,je {1,2} and i # j, repeat the transformations
(1) if function f € X;and hd(t) € 2,

Flf(ti,....t,....t))] = F[f(ti,....w,...,th)] A w=t
(2) if predicate p € ;and hd(t) € X,
Flp(t,....t,....tn)] = Flp(ti,....,w,....t))] A w=t
(3) if hd(s) € Z;and hd(t) € X,
Fls=t] = F[T]Aaw=sAaw=t
(4) if hd(s) € Xjand hd(t) € 3,
Flsxt] = Fwmzwa] Awj=s Awy=t

where w, wy, and w; are fresh variables.



Phase 2: Guess and Check

» Phase 1separated (Z; U Z;)-formula F into two formulae:
>1-formula F; and Z;-formula F;

» Frand F; are linked by a set of shared variables:
V = shared(F, F,) = free(Fy) nfree(F,)

Let E be an equivalence relation over V.

v

» The arrangement a(V, E) of V induced by E is:
a(V,E): A u=va N uzv
u,v € V. ukv u,v € V. ~(ukv)
Then,
the original formula F is (T; U T,)-satisfiable iff
there exists an equivalence relation E of V s.t.
(M) A A a(V,E)is Ty-satisfiable, and
(2 F, A a(V,E) is Ty-satisfiable.
Otherwise, Fis (T; U T, )-unsatisfiable.



Practical Efficiency

Phase 2 was formulated as “guess and check”:
First, guess an equivalence relation E,
then check the induced arrangement.

The number of equivalence relations grows super-exponentially
with the # of shared variables. It is given by Bell numbers.

e.g., 12 shared variables = over four million equivalence relations.

Solution: Deterministic Version

Phase 1as before

Phase 2 asks the decision procedures P; and P, to propagate new
equalities.



Convex Theories

Equality propagation is a decision procedure for convex theories.

Def. A Z-theory T is convex iff
for every quantifier-free conjunction X-formula F

n
and for every disjunction \/(u; = v;)
N i=1
ifF e \/(U,' = V,')
i=1
thenF = uj=v;, forsomeic{1,...,n}



Convex Theories

> Te, Tr, T, Teons are convex
» Tz, Tp are not convex

Example: Ty is not convex
Consider quantifier-free conjunction

F: 1<zAnz<2Aru=1Av=2

Then
FeEz=Uuvz=V

but

F¥z=u
F#z=v
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Example:

The theory of arrays T is not convex.
Consider the quantifier-free conjunctive Xp-formula

F:a(idav)j]=v.

Then
F=i=jvalj=v,
but
Fi=j
F=aljl=v.
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What if T is Not Convex?

Case split when:

n
I'e \/(U,' = V,')
i=1
but
THu=v foralli=1,...,n
» Foreachi=1,...,n, construct a branch on which

u; = v; is assumed.

» If all branches are contradictory, then unsatisfiable.
Otherwise, satisfiable.

ur =W
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